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Preface

The formulation and evaluation—sometimes approximate to be sure—of func-
tional integrals has become increasingly important in a variety of disciplines.
The material presented in this text offers the interested reader a modern
treatment of a number of topics in this important field, and several exercises
at the end of most chapters may help clarify certain aspects. Our emphasis
is principally on quantum theory, but similar techniques may find applica-
tion elsewhere as well. A well-known example observes that the position and
momentum in quantum mechanics have their natural analogs with time and
frequency in signal analysis.

A few general thoughts may be helpful. Integrals involving IV integration
variables, when N < oo, are familiar and well understood, even if they are
often difficult to evaluate. The present textbook deals with integrations when
N = o0, i.e., for infinitely many variables. Such integrals have the usual prob-
lems of finite-dimensional integrals—such as conditional convergence, finitely
additive measures, etc.—and a number of their own special problems. Inte-
grals with an infinite number of variables are often called functional integrals
or path integrals, and they occur in many areas of science, especially quantum
mechanics, quantum field theory, and stochastic processes. We will include
discussions on all these topics, and of course, the needed background will also
be presented. Traditional discussions of these subjects by physicists, regret-
tably, are all too often rather cavalier and occasionally misleading—we shall
try to point out some of the usual weak points in standard presentations, and
even more importantly, we shall try to do better in our own discussions.

While there already exist a variety of other sources that offer good treat-
ments of applications of functional integrals, our presentation instead favors
conceptual and methodological developments, and as such there are some
novel aspects to our discussion. Besides the standard material, it is notewor-
thy that we also present: (i) a different and more widely applicable approach
for the analysis of quantum constraints, and (ii) a potentially new way to
overcome conventional—but unacceptable—results for scalar nonrenormaliz-
able relativistic quantum field theories.



VIII  Preface

A descriptive summary of the contents may help the reader gauge the
overall scope and tenor of the material. After some general remarks (Chapter
1), an analysis of the probability of a single random variable and its three
pure forms of realization (Chapter 2) form the background for a discussion
of the probability aspects of random functions (Chapters 3 and 4), such as
the most important and well-known Wiener process and the equally impor-
tant but less well-known Poisson processes. These processes may be described
via functional integrals or by suitable differential equations, each way offer-
ing different vantage points. Quantum phenomena are described by similar
expressions with the appearance of i = v/—1 in critical places. This makes for
a formal similarity between probabilistic and quantum phenomena, but often
masks a substantial mathematical gap that needs to be bridged to relate the
two stories (Chapters 5 and 6). Special quantum states, the so-called coher-
ent states, are especially helpful in bridging this mathematical gap (Chapter
7), and in a final version (Chapter 8) of physically motivated formulations,
the probabilistic aspects of phase space paths are united with the quantum
aspects of phase space paths to offer a natural formulation of the quantum
theory that is both rigorous and truly invariant under classical canonical co-
ordinate transformations leading thereby, in the author’s view, for the first
and only time, to a rigorously defined version of quantum mechanics that
is strictly geometric in nature! This happy result has arisen by seeking fur-
ther developments that are both physical and natural, and constitutes one
of the main points of the book. The presence of constraints, which limit the
classical phase space and often introduce unphysical (gauge dependent) vari-
ables, can be a challenge when any theory is quantized. Several commonplace
techniques may lead to incorrect answers; instead we focus on a formulation,
the so-called projection operator method (Chapter 9), that although possibly
more difficult to apply, leads to acceptable results and does so with just the
usual classical variables and nothing else. Infinitely many variables, as are ap-
propriate to discuss field theories, adds several complications of a new kind,
such as divergences that are typically handled by renormalized perturbation
theory (Chapter 10). Yet some theories, the so-called nonrenromalizable the-
ories, cannot be successfully studied by such conventional techniques. Finally
(Chapter 11), we offer a novel way to deal with these insoluble models on
the basis of insight gained by studying some soluble nonrenormalizable mod-
els within functional integral formulations. Here we see how such integrals
help expose the source of unwanted divergences and support procedures that
eliminate those divergences.

This book is intended for physicists, mathematical physicists, applied
mathematicians, chemists, engineers, and others who seek alternatives to the
study of partial differential equations as a means to examine the properties
of certain systems. Part of the material in this book has been used for a
one-semester graduate course on Functional Integration (including elements
of all chapters except Chapter 11). Exercises at the end of most chapters help
enforce the principal topics.
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1

Introduction

1.1 Overview and Latest Developments

The subject of functional integration benefits a number of diverse fields, and
it has been studied off and on for many years. One of the most important
topics is Brownian motion and the associated Wiener measure that describes
such processes [Hid70]. Renewed interest in the subject of functional integra-
tion arose when Feynman [Fey48] introduced such tools for the description
of propagators for time evolution in quantum mechanics. Functional integrals
have taken on an immense importance in the functional formulation of quan-
tum fields. It is our intention to discuss all of these topics to some extent.

Specifically, this monograph is broadly divided into three Parts: 1. Sto-
chastic Theory; II. Quantum Theory; and III. Quantum Field Theory. It is
the author’s conviction that a proper understanding of quantum mechanical
functional integrals is helped considerably by a proper grounding in the math-
ematically more sound story associated with probability, stochastic variables,
etc., and this conviction accounts for our emphasis of this material. As in all
fields of endeavor, there are those who prefer to create new “tools” and there
are others who choose to use existing “tools” to study various problems. No
value judgment is placed on this division, and both aspects are important in
the overall scheme of things. This rough division is no less true in theoret-
ical studies, and it can be seen in existing texts on functional integration.
For example, the text of H. Kleinert [Kle03] lays a great deal of emphasis
on applications, while the monograph of G. Roepstorff [Roe96] puts greater
emphasis on methodology. It is fair to say that the present text stresses the
formulation and associated methodology surrounding functional integration,
and consequently has less to say about applications.

This monograph began as a one-semester graduate course in 2004 entitled
“Functional Integration”; the lecture notes as well as the recorded audio for
this course are still available at http://www.phys.ufl.edu/ klauder. In preparing
the present typescript for publication several important additions have been

J.R. Klauder, 4 Modern Approach to Functional Integration, Applied and Numerical 1
Harmonic Analysis, DOI 10.1007/978-0-8176-4791-9 1,
© Springer Science+Business Media, LLC 2011



2 1 Introduction

introduced, including several entirely new topics, all of which help to make
for a more complete and unified story.

By far and away the most important addition relates to new material
developed during the past year that offers a concrete proposal to obtain a
nontrivial quantization of scalar relativistic nonrenormalizable quantum field
theories. At the time of this writing, this new theoretical proposal has not
yet received supportive evidence from Monte Carlo calculations that would
add significant weight to the validity of the new concepts; it is not that any
“evidence” contradicts the proposal, it is rather that any evidence—one way
or the other—is not yet in hand. However, we remain optimistic about the
prospects for these new ideas. For the junior reader, therefore, we promise an
exciting proposal at the end of their journey through this monograph; for the
experienced reader, we invite them to jump right into Chapter 11, which to a
large extent is fully self-explanatory.

Of course, nonrenormalizable scalar theories are not necessarily of physical
interest by themselves. But there is always the hope that progress in the
general nonrenormalizable arena may suggest new procedures to apply to
quantum gravity, a nonrenormalizable quantum field theory that surely is a
subject of importance and significant interest.

1.2 Topics Receiving Particular Emphasis

It is useful to mention that several topics receiving significant emphasis in this
monograph are usually addressed either in a minimal fashion or perhaps not
at all in other texts. One such topic relates to coherent state path integrals.
The formulation of conventional phase space path integrals as coherent state
path integrals has decided conceptual advantages over the more traditional
treatment, and these features are stressed. Moreover, coherent state phase
space path integrals—and only coherent state phase space path integrals—
admit formulations that involve a continuous time regularization, a procedure
that has considerable inherent advantages over standard approaches; these
advantages will also be emphasized.

A number of classical systems involve constraints that need to be dealt with
when those systems are quantized. Although there are several approaches al-
ready in the literature regarding the quantization of constraints, such methods
have their limitations. Consequently, as was the case in the original lectures,
the recently developed projection operator method to deal with all kinds of
constraints and how they are to be introduced by way of functional integra-
tion formulations is treated as well.

Soluble problems have a fundamental role to play in any discussion of
quantum theory. The role of the harmonic oscillator and its ability to cap-
ture much of the essence of quantum mechanics and even the methodology of
quantization is well known. In much the same way, certain soluble, interacting,
quantum field theory models can play a role in clarifying the quantization of
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other field theories that have some similar features. In Chapter 10 we review
the standard treatment of quartic, self-interacting, relativistic scalar quan-
tum field theories, the so-called ¢* models for spacetime dimension n > 2,
including the super-renormalizable models (n = 2,3), the strictly renormal-
izable model (n = 4), and the nonrenormalzable models (n > 5) for which
no present-day technique can lead to a well-defined, nontrivial result for the
quantum theory.

These latter, insoluble cases are reexamined in Chapter 11 in the light
of two completely soluble, nonrelativistic, nonrenormalizable models, the so-
called independent-value model and the somewhat related ultralocal model.
Both of these latter models: (i) are nonrenormalizable in the sense that they
require an infinite number of distinct, divergent counterterms in a perturba-
tive analysis in a failed attempt to make them finite, or (ii) become trivial
when treated nonperturbatively, allowing for only mass and coupling constant
modifications; that is, they effectively become a free theory with a vanishing
nonlinearity. It is noteworthy that these two extreme behaviors are also found
in certain studies of the relativistic ¢, n > 5, models [Aiz81, Fro82]. Thus,
although the relativistic and the soluble nonrelativistic models differ in detail,
they nevertheless have very similar “symptoms” of their “quantum illness,”
and so it is natural to conjecture that the same “simple surgical procedure”
that provides a “complete cure” for the soluble, nonrelativistic, nonrenormal-
izable models can work the same miracle in the case of the relativistic models.
This story is the subject of Chapter 11.

1.3 Basic Background

There are a few mathematical facts that are assumed in the monograph and
which are collected here for reference. Many of these facts are no doubt familiar
to the general reader, but it does no harm to summarize them in any case.

Most integrals that are encountered may be adequately defined in the
manner of Riemann, but a wider class of functions can be integrated by the
methods of Lebesgue. In the latter case, for example, one deals with measures,
sets of measure zero, and equivalence classes of functions that differ only on
sets of measure zero. A proper measure has the special property of countable
additivity that gives it many of its important attributes. Integrals are properly
defined with proper measures, and with such measures, integrals enjoy certain
favorable properties.

However, sometimes certain expressions that appear to be integrals are
only masquerading as integrals. That is, some expressions that appear in the
form of integrals cannot legitimately be interpreted as such. These include
expressions with Dirac delta functions, as well as other expressions that involve
only finitely additive measures, such as an integral that is only conditionally
convergent. These issues apply to series as well as integrals, and oftentimes
the difficulty with such expressions is easier to see in a series. For example,
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consider the series given by

Z;:O:l(_l)(nfl) Tl71 ]

This series is composed of a set of positive numbers (all with odd denomina-
tors) that add to +oo and a set of negative numbers (all with even denom-
inators) that separately add to —oo. Thus any finite result of the given sum
arises because of a delicate cancellation between plus and minus co. Indeed, if
the order of the numbers in the series is changed one can get any answer one
likes. For example, suppose that m = 3.14159... is the sought-for answer. Sim-
ply add enough positive terms (in descending order) to go above 7; next, add
enough negative terms (in descending order) to go below 7; and repeatedly
alternate this procedure so that the limiting sum will yield 7!

Thus the answer for the sum depends on the order of summation and not
solely on the values of the terms that make up the series. The default order
of summation is generally understood to mean

. N
Zflozﬂln = ngnoo Y n=10n

If —oo < X2 a, < oo, then the original series converges. However, when
> 1]an| < oo, then the original series converges independently of the order
of the terms in the series, and the series is said to be absolutely convergent;
otherwise the convergent series is said to be only conditionally convergent.
So too for integrals. If [ f(z)dz is finite, but [|f(x)|dz diverges, then a
delicate cancellation of 400 and —oo has taken place. Change the order of
integration and the answer will generally change. This can readily lead to
situations for multiple integrals for which

/dx/dyf(;v,y)#/dy/dmf(xvy)a

since the order of “summation” has been changed. This can only occur when-

[z [anlswl= [y [ dolsp)=o

An example of this behavior is given by

> > (r-y) 1

dm/ dy-—20 = ——

/1 1 y(CCJFy)S 2
1

d d = -,
/ y/ xx+y 2

It is natural that in life certain operations occur in a specified order. For
example, you put on your socks before you put on your shoes; you open the

while
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garage door before you drive your car out of the garage; etc. However, in
mathematics, there are expressions that involve summing an infinite number
of terms or integrating certain functions, etc., for which the order of that sum-
mation or integration has no physical significance. Under these circumstances,
it is plausible that physical phenomena are represented by mathematical ex-
pressions that involve absolutely convergent sums or integrals. If that view is
accepted, then the reader is ready to be bound by the following proposition:

HONOR CODE FOR INTEGRATORS: We pledge to recognize the
following principle: The representation of physical quantities by integrals or
sums should involve absolutely convergent expressions. If conditionally con-
vergent integrals or sums are unavoidable, there must also be a physically
acceptable and mathematically unambiguous definition of the proposed ex-
pression.

1.4 Elementary Integral Facts

Some properties of integrals are more basic than others, and a few of these
are collected here.

a) Basics

/f(x)da: exists provided /|f(ac)|da: < 00

/acf(z)dx/abf(:v)dstr/bcf(o:)d:r
flay)dA= [ dz [ dyf(z,y)= [ dy [ dzf(z,y)
/] farf fuf

Dominated Convergence Theorem.:
Let lim,, o0 fn(z) = h(x) and |f,, ()| < |g(z)| for almost all 2. Then

lim [ f,(z)de = /h(az)da:

n—oo

provided [|f,(z)|dz < [ |g(z)|dz < oo for some g(z).
b) If f(z) = ¢'(z), then [ f(z)dx = g(x)|.

Several common integrals appear repeatedly, and their properties should be
stored in each reader’s subconscious.
In what follows Re(a) > 0.
la) [(Ce” ™ de =—(1/a) ;" de™ %) = —=(1/a)e” %[ =1/a
1b) fooox”e"“”dx: ( ) foo _axdx— (— d)n1 n!/a"t!

da a
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2a) Let [ = [7 e~ 0¥ /2dgc soI? = [% [ e—a(z® +y )/Qdﬂcdy

= [ 2 e 20 drdg = ~2n(1/a) [ (e /2) = 21 /a, so
-/ e_“x2/2dw=m
2b) [72, VT a2 2y = b2 = o ~(a/2)(@ = b/a)"y
27/a e’ /2a
o n 2 n n roo —ax?
2) [ gPnemad /240 =2 (=AY [ emaw /2 4o

=v2711-3-5---(2n —1)a=nt1)/2
Integrals are seldom evaluated by adding up the area under a curve; integrals
are generally evaluated by indirect means. Evaluate integrals any way you can!

Commentary: The issues discussed above are familiar and routine for
integrals involving finitely many integration variables. The same issues are
no less important for functional integrals, i.e., integrals involving infinitely
many integration variables. For functional integrals, however, there are also
new issues that are subtle and more complicated, and the methods needed to
handle them are less clear than for the usual, finite-dimensional integrals. We
will often need to give a precise definition of a formal functional integration
before further discussion can even take place!

Kook okook ook sk ok sk ok sk ok okok ok kok >k

There are no equation numbers in this monograph, and this is the au-
thor’s preferred style. As a result, the discussion anywhere is intended to be
largely self-contained without requiring frequent page flipping to understand
some argument. If this approach requires the occasional repetition of some
argument, or parts of some argument, so be it. Sometimes there is a reference
to a section where supporting material is discussed, but this information is
intended only as supplemental support and should not be necessary for a basic
understanding of the argument.

Parts of Chapter 5 and Chapter 10 of this monograph are based on material
from the author’s previous book Beyond Conventional Quantization [Kla00].

Kook okook okok sk ok sk ok sk ok skok ok kok >k

Abbreviations: a.e. = almost everywhere; w.p.o. = with probability one;
w.p.z. = with probability zero; a.k.a. = also known as
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Stochastic Theory






2

Probability

2.1 Random Variables

Flip a coin, throw some dice, measure the voltage of a noisy circuit, and
the outcomes are realizations of random variables. Let X denote the random
variable in question, which we assume takes on strictly real values, and let
J denote the set of values X can assume. The set J may be discrete (as for
dice), continuous (as for noisy voltages), or the union of the two. Repeated
and independent measurements yield a sequence of possible values x,,, where
n=12,..,N, N < oo, that sample the possible outcomes of X in an unbiased
way. Approximate averages involving the z, values can be obtained easily,
such as

1 X
X:N;'Tnm

ﬁ:iixg,
Nn:l

etc. Experience shows that the larger N becomes, the closer these values
generally are to those values of the true averages for these quantities obtained
ideally when N — oo.

We can use this data in yet another way, in particular to build a histogram,
namely, an approximate frequency of distribution, which we may call £(n). For
a single die, we can record the number of times each number comes up, i.e.,
g(n), n € {1,2,3,...,6}, in a sample of N throws; see Fig. 2.1. With such
information, we can compute the average X and X2 as

6
X — Zn:1 nf(n)
6
En:1 t(n)
6
X2 — D1 n*f(n)
- -
Zn:l ﬁ(n)
J.R. Klauder, 4 Modern Approach to Functional Integration, Applied and Numerical 9

Harmonic Analysis, DOI 10.1007/978-0-8176-4791-9 2,
© Springer Science+Business Media, LLC 2011

)
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#(n)

114
10
9
8 -
7 -
6 -
5 -
4
3
2
. N\
0

1 2 3 4 5 6 n

Fig. 2.1. Possible distribution of distinct die values 1-6 obtained in 60 separate and
independent throws

Naturally, the larger N is, the closer the result for X™ to its idealized value
is expected to be. For discrete outcomes, like a coin or a die, it is actually
possible that a precise and unbiased histogram arises from a finite number of
drawings. If, however, the distribution for X is continuous—at least partly—
it is not possible to get an accurate histogram with any finite number of
drawings.

This introductory discussion suggests that we choose another but closely
related way to characterize the properties of a random variable.

2.1.1 Probability distributions

To cover all possibilities, we suppose that the values that X may assume lie
between —oo and +oo. We introduce [DMS]

P(X <) = p(x)

as the probability that the random variable X takes values between —oo and x
(including x itself); the important function p(z) is called a probability measure.
Just from this definition, we have

a) p(—00) =0, p(oo) =1
b) plx) <p(z+h), h>0
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c) wz-) < px) = plzs) ,
r+ = lim =z fe€.
e—0t

The functions p(z) that satisfy these conditions are called probability mea-
sures. It turns out that there are three qualitatively different types of func-
tions that obey these conditions. Rather than experimentally determine this
distribution, as we discussed above, we now require that p be given as part of
the definition of X in the first place.

The names of the three forms of probability measures p are (i) absolutely
continuous (ac), (ii) discrete (d), and (iii) singular continuous (sc). For appli-
cations to the subject of this monograph, the first two forms are by far the
most important; however, we briefly discuss the third variety for complete-
ness. For clarity, we discuss examples that are purely of the given variety.
More generally, a probability distribution can be a normalized convex linear
combination of all three kinds.

Absolutely continuous: In this case
Hac(z) = / p(y)dy ,

where p(y) > 0. The function p(y) is called the probability density and it is
necessarily normalized so that

fac(00) = /jo ply)dy=1.

In addition, the function pa.(x) is differentiable and pq.(xz) = p(y), a.e.,
which stands for ‘almost everywhere’, namely, up to a set of measure zero
(e.g., a set consisting of finitely many points).

Discrete: The prototypical example of this kind of probability distribution
is given by pg(z) = H(x), where H(z) is the Heaviside function,

H(z)=1, >0,
H(z)=0, x<0.

It follows that
pat) = [ dt@) = ().
In modern terms, this measure is often loosely stated as
pa(z) = /I d(z)dx , informal! ,

where §(z) denotes the Dirac d-function defined by the requirement that
§(z) = 0 for  # 0, and [d(z)dz = 1 so long as the range of integration
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includes x = 0. However, this latter expression begs the question as to what
is the behavior of p4(z) as z — 07, 2 — 07, and especially what is the value
of 114(0). These delicate issues are all avoided by using the Heaviside function
H(x).

The most general discrete probability measure is of the form

pa(@) =Y poH(w —,)

where the weights p, > 0, X°%,p, = 1, and =z, for each n, is an arbitrary
jump location.

Singular continuous: It is clear that a sequence of absolutely continuous
distributions, pee (), n = 1,2,..., can converge to a discrete distribution,
wa(x). It is less clear, but nevertheless true, that a sequence of discrete dis-
tributions, pg,(x), n = 1,2,..., can converge to an absolutely continuous
distribution, pe.(x). A common way to compute the third kind of distribu-
tion, the singular continuous distribution, ps.(z), is as a suitable limit of a
sequence of discrete distributions, 14 (). This sequence will be more trans-
parent when we introduce characteristic functions in the next section; here,
we can only state the canonical example of a singular continuous distribution
without making its connection with the other distributions clear.

0.00 1.00
1.00 1.00
0.75 0.75
0.50 0.50
0.25 0.25
0.00 0.00

0.00 0.25 0.50 0.75 1.00

Fig. 2.2. Cantor function
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The standard example we have in mind is based on the Cantor func-
tion pc(z) = C(z) illustrated in Fig. 2.2 [Leb07]. The Cantor function is
defined as follows: Let x, 0 < x < 1, be given in a tertiary representation,
ie, x=t1/3+1ty/3%+t3/3% + - and map such points to the function C(z),
0 < x < 1, given in a binary representation ie., C = b1/2—|—b2/22 +b3/23
according to the following rules: if ¢; = 0, then b; pif t; = 2, then
b; = 1; and finally if ¢; = 1, then bj =1 and all further tj+p, p > 0,
are mapped to bji, = 0. For example, x = (t1,t2,t3,...)3 = (2,1,...)3 is
mapped to C = (b1, ba, b3, ...)2 = (1,1,all 0)2. Likewise, (1,...)3 — (1,all 0)a;
(0,2,2,0,1,...)3 — (0,1,1,0,1,all 0)4, etc. The function C(x) has a derivative
which is ahnost everywhere zero. Hence C(z) # f 0 y)dy = O' Nevertheless,

C(x) is a continuous function rising from C(0) = 0 to C( )=
There are of course many more examples of singular continuous measures,
but this one example serves to give the basic idea.

>koskokosk ok ok Sk ok ok okoskokoskokskokskok

Note that the most general probability measure p(z) is the combination

M(.%‘) = AMaC(x) + Blu’d(x) + Cusc(x) )

where A >0, B>0,and C > 0,aswellas A+ B+ C =1.

2.2 Characteristic Functions

Let us define the function
ct= [t duta).
— 00

for all real ¢, —oo < t < oo, as the characteristic function associated with
each probability measure p(z) [Luk70]. This function has several important
properties,

a) C(0) =

b) |C <1,

c) X ch 1ozosz(k—t) 0, «;€C,

d) C(t) is continuous.

The first three properties are evident, so we focus on the fourth property,
d). Consider

0o . . —-A .
C(t) — O(s)] < / € 3T 4 () = / € 15T ()
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B . 0o, .
+/ le itr zsx‘ dp(z) + / |eztac - ezsx‘ dp(z)
B

<2</ ‘/ >@L / 16X =92 _ 1] du(z) .

The goal i 1s to show that if |C(t) — C(s)| <€, € > 0, then |t — s| < d(e), § > 0.
Since f —du(x) = 1, it follows that we can choose A and B so large that the
first term in the last line is less than €¢/2. With A and B thus fixed and finite,
we can clearly choose |t — s| small enough to make the second term in the last
line less than €/2. In particular, since

(+ — t—s)r ¢
= 8)T 1) = 8 dy| < |t — s[a| < |t — 5| (|A] + |BI) .

Thus it suffices to choose 6 = €/2(|A| + |B|). This concludes the proof that
C(t) is continuous.
We note in passing that if C'(—t) = C(¢), then it follows that C(t) is real.

Bochner’s Theorem: It is especially noteworthy that the four properties
satisfied by C(t), which are listed above, automatically ensure that

c) = [t i),

where u(x) is a probability measure [Luk70].

2.2.1 Convergence properties - 1

The Fourier transform of a measure leads to its characteristic function,

C@E/J”@@.

Whatever the type of measure involved, the characteristic function is always
continuous. However, the three types of measures can be distinguished in the
following way. Besides the characteristic function C(s), let us also introduce

T
*1/ C(s+t)dt, T>0,
0

which amounts to a partial averaging of the function C(s). Then it follows
[Luk70] that

(ac) For purely absolutely continuous measures,
lim C(s) =0, and lim Cp(s)=0.
§—00 S§—00

(d) For purely discrete measures,

lim C(s) 20, and lim Cp(s)#0.

§—00

(sc) For purely singular continuous measures,

lim C(s) #0, while lim Cr(s)=0.

§— 00
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2.2.2 Convergence properties - 2

It is often extremely convenient to study probability distributions through a
study of their corresponding characteristic functions. One aspect deals with
the convergence of sequences. Suppose we deal with the sequence

Ch(t) :/ M qp, (z) n=123,....

If

lim C,(t) = C(t),

n—0o0

and the limiting function C(¢) obeys all the required four properties—the
first three are trivial, so continuity is the only real issue—then C(t) is the
characteristic function of some probability measure p(z). In this case, one
says that the sequence {u,} of measures converges “weakly” to the measure
1, a property that is denoted by the equation

w—lim i (z) = p(a) .

n—oo

For example, if
2
Co(t) =t /41
then

lim Co(t) =1=C(t).

n—0o0

This fact shows that the sequence

2
dpn () = VIne ™ de, n=1,2,3,...,

converges weakly as n — oo to the Heaviside measure p(z) = H(z), providing
an example of a sequence of absolutely continuous measures that converges
weakly to a discrete measure.

As a counterexample to weak convergence, consider the sequence

2
Cn(t) = et
for which
lim C,(t) = D(t),

where D(0) = 1, while D(t) = 0 if ¢t # 0, which is not a characteristic function
since it is not a continuous function.
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2.2.3 Characteristic function for a Cantor-like measure

Consider the characteristic function given by

Ca(t) = cos(5)

which consists of d-function distributions located at « = £1/3 each with a
weight 1/2. Likewise,

t t 1 t 1 t 1
Cy(t) = COS(g) cos(3—2) =3 cos(g + §) + cos(g — §)

has four §-functions at © = £1/34+1/9 (independent signs), each with a weight
1/4. A similar kind of discussion applies for

Cn(t) = TIn., cos(t/3")

namely, a sequence of J-functions each with a weight 1/2V. Finally, we take
the limit

C(t) = lm_ On(t) = [, cos(t/3") ;

here the result is infinitely many d-functions, each with an equal weight: zero!
This is the characteristic function appropriate to a Cantor-like function, i.e.,

122, cos(t/3™) = / e Aicamor—tike(x) = / e o (x) .
A word about infinite products is in order. One says that
1= An
converges provided that
Yoo l—A,] <.

If every A,, # 0 and yet 115° A, = 0, one says that the product “diverges to
zero.” In the case at hand, we want strict convergence, and

e <] e o] t/3"
> |1 cos(t/3")] :Z|/O sin(u) du |

n=1

t/3™
0 n=1

o0
=31
n=1
An interesting related example refers to

Cn(t) = TTn_; cos(t/2")
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which is also a set of d-function distributions, all with equal weight 2=,
However, in this case,

o)

A}im Cn(t) =[1,—; cos(t/2™)

_sin(®) 1 /1 T g — /eitx dptae() .

t 2 /),

In other words, the present case leads to an absolutely continuous distribution,
while the former case led to a singular continuous distribution.

2.2.4 An application of the characteristic function

As an illustration of such a discussion, let us discuss a general Gaussian ran-
dom wvariable X. To say that a random variable is Gaussian means that all
moments are uniquely determined by the mean

() = [wduta).

and the variance (X?)¢ = (X?) — (X)?, where

(X% = /x2 du(z) .
Explicitly, the characteristic function has the particular form given by

<eitX> — /eitx d,u(a:) _ eit<X> — %t2<X2>C .

An expansion in powers of ¢ determines the form of the moments in terms of
the mean and the variance. In particular,

(X)e=(X), (X*)°=(X?*)-(X)?,

etc.

A special case arises if the mean is zero, (X) = 0, for which the variance
is equal to the second moment, (X?2)¢ = (X?). In that case,

: 112/ y2
<6'LtX> _ €_§t <X > )

To distinguish this case, we shall sometimes refer to it as a normal distribution,
although it is commonly the case in the literature that normal and Gaussian
distributions generally refer to the same thing.

Let us next derive a useful property of normal variables X.
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=l

1T+ (X2
Now, suppose that (X?) = oo. Then it follows that
1y2
(e 257y =0.

In turn, this equation implies that X2 = oo for almost all X values. Instead
if (X?) < oo, then it follows—just from this fact—that X? < oo for almost
all X values. In summary, if X is a normal variable, then

(X?) <0 += X?<o0,ae.,
(X?) =00 = X?=c0,ae..

This property will find good use later on.

2.3 Infinitely Divisible Distributions

Let us examine the product of two characteristic functions
C1(t)Ca(t) .

This function clearly satisfies all the axioms to be a new characteristic func-
tion. In particular, the third axiom follows when we observe that

Cl(t)CQ(t) _ <6itX1><6itX2> _ <eit(X1 + X2)> :
where the final average is over the so-called product measure

dpi(z1) dpz(z2) = p1(z1) p2(22) dr1des |

assumed absolutely continuous for clarity. The new random variable X = X+
X5 is the sum of two independent random variables, and it has a distribution
determined by the convolution integral:

plx) = /_OO /_00 0(x — x1 — x2) p1(a1) pa(22) day das

:/00 pl(a?—y)pz(y)dyZ/oo p2(r —y)p1(y)dy .

— 00 — 00

As a special case, the two characteristic functions, C7 and Cs, could of
course be the same. More generally, one could take any integral power of a
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characteristic function to make a new one; that is, if C(t) is a characteristic
function, then so too is

Crpt)=CP) =[CO,

for every positive integer p. An immediate example of such a discussion in-
volves a Gaussian distribution for which

Cip (1) = [ XY = (X3)/29p _ ipt{(X) — pt?(X?)°/2

yields a new Gaussian distribution for which

<X>new :p<X>old 5
<X2>new = p<X2>0ld + (p2 *p)<X>gld :

2.3.1 Divisibility

Interestingly enough, the pth root—instead of the pth power—applied to a
Gaussian characteristic function yields a valid (Gaussian) characteristic func-
tion again [Luk70], in particular,

Coupp(t) = [HXD = (X2 2 _ it{X) [p — 12(X%) /2p

also defines a (Gaussian) characteristic function for all p € {1,2,3,...}. Such
a distribution is said to be infinitely divisible. As far as random variables go,
it means that the original Gaussian random variable may be realized as

o,

k=1

where Y7,Y5, ..., Y, denote p independent, identically distributed (here Gauss-
ian) random variables for arbitrary positive integer p.

Not all random variables are infinitely divisible—in fact, not all random
variables are divisible at all. If a random variable is divisible by two, then

X:Y1+Y27

where Y7 and Y5 are two independent and identically distributed random
variables each with the same characteristic function, say, D(t). To illustrate a
random variable X that is not divisible, let X have just two equally weighted
values, say, at z = £1. Then it follows that the relevant characteristic function
C(t) = cos(t). However, if X = Y7 + Y3, as suggested, then C(t) = cos(t) =
D(t)?. Since D(t), like C(t), is even they both must be real. However, there

is no real D(t) = \/cos(t) for all .
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2.3.2 Infinite divisibility

Let us determine the characteristic function for random variables X that
are infinitely divisible. We will see that we can find a fairly explicit formula
for these expressions. On the other hand, relatively little is known about the
forms of the probability distributions p(z) that belong to the class of infinitely
divisible distributions [Luk70].

Denote the characteristic function of interest, as usual, by

C(t) = / M dp(z) .

By definition, C/9(t) is also a characteristic function for all ¢ € {1,2,3,...},
which is the definition of infinite divisibility. Integral powers always lead to
characteristic functions so CP/4(t) is also a characteristic function. Let the
rational ratio p/q tend as a sequence to a nonnegative real number r, and
by continuity we learn that C”(t) is still a characteristic function for all real
r > 0. As such C"(t) must be nonzero since, for any P > 1, it follows that
[CT/P(1)]F = C"(t) and C™/P(t) — 1 as P — oco. But if C"(t) # 0 for any t,
then so too is C(t) itself. Consequently, we learn that C(t) cannot vanish. If
that is the case, it follows that

C(t) — e—L(t) _ /eitl' d/L(I) = <6’itX> ,

where L is continuous, L(0) = 0, and R L(¢) > 0.
Next we consider

cr(t)= O = [t @),
or stated otherwise,

rl1— e L)) = /[1 — MY A, (2)) |
By assumption, the limit » — 0 exists and leads to

L(t) = lim 711 — e "L

r—0

= lim [[1— ") d(r " p(z))

r—0

=1lim [[1— e +ite/(1 +22)]d(rp,(2))

r—0

ity [ /(14 2] dlr o (@)

= —ita + lim [1— " 4 ita /(1 + 22)] d(r— pp(2))
=0 Jja|<r
+ lim [1— ™ 4 ita /(1 + 22)]d(r pp(2)) .

|z|>r
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Finally,

L(t) = —ita + bt? +/ (1= et 4tz /(1 + 22)] do(z)
|z|>0

where a € R, b > 0, and o(z) is a nonnegative measure that satisfies
/ [2%/(1 + 2?)]do(z) < oo,
|z|>0

although it is quite possible that flm\>0 do(z) = oo.

The final expression for L(t) is the most general version that leads to a
characteristic function for an infinitely divisible distribution. It follows that
the general infinitely divisible random variable X is composed of two parts:

X=Xo+Xp.

The linear and quadratic factors in ¢ correspond to a Gaussian random variable
(X¢); the remaining term corresponds to a Poisson random variable (Xp).
More specifically, (i) if o(x) has a one-point support, e.g., do(z) = kd(x—c) dx,
then Xp is a Poisson variable; (i) if [do(xz) < co with wider support, then
Xp is a compound Poisson variable; and (iii) if [do(xz) = oo, then Xp is a
generalized Poisson variable.

For many problems, there is a symmetry such that C(—t) = C(t), and
thus L(—t) = L(t). Under such circumstances

L(t) = bt? + /[1 — cos(tx)] do(x) .

If we assume that o is absolutely continuous, then in this case do = U(z) dx,
where U(—2z) = U(x) > 0.

2.4 Central Limit Theorem—and Its Avoidance

Consider the random variable
N
X=>Y
p=1

made up of N < oo independent, identically distributed random variables, Y.
Let Y denote any one of the identical random variables Y,, 1 < p < N, and
for simplicity assume the variable Y is purely absolutely continuous, that all
moments (Y"), n € N={1,2,3,...}, exist, and that all odd moments vanish:

(Yl —q | 1=0,1,2,... .



22 2 Probability

This leads to what is called a symmetric distribution. Moreover, we also as-
sume that the probability distribution for Y, u(y), depends on the total num-
ber of variables N; thus u(y) = pn(y). Likewise the averaging process ((-))
over Y depends on N, and making that explicit leads to ((+)) = ((+)) n-

The characteristic function of X reads

(X )y = (5T — ()
=12/ 20+t Yy /4l — N

We wish to study the limit of this expression as N — oo. To obtain a
meaningful answer, it is necessary, for large IV, that

(YN < 1/N .
This result can be obtained in two fundamentally different ways.

Gaussian behavior: In the first way the probability density has the general
shape illustrated in Fig. 2.3.

1.5
1.0/
0.5] -

} I

—4 -2 0 2 4

Fig. 2.3. Gaussian-like behavior

Here the principal property is that the width of the distribution should be
“narrow,” i.e., x 1/\/N Since there is unit area under the whole curve, it
follows that the height is “tall,” i.e., oc v/N. This shape implies that (Y?2) o
1/N, but it also inevitably implies that (Y4)y oc 1/N2, (Y®)n oc 1/N3, etc.
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As a consequence, the only contribution to (eitX )~ that matters is the second

moment, (Y2)y, and therefore

(X = —1PA/2

where
= 3 2
A_A}l_r)réo NN,

which we assume exists. The resultant distribution, therefore, is a normal
distribution; all features of the original distribution collapse into the single
constant A! This behavior illustrates well the central property of the Central
Limit Theorem.

Poisson behavior: The second way to achieve an acceptable behavior leads
to a non-Gaussian result. In this second way the distribution py () = p/y(x)
has the general shape illustrated in Fig. 2.4.

Fig. 2.4. Poisson-like behavior

The essence of this figure is the following: The central “spike” has a width o
1/v/'N, as before (or even narrower!), and this spike has an area of 1—O(1/N).
The “broad shoulder” reaches out to Y values of order 1, i.e., independent of
N. However, there is only an area O(1/N) under this broad shoulder. In the
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present case, it follows that (Y2)y oc 1/N, certainly from the shoulder and
part possibly from the spike. However, it also follows that (Y*)y o 1/N,
(Y% N o 1/N, etc., based entirely on the shoulder. Thus all moments are
uniformly small oc 1/N—save for (1) = 1. As a consequence,

(X) = tim [1—£2(V2) /20 + £ (V) /Al — o]

N—o0

= exp[—t2(Y2) /2! + tH (Y)Y j4l — -] |
where, for all m > 1,
(y2my = Jim N({Y?™) .
It is noteworthy that this expression may be written in the form

<eitX> e =1) _ —[[1 = cos(ty)] do(y)

)

which we recognize as the very same (compound, generalized) Poisson distrib-
ution that arose in the study of infinite divisibility. Coupled with the Gaussian
answer for the Central Limit Theorem, the result we have obtained is the full
range of possibilities found in the study of (even) infinitely divisible distribu-
tions. In fact, this should not be a surprise since in both cases we were seeking
those random variables that admit the decomposition

oo

X=>Y,
p=1

into infinitely many independent, identically distributed random variables Y.

Exercises

2-1 Prove that

sin(t) .
t

[1n= cos(t/2") =
2-2 Expand the expression

(it Xy — / ¢ gy () = X)) = 312(XP)

in powers of t to determine expressions for (X?) and (X?) in terms of the
mean (X ) and the variance (X?2).
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2-3 When the mean vanishes, the Gaussian distribution becomes
. ; 142/ v2
(eZtX) _ /ezm‘ du(z) _ 3t (X ,

and we have called X a normal variable. Find the general expression for ( X?)
in terms of the variance, i.e., the second moment, ( X?2).

2-4 Find the characteristic function C (s) for the singularly continuous mea-
sure defined by the Cantor function. Show that

lim Cg (8) 7’5 0 s

and show that the time-averaged expression

1 (T
C@T(S)ZT/ C@(Sﬁ‘f)dﬁ, T7>0,
0
satisfies

§— 00

2-5 Show that the function F(t) = exp(—Bt*), with B > 0, cannot be the
characteristic function of a probability distribution.

2-6 Show that the function G(t) = exp(—At? — Bt*), with both A > 0 and
B > 0, cannot be the characteristic function of a probability distribution.

2-7 For the characteristic function given, for 1 < g < 3, by

O(t) = exp{— [[1 — cos(tu)]du/|u|’} = /eim pp(x)dx ,

determine the asymptotic functional form of the associated probability density
function pg(z) as x — oo.

2-8 Let {C),(t)} denote a sequence of characteristic functions and {p,} a
sequence of positive numbers. Build the functions

Dn(t) = exp{pn[cn(t) - 1]} .

Show that each of the functions D, (t) corresponds to a characteristic func-
tion of an infinitely divisible distribution. Show that any infinitely divisible
distribution for a single random variable can be obtained as the limit of suit-
able sequences {C,,(t)} and {p,}. (This latter fact is known as De Finetti’s
Theorem [DMS].)
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Table 2.1. Fertilizer amount (FA) vs. Growth rate (GR)

Sample H FA ‘ GR
1 0.100 1.724
2 0.125 1.812
3 0.150 1.810
4 0.175 2.045
5 0.200 2.187
6 0.225 2.123
7 0.250 2.056
8 0.275 1.823
9 0.300 1.945
10 0.325 1.654

2-9 A farmer measures the growth rate (GR) in 10 different portions of her
field as determined by 10 different amounts of fertilizer (FA). The results of
the experiment are given in Table 2.1.
Find the average of GR for the experiment. Find the variance of GR, and
the standard deviation (= square root of the variance) for the experiment.
If 1 < n <10 denotes the sample number, find the least squares fit of a
linear fit to the data for GR given by

GR(n) = a+bFA(n),

for suitable constants a and b. Finally, find the least squares fit to a quadratic
fit to the data for GR given by

GR(n) = c+dFA(n) + f[FA(n))?,

for suitable constants ¢, d, and f. On the basis of this information, make an
educated guess for the optimal fertilizer amount to achieve the highest growth
rate.
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Infinite-Dimensional Integrals

3.1 Basics

Care must be taken when trying to extend commonplace formulas from many
integration variables (N < o) to infinitely many integration variables (N =
00). The case of independent normal distributions (= mean zero Gaussian) is
a useful example from which to learn.

As an initial example, let us consider

N
b _p.2
@) = [1yf e 2,
n=1

b )N/2 —bXN 22 /2 .
= | — e n=1%n H dggn ,
(271' it

where z = {z,})"_;, b > 0, and N < co. By construction

/dMN<x) =1,

where the integration is over the space RY. Clearly,

1= lim /d,uN(a:),

N—o0
and one wonders if, in some sense, there is a measure p such that
dp(z) = lim dun(z) .
N—o0

The answer is yes, there is a measure on R> [Sko74], but it is not given by

d ( ) b 00/2 _bzoole/Q lo—o[d ( )
)= — e n=1"n T wrong) .
12 o n g
n=1
J.R. Klauder, 4 Modern Approach to Functional Integration, Applied and Numerical 27
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For example, the first factor is generally ill-defined; if b < 27, it is zero; if
b > 2m, it is infinity. That issue can be eliminated if we choose b = 27. Thus
let us examine the special case

du(z) = ¢TI 7, H 1dxy (wrong) ,

an expression that is also still wrong. [Remark: We note that a “right” answer
2
is given by I12° e "¥n dx,, |
In order for the “wrong” expressions above to have been “right,” it would
be necessary for the prefactor to be well defined, and thus the measure would
have to be concentrated on sequences {x,}52 ; such that

Y1 Ty < 00

However, we can readily disprove this relation.
Since this issue does not depend on the value of b, we return to the original
formula with arbitrary b. Let us evaluate (with ¢ > 0)

/e—cﬂ,ﬁlxiﬂdu( :]\}nn { /b / —cx®/2 = ba?/2 4,
. p \N/2
= N <b+c) <b+c> =0

We now seek to understand this result based on the assumption that the
measure is concentrated on sequences such that Y20 72 < oo [Sko74]. If
this assumption were true, then by the dominated convergence theorem (see

Sec. 1.4), it would have to follow that

which is evidently false!.

We can adopt two points of view toward this result. We can insist that
w(x) is supported on [? sequences, i.e., sequences for which ¥°° 22 < oco. If
we do so, then u(x) is only a finitely addztwe measure. Or, we can reject the
idea that p is concentrated on I and accept the notion that it is supported
on a larger space (the details of which will be spelled out in the next section).
If we choose this viewpoint, then the conclusion, for ¢ > 0, namely, that

] 2
/e_cznzlxn du(q;) =0,

must be understood such that in the new support region Y2 = oo holds
almost everywhere Stated otherwise, the space I? composed of sequences {x,, }
such that ¥°° 22 < oo constitutes a set of measure zero in the full support
space. At least if we accept this latter view, we can still hold out hope that
u(x) is a genuine (probability) measure on R> (it is!).
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Having accepted that, for any b > 0,

eV /2 =0, ae.,

we can raise the final question about
Dr =[], dz, .

n=1

Does Dz constitute anything like our familiar Lebesgue measure ITY_,dz,,
when N < oo? The answer turns out to be decidedly no!
When N < oo, we have the relation

/ /den_mo 1Y)
—Z( ) A (l0. %M () =1,

where we have summed over the 2V sets that make up the partitioning of
each interval [0,1] into disjoint segments of [0, 2] and [3,1] for each of the N
integration variables.

When N = oo, we find that

1= ([0,1%) # Y enTin([0, 3] [5, 1Y)
M=0

for any set of coefficients {cps}. Thus, despite appearances, Dz is not a mea-
sure because it does not satisfy complete additivity. Another argument that
Dzx is not a measure is, for 0 < ¢ < 1, based on

1= 7 ([0.1) # lim 7 (10.6) = 0.
While we have focused primarily on the Gaussian example, the general con-

clusions are the same. Generally speaking, the usual expressions for a measure
for N < oo do not apply when N = oco.

3.2 Support Properties

Let us remain with our example of normal distributions where

dun (x H Vb/2me™ bxn/2dw

and dp(x) =limy o dun(x). As a first determination of a relevant space of
support, we note that
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(o)
2
/xi du(x) = / > b/27re_by /2 dy =0b""
— 00
independently of n. Next introduce a sequence of constants {\,} with the

properties that

Ap >0, foralln,
S A <00

n=1

A suitable set would be given by A, = 1/n?, or A, = =" (but not \,, = 1/n).
Consequently,

[ (S dad) dute) = T2 [k dulo) =0 T A < o0

To get a finite answer, it is necessary that the {x,}5%; sequences in the
support of p satisfy

00 2
Do An @y, < 00, a.e.

for any set {\,} such that each A\, > 0 and X2, \,, < co. Thus, we conclude
from the present and former discussions that
(e, < 00) =0,
H(EE a2 < o0) =1

with {\,} as discussed. Observe that, as presently determined, the space of
support does not depend on the parameter b. However, this is not the end of
the story.

3.3 Characteristic Functional

When N < oo the characteristic functional of our normal distribution takes
the form

. N N 42
/elznzltnxn d,UJ(JC) = eiznzltn/Qb X

Note well that, unlike the support of the variables of integration {x,}, we
are free to choose the space of the sequences {t,,} as we like. For example, to
achieve suitable convergence as N — oo, we shall initially restrict our “test
sequences” {t,} so that

S0 2 <0

n=1"n

When that is the case, we find that
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o~ IS 22 _ /eizggltna:n () |

and in this sense, we may say that

w— lim dun(z) = dp(z) ,

13 v

where “w” stands for “weak.”
However, one last point of concern remains. While the characteristic func-
tional

O(t) = e~ Znzatn/2b

is well defined for X°° ;12 < oo, it is not evident that the factor

Sty

is well defined for the same set of {¢,,}. In general, this is not the case, and to
fix that we restrict the sequence {t,,} even more. Note that

‘E;.Lozltnxn‘ < Eﬁilﬁn\lxnl = SLO=1|tn|1/2|tn|l/2|xn|
< (et (202 [t )2

Thus, if we insist that {¢,} satisfy

o0
> ftnl < 00,
n=1
then both factors above are finite, almost everywhere, and thus it follows that
2 thxy, and
ot inZ1tnTn

are well defined, almost everywhere.
Hence, our conclusion now reads that

co 42 - Y100
o— T 12 /2b _ / ATt T gy ()

represents a completely well-defined expression (on both sides at the same
time) when we consider sequences {t,} € I', i.e., where

E?:ﬂtnl <0oo.

We emphasize that this space is not all the set of {t,,} for which the charac-
teristic function is well defined, but [! is dense in [ (in the topology of I?), so
suitable limits would readily complete the space for which C(t) is well-defined.
(An analog of denseness is that of the rational numbers in the real numbers.)
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3.4 Tightest Support Conditions

We can even find significantly tighter conditions on the support of the measure
up(x) = p(z), now making explicit its dependence on the parameter b.
To begin with, consider a random variable

Y =Y(z1,29,...) =Y(x)

with the property, for all suitable {¢,}, that

/Y( ) ZE lt In d,ulb C/ ZE lt In d,ulb( )

where C' denotes a constant, which depends on Y, but appears outside the
integral and is thus independent of the set {¢,,}. The only way this relation is
possible is that although Y (z) superficially appears to be a random variable,
therefore apparently assuming different values, Y () is in fact an invariant, a
constant with respect to the collection of random variables. In short, despite
appearances, Y (x) is not random after all, with probability one.

As an interesting example of this behavior consider the expression

P
— E elxgozﬁnl’nﬂ;fl ,

Yp(ir) = 1{)

p=1

which we observe is uniformly bounded, |Yp(z)| < 1. Next, consider

/ Yp () et & n=1tnTn dp(z)

P
p=1
1 P
= 5 2 exp{=(1/2D)[Z0180 + 302 (bngp-1 + 50)°T}
p 1

—(1/2b)3 0% (2 + 82 + 2tnip-150)] -

uMw

Observe that
| X2y tnyp—1 sn| < (Eloip t%)1/2 (Zn2y 32)1/2 )

an expression that tends to vanish as p — oo since X2, t7 < co. Therefore,

lim [ Yp(z)et@n=1tn®n dp, () = exp[— 32| (12 + 52)/20] .

P—oo

Thanks to the dominated convergence theorem,
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Jim [ Yp(a) et =n=ilnTn dpuy () / Y (@) ! Snmttn e dpy ()
=C({sn}) C({tn}) -

Hence, we draw the important conclusion that

P
Y(z) = lim Z =150 Tntp—1 26_230:15%/%

P—oo P

with probability one. This equation holds for all sequences {s,} € I', i.e., for
which ¥2° ,|s,| < co. Note well that the answer depends on the pammeter b!
This means that for the example under consideration, the support of ()
depends on b—and even more strongly—if b is changed, the support changes
entirely so in fact, p, and py, for b # b, have disjoint support. One says
that pp and pp are mutually singular, which is denoted by pp, L pp! This
is a much stronger support statement than we previously had, namely, that
YA\, w2 < oo, for A, > 0 and X\, < cc.

As a special case of this support condition choose {s,} so that s; = s, and
S$p =0, n > 2. Thus

lim —

; _ 2
e’LSQIJp e S /2b ,
P—oo

H
i

which holds for all s. Consider the expansion of both sides of this equation in
powers of s. The term quadratic in s implies that

Hence, in a sense, the support of u; lies on the surface of a hypersphere of
infinite (radius)? proportional to b=!. Clearly, the nature of the support of
infinitely many normal variables is dramatically different from the support of
finitely many normal variables!

While we have concentrated on the example of normal distributions in
this chapter, it is in fact true that our general conclusions hold much more
broadly. In a great many cases, the support of the variables involved is strictly
determined by the explicit form of the characteristic functional; change the
characteristic functional, however slightly, and the new support properties are
mutually singular with respect to those of the original support properties!

3.5 From Sequences to Functions

Working with sequences of random variables {z,} is perfectly acceptable,
but there may be a more natural set of variables for a particular problem.
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Just as in classical analysis, we can trade sequences for functions with the
aid of one or another fixed basis set of real functions, say {h,(z)}>2 . It is
particularly convenient to choose the {h,(z)} to be a complete orthonormal
set of functions, meaning that

/hn(:c) hon () dx = Opan

Using such functions, we can introduce

P(z) = D07 1@y by ()

and the inverse transform given by

Ty = /hm(x) o(x)dx .

A perfectly reasonable question to ask is what are the convergence proper-
ties involved in defining ¢(z). Assume, first of all, that the h,,(x) are smooth
functions, such as the Hermite functions (eigenfunctions of a suitable quan-
tum mechanical harmonic oscillator). These particular orthonormal functions
can be summarized in a convenient generating function given by

exp[—s® + 25z — 12?] = 71/4 30 (n!)7V2 (sv2)" by ()

If one were dealing with a finite interval, then one could use sines and cosines.
A finite sum would lead to a function ¢(z) that had the common properties
(e.g., C) of the orthonormal set, or if X'|z,|* < oo then [|¢(z)|* dz < oo, but
as we have seen, we cannot restrict attention to the space of square summable
sequences.

To make progress it is next useful to introduce the idea of test sequences.
We define a test sequence to be any sequence {t,} with the property that

lim n"|t,| =0

n—oo

or, alternatively,

oo
Z n"|t,|? < oo
n=1

for all » > 0. In both cases, we say that {t, } falls to zero faster than any power
(or any polynomial). An example of such a sequence is given by t,, = e~ ",
for any a > 0. Such “good” sequences lead to “good” functions, which we call
test functions, given by

f(w) = Ztn hn(x) )

t = n/_hm(a;)f(ac) dz .
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Let us introduce the concept of convergence of a sequence of such functions
defined so that a convergent sequence does not leave the family of “good”
sequences or, equivalently, does not leave the family of “good” functions. Let
{tJ} denote a sequence (indexed by j) of sequences (indexed by n). These
lead to a sequence of test functions

Pla) =) thhn(z).

We say that the sequence of coefficients {tJ,} — {t,}, provided that
sup n” |t, — tn| =0,
J

or
lim Y200 n"|t], —t,| =0,
j‘)m

for all » € {0,1,2,3,...}. What role does “sup;” play? Consider the example
where t), = e~ "/J. As j — 0o, each tJ — 1, which is not a test sequence, and
not what we want. The sup; will prevent this sequence from being allowed.
With test sequences, or equivalently test functions, and a notion of con-
vergence, we have completed the space of test functions to a topological linear
vector space. Now, we introduce a dual space, which will be called the associ-
ated space of distributions (or, as they are often called, generalized functions).
We define “bad” sequences, or generalized sequences, by sequences {x,,} that

are polynomially bounded, which means that there are constants A, B, and
C such that

|z,| < A+ Bn© .

This choice is made so that

oo
E tnTn
n=1

is always well defined for any “good” sequence {t,,} and any “bad” sequence
{z,,}. The corresponding generalized functions

gi)(x) = Z L hn(x)

will, in general, not converge pointwise, but this sequence converges in the
sense of distributions, which means that

iwn/hn(w)f(:@ de = ixntn = /(b(ac)f(x) dz .
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The last integral extends the usual notation and meaning of an integral, and
it is better to interpret

Z Tptn = ¢(f)
n=1

as a linear functional mapping smooth functions into real numbers.

What we have outlined above is the concept of a nuclear space N' composed
of test sequences (or test functions) and its topological dual A/’ the space of
associated distributions as sequences (or generalized functions) [GV64]. There
are many examples of nuclear spaces, but for our purposes, this simple example
illustrates the general idea.

Let’s examine our fundamental example in light of this discussion. Con-
sider the function

C({t}) = e~ Zntatn/2b

which is clearly well defined for all {¢,,} such that X2 < co. It is a continuous
functional in the sense that

lim C({t}}) = C( Jim {th})

J—00

for suitable sequences. Evidently, if X2, (¢} —t,)%? — 0 as j — oo, then our
function is continuous. This function is also continuous if

o0
JEHSO; |t$L_tn| =0,

but it would not in general be continuous if

oo
lim " [th —t,|* = 0;
S, 2V =t =0

the reader should become convinced of these facts.
Indeed, the function C({t,}) is also continuous if we insist that

oo
li T(4] 2:
JEEO,; n"(t) —t,)° =0

for all » =0,1,2,...., and this is the example we wish to stress. This is clear
because we can always limit C'({¢,,}) to test sequences.

3.6 Bochner—Minlos Theorem

Suppose we have a functional C'({¢,}) depending on sequences {t,,} that be-
long to a nuclear space (such as our A), and which satisfies the following
Bochner-Theorem-like (see Sec. 2.2) conditions [GV64]:
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c({op) =1,
C{t. Pl <1,

N,N

Z a, ag C{tnp) = tnig}) 20, N <o0,
p,q=1

C({tn}) is continuous (e.g., on N') .

If these conditions are met, then C'({t,}) is a characteristic functional,

C({tn}) = / XAt Tn ()

where g is a probability distribution with support on sequences {z,} that
belong to A/, the dual space of the nuclear space, N.

With reference to our basic example, it is indeed correct that the support
of p is on the space of polynomially bounded sequences since (by choosing
An = 1/n?) we know that X% 22 /n? < oo defines its support. To say that
the support is on /' may be very generous in general, since the real support
may be on a much smaller space, but it is not wrong.

There is also a field way (rather than a sequence way) to express the
Bochner-Minlos Theorem [GV64]. In particular, if C{f}—a common notation
for a functional—is defined for all f € A/, where NV is some nuclear space, and
satisfies the conditions

c{0} =1,

IC{fH <1,

N,N

Za;an{fp—fq}EO, N < o0,
p,q=1

C{f} is continuous for all f € N,

then C{f} is a characteristic functional
cigy = [ 10w e gy 5)
— /ei¢(f) du(e) .

Here the support of p is limited to generalized functions in the topological
dual N’ to the given nuclear space N. This theorem then assures the existence
of a wide family of probability measures for function spaces.

The remainder of this chapter is devoted to various ways of dealing with
functionals that may prove important later.
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3.7 Functional Derivatives

Functional derivatives are familiar in their use in deriving the Euler-Lagrange
equations of motion in classical or field mechanics. There is a careful—and
a casual—way to define functional derivatives, and it is important that both
sides of the issue are presented.

First of all, let us be clear about what a functional is. While a function
is normally a map from R¥ to R (or C), when N < oo, say, a functional has
the same purpose when N = oo. In other words, a functional maps functions
into real or complex numbers. Invariably, there is a particular space S of
functions, for which the functional is well defined. For example, [ f(z)?dz is
well defined for f € L*(R); [[f'(z)? + f(z)?] dz requires that both f’ and
[ are L?; [2*f(z)* dz is well defined for the space of functions for which it
is implicitly defined. For such examples, it is clear that S is a linear vector
space; that is, if f; and fy belong to S, then « f; + 3 f2 € S. However, this
does not have to be the case. For example, suppose we require the finiteness
of [1f( (1- e_f(””)) Jdz. Thus f(z) = |z|~Y/4e=*" is acceptable, but
f(z) = \x| 1/46 fails to be acceptable. At any rate, we assume that
along with the given functional F{f}, we are also given the space of functions
S for which F{f} is well-defined.

Let functions of the form f(z) + Th(x) for all real 7 such that |7| < ¢, for
some € > 0, be elements of S. Then,

F{f+Th}

is a well-defined function of 7 in an open interval about 7 = 0. We are in-
terested in the derivative of this function with regard to 7, followed by an
evaluation at 7 = 0. Namely,

dF{f +Th}
dr

_ [ F{f}
—0 J 0f(x)

The answer is linear in h(x), and the local coefficient is dF{f}/df(x), the
functional derivative of F{f} at that point , followed by an integration over
x. Consider the example

h(z) dx

Fift= [ 12 ds
Then
F{f+7h}—/f d:v+27/f z)dx + 72 /h(m)2dx.

Next
dF{f+Th}—2/f dx—|—27'/h
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and finally,
F h
dF{f +h} — 2/f(x)h(x) d .
dr 7=0
Thus we identify
SF{f}
=2f(z).
o7~
A second derivative can also be taken, which leads to
*F{f}
——— =20(x — ),
o Y
valid as a distribution. Yes, it is true that
SF{f}
=24 =
e 0=

After all, functions of several variables may also have divergent values. In the
field case, however, it is somewhat surprising at first glance that a relatively
simple functional can have divergent functional derivatives.

Sometimes one encounters the statement that the functional derivative
may be determined by the expression

6F{f}— imi TO(-—

A casual interpretation of this expression may lead to difficulty if 6(x) &€ S,
the space for which F' is well-defined. For example, with this prescription,

§[fy)Pdy .. d
i) A g S W) ey - o)y

7=0

7=0

where we have cut the calculation short because of the infinity that arises
from the square of the ¢ function in the intermediate step. One is tempted to
soften the § function so its square is finite, but that is exactly what the earlier
treatment was all about!

Just as there are ordinary differential equations and partial differential
equations, there are also functional differential equations.

3.8 Functional Fourier Transformations

For N < oo variables, the usual Fourier transform pair can be written as
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N/2
. 1 —ixN
U/(p) = (2/].[_) /e ZZn:lpnxn u(x) HnN:1 dxn 5

N/2
1 i N ~
ule) = <27r) /eZEn=1pnz" u(p) Hr]:/:1 dpn

expressions which can be taken as pointwise, well-defined integrals when both
u(z) and a(p) are smooth functions of rapid decrease.

We want to find analogous expressions when N = oco. The cleanest and
clearest way to do this is simply to take the limit of the given expression as
N — o0. However, we want to offer a more transparent notation for such a
limit, albeit one that is formal. Let us at the same time pass from the sequence
notation to the function notation. In particular, we have in mind the formal
expressions

alg) =M [ i@ @ dzypypr
u{f} =M / if9@) f(@)de vy

These relations involve formal ingredients that should not be separately inves-
tigated. Observe that—by itself—M’ = [1/(27)]°° = 0. Rather than rendering
the whole expression as zero, this factor is compensated by another factor in
the expression leading to a meaningful expression overall.

A more proper way to understand the functional Fourier transform is by
means of linear functionals. All we have to observe is the existence of linear
functionals L, and L;l such that

ifg} = Ly(u{})
ulf} = Ly @)

If we are prepared to accept these expressions, then all we need to do is
understand the former, formal “functional integrals” as an alternative notation
for linear functionals that map u{f} to @{g} and vice versa. As such, the
“whole” is not considered as made up of its “parts,” but is taken only as a
“whole.”

A crude analog of the former situation refers to the notation

dy .. ylex+h)—y(r)
27 lim 2 I
dr  heo h

in which we don’t separately evaluate dy as zero and dx as zero so that the
quotient would equal the undefined value 0/0; rather we keep the ratio intact
as a single symbol, the “whole,” and do not ask for the values of its top and
bottom, the “parts.”

If we insert one of the Fourier expressions into the other, we are led to the
statement (for N < co) that
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1= (L) [ 5 I it

an expression that involves the N-dimensional d-function,
N
u(w) = [ 6% = ) ul) [y
Formally expressing this relation when N — oo leads to

w{g} = M / / (i f@)lg(@) = (@) dz 1 p

— [ sty nyutnyon,

a relation that introduces and formally defines the §-functional. Once again,
these apparent integrals (which they are not!) should be interpreted as linear
functionals—nothing more, nothing less.

3.9 Change of Variables

When we change variables inside integrals with finitely many (N < oo) inte-
gration variables, we generally introduce a nontrivial Jacobian, i.e., a Jacobian
different from unity (or some other constant). Let us first look at three simple,
one-dimensional examples, and focus on the measures involved.

The first example involves an absolutely continuous measure, with support
on the whole real line R. Let

du(z) = (b/2m)'/? e_bx2/2 dz = p1(z) dex

where b > 0. We consider the change of variable from z to y where x =
(b /b)Yy, Tt follows that

a2
dil'(y) = (¢ J2m) 2 VY 2 a4y = gl (y) dy

which can be regarded as a passive change of variables. More interesting is
the viewpoint of an active change of variables. Specifically, we wish to view
the new measure in terms of the old variables, which leads us to

dpy (x) = &1 () dpa ()
where
€1(x) = (0 o)/ = (b = b)a?/2

We observe that this expression is well-defined for all ¥ > 0 and that the
support of the new measure is R, just like the original one. Thus, p and p/,
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which have identical supports, correspond to equivalent measures, a fact which
is denoted by p' = pu.

For our second example, which again is absolutely continuous, we suppose
that

duz(x) = pa(z) dz
where

p2(z) =b, lz] <1/2b,
=0, |z|>1/2b,
and b > 0. Evidently, the support of o is [—1/2b,1/2b]. For our change of

variables, we let z = (b’/b)y, and we immediately adopt the viewpoint of an
active change of variables. In that case

dy(x) = &2(x) dpa(x)
holds only when b’ > b, and specifically

Lz) =V, |z <1/2b
—0, /2 < || <1/2b.

The new measure has support on the interval [—1/2b’,1/2b'] C [—1/2b,1/2b].
Thus, in the present case, uf5 is absolutely continuous with respect to s,
which is denoted by pf(z) < ua(x). The converse is not true.

For our third and final example, which involves discrete measures, we
suppose that

dus(z) = 6(x — b~ ) dx .

The support of this measure is at the single point z = b~! > 0, say. For the
change of variables, we again choose z = (b'/b)y, and, assuming b’ # b, there
is no &(x) that relates y’ to p (or vice versa), implying that the two measures
i/ and p are mutually singular, which is denoted by p' 1 . This is evident
when the two measures

dps(x) = 6(z — b~ ') da
dpy(z) = 6(x — ') dr

are directly compared with each other. Observe from the point of view of the

probability distributions, that the three qualitatively different support rela-

tionships appear quite distinct. However, that is not the case when we view

matters from the characteristic function point of view.
Characteristic functions for the three examples are given, respectively, by

Ci(t) = et/
i) = e /2
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for the normal distributions;

_ sin(t/2b)
Ca(t) = w2
oty = Snlt/2v)

(t/20)

for the rectangular distribution; and

OS(t) = elt/b )
C:I’)(t) = eit/b, )
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for the discrete distributions. Observe that in each instance (i.e., for cases 1, 2,
and 3), as b’ — b, the corresponding characteristic functions C}(¢), j = 1, 2, 3,
pass continuously to the characteristic functions C;(¢). Since each character-
istic function behaves continuously as the parameter b’ — b, there is no clear
evidence of the distinctly different support properties of the separate probabil-
ity distributions that can be read directly out of the characteristic functions.

As we now pass from one variable—and implicitly any finite number of
variables—to infinitely many variables, we will find analogous properties,
namely, general continuity within the characteristic functionals accompanying

quite diverse support properties of the corresponding distributions.

3.9.1 Change of infinitely many variables

Let us initially consider our standard example of infinitely many, independent

identically distributed normal variables. The initial measure
N .2
dup(x) = A}im (b/2m)N/? e 0Xn=1 7 /2 Yy dx,

n

has support on the “hypersphere”

1 &
. 2 _ -1
th—glxp—b .
oo I =

The active view of the change of variables z = (b'/b)'/?y, b # b, leads to the

measure
N 2
dyuy (z) = Jim (¥ [2m)N/2 e~V i @n /2 N g

supported, in turn, on the disjoint “hypersphere”

1 <&
: 2 _ -1
th — pg_lxp =b .
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Thus, puy L py, whenever b’ # b. On the other hand, the associated charac-
teristic functionals

Col{tn}) = e Ziata/2
Oy ({ta}) = e~ Fnatn/2V

pass continuously to one another as b’ — b.

In the present case, it is also customary to consider another kind of co-
ordinate transformation, namely, z,, = (b,,/b)*/?y,, in which the parameter
b becomes n dependent, and to find the limitations on the family {0/} in
order that p/ remains equivalent to pu, i.e., u’ ~ p. We can readily determine
the appropriate class of sequences b/, by reference to the expression for £(x)
appropriate to the case of just one degree of freedom. Guided by that case,
we find that the putative connection reads

dp' (z) = €oc (@) du(z) |
where
£OO($) = H;.Lo:1(bln/b)1/2 e_(b;l - b)x%/Q .

For this expression to be well-defined, and since the z,, are variables, it is
necessary that

b2, e = D2
are both well-defined. For the first product, the necessary condition is that
Sl 1= (0,/0) ] < o0

while for the second product to have the same support we require that

To satisfy both requirements, the condition
et = b < o0

provides the proper criterion. To see this we observe that
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As P — o0, and adopting the condition that X'5° ,|b/, —b| < oo, it follows that

P
. b . 1
i B2 wn == Jim 5D bl

n=1

guaranteeing that p’ and p have the same support, p’ & p. It is straightforward
to show that X°°, b/, — b| < oo implies X%, [ba/? — bl/2| < oo since

U2 32 2 = 62| < SR b1 — b2 bl 4 b
=X, b, — b <o
Our last example is a special case of a more general class of linear coordi-

nate transformations, namely, under what conditions on the transformation
T ={T,m} is it true that

oo
Tpn = Z T Ym
m=1

defines a new measure p' that is equivalent to the original measure p. We
leave that question to the exercises.

Exercises

3-1 Give a sequence of sequences {tJ } such that
o
. i 3
jlggoz [t =t =0
n=1
as well as
oo
li th—t,[=0
Jim. ;I 5= tnl

both hold.
Next, choose another sequence for which the first expression holds but the
second expression fails to hold.

3-2 Show that the functional
(e’e) 2
C({tn}) = e~ >n=1tn

is continuous for all {¢,} such that X2 |t,| < oo but fails to be continuous
for all {t,} such that X2° ,[¢,]® < co.



46 3 Infinite-Dimensional Integrals
3-3 Show that the functional
C{f}y = e JIf @) d

where x € R, is continuous for all f € L?(R). What are the continuity prop-
erties for: (1) f € LY(R), and (2) f € L3(R)?

Repeat this problem with the change that = € [0, 1] rather than = € R.
3-4 For the case of the transformation z, = (b,/b)"?y,, n = 1,2,3,...,
we concluded that the criterion for equivalence of normal measures was that
Yn)1 — by /b] < co. Consider this transformation to be a special case of z,, =
Y Tym Ym, and reexpress the criterion on {b,} above as a condition on the
matrix T’ = {1}, }. Extend that criterion to find a general nondiagonal form of
transformation T, ,, so that the original normal measure and the transformed
measure are equivalent to each other.

3-5 Solve the functional differential equation given by

SF{f} _
57(x)

where b(x) is a smooth fixed function.

b(x) f(x)* F{f} .

3-6 Solve the functional differential equation given by

5G{f} _
5 (x)

where f"(x) = d*f(x)/dx?, and ¢ and g are constants.

[=f"(x) + cf(2) + 9 f ()| G{f} .
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Stochastic Variable Theory

4.1 General Remarks

Let X (t) be a random function of time ¢, where ¢ € [a,b], —00 < a < b < 0, or
t € la,00), or t € (—00,00), as the specific case dictates. One way to describe
the observable properties of the set of random functions, a.k.a. (also known
as) a stochastic variable, is by means of a collection of correlation functions

Cl(thtg,.. . ,tl) = <X(t1)X(t2) . X(tl)> R

for all [ > 1. If the functions in the set {C;} are pointwise defined, then X ()
is called a stochastic process. On the other hand, if the functions in the set are
distributional in nature, then X (¢) is called a generalized stochastic process.
We will have occasion to discuss both types.

Since the correlation functions are clearly symmetric functions of their
arguments, it follows that the set of correlation functions can be conveniently
summarized in terms of a generating functional given by the characteristic
functional

C{S} = <elf8(t)X(t)dt> .

Furthermore we shall assume that this function satisfies the requirements of
the Bochner-Minlos Theorem (see Sec. 3.6). In that case the characteristic
functional may be written as the functional Fourier transform of a genuine
probability measure p(z) on suitable distributional paths such that

C{s} = /eifs(t)a:(t) dt dp(z) .

J.R. Klauder, 4 Modern Approach to Functional Integration, Applied and Numerical 47
Harmonic Analysis, DOI 10.1007/978-0-8176-4791-9 4,
© Springer Science+Business Media, LLC 2011
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4.1.1 Stationary processes

An important subset of stochastic variables has the property that the correla-
tion functions are stationary, which means that all of the correlation functions
are invariant under an arbitrary shift of all the time arguments. This is only
possible for a situation for which the time runs over the whole real line, i.e.,
t € (—00,00). For example, if we translate every t,, variable by a common
fixed amount 7, then the resultant correlation functions are independent of 7.
In symbols, a stationary process is one for which

(X(tr+7)) = (X(t))

(Xt +7) X (2 + 7)) = (X(t2) X(t2)) ,
(X(t1+7)X(t2 +7) X(ts + 7)) = (X(t1) X (t2) X (t3)) ,

ete., for all values of 7. In crude terms, the correlation functions measured
today are the same as those measured yesterday! This property can be restated
as a property of the characteristic functional as

Clsr} = Cfs},

for all 7, where s,(t) = s(t — 7).

4.1.2 Ergodic processes

A further specialization of stationary distributions leads to ergodic distribu-
tions. For such distributions the following limit holds:

TEE&O C{sr +u} = C{s} C{u} .

This expression implies that the correlation functions factor in an appropriate
manner. For example, ergodicity implies that

dim ({0 7) X (b2 4 7) X (1) X (12)) = (X (01) X (12)) (X (85) X (84))
etc.

It is also convenient to introduce truncated or connected correlation func-
tions. The connected correlation functions are algebraic combinations of the
ordinary correlation functions discussed above. In particular, the generating
functional of connected correlation functions C°{s} is defined by

Cs} =1+ In[C{s}];

expanding both sides in powers of s provides the desired connections. In par-
ticular,
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Ci(th) = Ci(th) ,

CS(t1,t2) = Co(t1,ta) — C1(t1) Ci(t2)

C5(t1,t2,t3) = C3(t1, t2, t3) — C1(t1)Ca(ta, t3) — C1(t2)Ca(ts, 1)
—C1(t3)Ca(ty,t2) +2C1(t1)C1(t2)Ch(t3)

Ci(tl,t%tg,tz;) = C4(t1, to, t3,t4) — Cl(t1)03(t2,t3,t4) -4 (t2)03(t3,t4,t1)
—C1(t3)Cs(ta, t1,t2) — C1(ta)Cs(t1, ta, t3) — Co(t1, t2)Co(ts, ta)
—Co(t1,13)Co(ta, ty) — Co(ty,t4)Colta, ts) + 2Cs(t1, t2)Cy (t3)Cy (ta)
+2C5(t1,t3)C1(t2)C1(tg) + 2C(t1,t4)C1(t2)C1(t3)
+2C5(t2,t3)C1(t1)C1(ts) + 2Ca(ta, t4)C1(t1)Ci(ts)
120 (ts, £4)C1 (11)Ch () — 6Cy (£1)Ch (£2)Ch (£)C (ta) |

ete. This definition has the virtue that

hm Chptr+7, oty + 7t ligm) =0,

T—+

for all I > 1 and m > 1. Thus we observe that the connected component of
the [th correlation function contains the new information in that correlation
function that is not already contained in any of the lower order correlation
functions.

Another property of connected correlation functions deals with a stochas-
tic variable that is the sum of two completely independent components. For
example, suppose that

X =Y(t)+2(1),

where Y and Z denote two independent stochastic processes. In that case, the
characteristic functions are connected by

Cx{s} = Cy{s} Cz{s} y
which leads to the relations
Cg(l(tlv “oe ,tl) == C}C/l(tl, oo ,tl) + C%l(tlv “e ,tl) .

Finally, we wish to stress a fundamentally important property of station-
ary, ergodic ensembles. Let us investigate the stochastic variable

1 (T st =) X (1) dt
UT{S}:ﬁLTef( )X (1) dr

which maps the stochastic variable X to another random variable U which
depends on the function s and the time 7. We first observe that

(Ur{s}) = / dar [ eifst = e dt gy 0),
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which implies that

1

(Ur{s}) = 5=

/T C{s;}dr = C{s}
by virtue of stationarity of the process. Next we consider the expression
(IUr{s} — C{s}*),
which when expanded becomes
(Ur{s}* Ur{s}) - |C{s}* .
The first term in the previous line becomes

(Ur{s}" UT{S}

@ / / deT/ if[stt—71)—s(t—7"))x (t)dtdu(x)

= W/_T/_TdeT’C{sT—sT/}.

Next we consider the limit of the final expression as T" — oco. In view of
the ergodicity of the ensemble, we first recall that

Tli)rjrtloo C{s; +u} = C{s} C{u} .

As a consequence of this relation it also follows that

Tlgl)oﬁ/ C{s; +u}dr = C{s} C{u} .

Therefore,
Jim (Ur{s)" Ur{s}) = |C{s}
or stated otherwise that
Jim ([Up{s} — C{s}|*) =
The fundamental conclusion of this exercise is that

1
Tlggoﬁ ZfSt—T (t)dth:C{S}

More precisely, this limit exists in the mean square sense shown in the previous
paragraph. To make that distinction, one often asserts that
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llmTHOOZT\/iT ZfS dth_ {S},

where “Lim.” is short for “limit in (the) mean.” What this means is that this
relation holds with probability one, i.e., there are potentially paths for which
this identity fails, but they only constitute a set of measure zero. Ignoring
such subtleties for the moment, one may loosely say that “One path has it
all!” Namely, since

Uso{s} = TlEr)nC>c Ur{s} = C{s},

the putative stochastic variable Us{s} is not random and takes the same value
for (almost) all paths. This fact implies that the paths are concentrated on that
set for which Us.{s} = C{s} for all s. Thus if we consider two such stochastic
processes each with their own characteristic function, say, C1{s} and Ca{s},
then the associated measures are mutually singular, pq(z) L pe(x), whenever
the two characteristic functionals are not identical for all s.

4.1.3 Gaussian examples

A Gaussian stochastic process X (t) is distinguished by the fact that

C{S} _ <eif5(t)X(t / zfs dtdu( )

_ A s (X (1)) dt- %fs <X(t)X(u)>Cdtdu
_ zfst dt—ffs G(t,u)dtdu
This expression holds whenever the time variable ¢ € [a,b], —co<a < b< 00,

ort € [0,00), or t € (—o0,00). Such a Gaussian process is stationary provided
that ¢ € (—o0, 0) and

(X)) =m, (X)X (u) =Gt —u),
and therefore

Cfs) = gim [s(t)dt— 5 [s(t)s(u)G(t —u)dtdu

If X is a stochastic process, then (X(¢)?) < oo, and as a consequence,
G(t,u), or G(t — u), as the case may be, is pointwise defined. If X is a gen-
eralized stochastic process, then G(t,u), or G(t — u), is distributional which
requires that the function s belong to some form of test function space. In
either case, since [ s(t)s(u) G(t — u) dtdu > 0, it follows that

Gt —u) = /ei(t - u)wdm(w) ,
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by Bochner’s Theorem, where m(w) is a positive measure. For a stochastic
process, [dm(w) < oo, and the function G(t — u) is continuous; for a general-
ized stochastic process, [dm(w) = oo, and the generalized function G(t — u)
need not be continuous.

For a stationary Gaussian process to be ergodic, it is only necessary that
the measure m(w) be absolutely continuous, i.e.,

dm(w) = p(w)dw ,

where p(w) > 0.

4.2 Wiener Process, a.k.a. Brownian Motion

4.2.1 Definition of a standard Wiener process

A standard Wiener process, denoted by W (t) on the interval 0 < ¢ < oco—
which is therefore not a stationary process—is characterized by the following
four properties:

a) W(0) =
) <W(t)>
) (W)W (u )> = min(t, u) ,

d) The process is Gaussian. In fact, it is normal.

=)

o

These four rules may be incorporated into the single expression given by

zfs dt>_e 3 /s(t)s(w) min(t,u) dtdu

[Remark: Sometimes one sees the notation ¢ A u = min(¢,u), as well as
tVu = max(t, u). However, we shall continue to use the more transparent min
and max.] Expanding both sides of the previous relation in powers of s leads,
for example, to

1
@((fs(t)w(t )

which implies that

[ [s(t)s(u) min(t, u) dtdu]2 ,

oo\»—*

(W)W (t2) W (tz) W (ta)) = (W (t) W (t2) ) (W (t3) W (ta))
W (E)W(t3) (W (t2) W (ta)) + (W () W (£a) (W (22) W (E3)) -

When all times are the same, we find

More generally, we learn that
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<eiSW(t) > — e—t82/2
from which it follows that

plant) = (3o =WO)) = 5 [ ar(eh @ = W) - /20,

As yet another example we consider

<BZS[W(t1) — W(tz)]> e*‘tl — t2|82/2 ,

which leads to
(W (t1) = W(t2)]?) = [t1 — ta] ,

as well as

(W (t1) = W(t2)]*) =3t — taf” .

4.2.2 Continuity of Brownian paths

We start our discussion by assuming that Brownian motion paths may be
piecewise continuous, and then show that assumption is false.

__/_\\_/’—\—'

— |
/_\_/—\_/\_'f\/\

Fig. 4.1. A small sample of hypothetical Brownian paths with their position on the
vertical axis vs. time on the horizontal axis. For clarity, the sample paths have been
chosen so they do not overlap one another. During the small time interval of width
A between t and ¢t + A, some paths are continuous while other paths have jumps
(discontinuities).

Figure 4.1 illustrates several hypothetical paths in a given window of time.
Observe that some of the paths are continuous through the short interval from
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t to t + A, while some of the paths have discontinuities in that same short
time interval. Let us evaluate qualitatively the expression

(W(t+A) —W(@)]?)=AA+BA.

Here, the factor A comes from the fraction of paths that are continuous and
its coefficient A represents the contribution from the slope of such continuous
paths within the interval ¢ to t+A. Likewise, the factor B comes from the paths
that are discontinuous and its coefficient A reflects the relative probability
of such paths within the interval ¢ to ¢t + A. Next consider the analogous
expression

(W(t+2)-WH)') =A4*+B'A.

In this case the factor A’ comes from the continuous paths and its coefficient
A? comes from the square of the slope. The factor B’ comes from the discon-
tinuous paths and its coefficient A again reflects the relative probability of
such paths in the given time interval.

If B’ = 0, then there are no discontinuous paths, and as a consequence,
all the paths are continuous. For Brownian motion paths, this is exactly what
occurs leading to the conclusion that Brownian motion paths are continuous
with probability one.

As a notational remark, hereafter, we shall also use the abbreviations:
w.p.o. = with probability one, and w.p.z. = with probability zero.

Indeed, there is a more general theorem by Kolmogorov which, in our
terminology, asserts that if X (¢) is a stochastic process with ¢ € [tg, T], and
there exist @ > 0 and 8 > 0 and C > 0 such that for ¢1,ts € [to, T,

(lz(t) = 2(t2)|*) < Oltr — t2| "7

then the process X (¢) is continuous w.p.o. [Sko65]
Earlier, in Sec. 2.2.4, we derived the property of a normal random variable
X given by

_Llx2 1
(2 ) =
V1 (X2)

from which we concluded that when (X?) = oo, it follows that X? = oo
w.p.o. On the other hand, if (X?) < oo, then it follows directly from this
fact alone that X2 < oo w.p.o. We can apply this reasoning to the normal
variable X = [W (t+ h) — W (t)]/h for which (([W (t+h) —W(t)]/h)?) = 1/h.
Consequently, it follows that

(AW (1) /dt]? = Jim (W (¢ + ) = W (1)) /h)? = o0

w.p.o. In other words, Brownian motion paths, while everywhere continuous,
are, with probability one, nowhere differentiable!
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We can also investigate more carefully issues related to the lack of deriv-
atives. In particular, we now consider the normal variable X = [W(¢) —
W (s)]/|t — s|7. First observe that

(W) =W(s)l/It = s[7)?) = [t —s['7 .

Thus, for [t —s| <1 and v = % +¢, € >0, we find that

1
(W(t)-W(s)| <Clt—s]2 7, wp.o.,
1
(W () —W(s)| <C'lt—s2 ¢, wpaz.,

where C and C’ denote time-independent stochastic variables.
It is interesting to compare these upper and lower bounds to more tradi-
tional classical bounds. In particular,

() — ()] = [ [La(u) du| < [t — sV [ a(u)? du]/?,

as follows from the Schwarz inequality. Thus, it would appear that Brownian
motion paths fail to have classical behavior by only a “small amount” (e). On
the other hand, classical paths may vary quite slowly at certain points, e.g.,
x(t) = (t — 1)% near t = 1; such smoothness is never seen in Brownian paths
W.p.O.

4.2.3 Stochastic equivalence

As a preliminary to the present topic, we make a simple remark regarding
(in)dependence of two normal random variables X and Y. Let Z = a X +bY,
and note that

(€)= {2 Z MaX +bY)?)

_ {aX)?) ((0Y)?) 2ab(XY)
— <6aX> <€bY> 62ab<XY> .

Thus it follows that X and Y represent independent normal variables if and
only if (XY) =0.

We say that two stochastic processes X'(t) and X (t) are stochastically
equivalent if all their correlation functions are equal, i.e.,

(X'(t1) X' (t2) - X' (1)) = (X (t1) X (t2) - -- X (1))

for all [ > 1. When that is the case, we say that X'(t) ~ X (t). For example,
some stochastic processes that are stochastically equivalent to a standard
Wiener process are given by
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1) Wi(t) = -W(t)
Brownian motion reflected about the origin.

(W)W (u)) = (W(&) W (u)) = min(t,u) ;

2) W'(t) =W(t+to) —W(to), to>0
Brownian motion restarts afresh.
(W (t) W' (t2)) = ([W(t1 +to) — W(to)] [W (t2 + to) — W(to)])

= min(t1,t2) ;

JIW'Ht)y=w(T)-WT—-t), 0<t<T
Brownian motion run backwards.
(W (t)W'(t2)) = ((W(T) = W(T — t1)][W(T) = W(t — t2)])
= min(tl, tg) ]

4 W'(t) =kW(t/E*), k>0
Rescaled Brownian motion, showing fractal character.
(W (t1) W' (t2)) = K> (W (t1/k*) W (t2/k?)) = min(ty, t2) ;

5 W'(t) = lim, EW (t/k?)
Independent Brownian motion derived from initial Brownian motion.
(W ()W (ty)) = ;in%) E(W (t1 k)W (t2)) = llin% kto =0;

6) W'(t) = Jim EW (t/k?)
Second independent Brownian motion derived from initial

Brownian motion.

(W/(E)W (t2)) = lim k(W (0 /KW (t2)) = lim t1/k =0.

4.2.4 Independent increments

Imagine dividing the time axis into separate intervals by a sequence of times
t = t; ordered so that 0 < t; < {3 < t3... . From the general expression for
the Wiener measure characteristic functional, it follows that

<eiEzL:1Sl [Wt)) = W(ti-1)ly
= exp{—3 iy s15m (W (t1) = W (ti—1)] [W () — W (tm—1)])}
= exp[—§ 31y sPt —tial]
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This result arises from the terms in the double sum where m = [; the terms
where m < [ vanish since

(W(t) =Wt )IW(tm) = W(tm-1)]) = (tm = tm) = (tm—1 = tm-1) =0,

and likewise when [ < m. The conclusion we draw from this exercise is that
the normal variable W (t;) — W (t;—1) is independent of the normal variable
W(m;) — W{(m;—1) whenever m # [. This property of Brownian motion is
referred to as independent increments.

4.2.5 Some joint and conditional probability densities

In what follows, we offer a few examples of joint and conditional probability
densities for Wiener processes. These are presented without proof, but the
reader is encouraged to establish them by means of the hints that are offered
(see Exercises). Note that p(a;b) denotes the joint probability density of a
and b, while p(a|b) denotes the probability density of a given the condition b.
Our list includes

o p(r1,t1) = (8(x1 = W(t))) = (6(x1 — 0 = [W(t2) — W(0)]))
Ep(l‘l,tllo,O) 5

o p(x2,t2;21,t1) = (d(z2 — W(t2)) 6(21 — W(t1)))
= p(w2, ta|z1, t1) p(z1,t1)

(0(z3 = W(ts)) 6(x2 — W(t2)) d(z1 — W(t1)))

o p(x3,t3;0,t2;1,t1) =
p(x3, t3]@e, to; 21, t1) p(ae, ta|x, t1) p(21,t1) ,

ete. If

plag,trler_1,tr—1;00—2,tn—2;...;x1,t1) = p(wp,tr|rp—1,tL—1)

for all L > 1, then the process is called Markovian, and one is dealing with a
Markov process.
For a Wiener process it follows that

p(xr,tn;xrn—1,tL—1;Tr—2,tn—2; -+ ; 21, t1)
L

= (I] 8z~ W(n)
=1

H (5 Ty —Tj—1 — [W(tl) - W<tl71)])>

1

-
L
H (x1 — 211 — [W(t) = W(ti-1)]))

=1



58 4 Stochastic Variable Theory

establishing that a Wiener process is Markovian. Specifically, this leads to the
relation that

pep,trien—1,tp—1;00—2,t—2;... %1, 11)

ZP(ILJLWL 1,tr—1) - p(xe, talze, t1) p(x1,t110,0)

.’:l

(w1 —x1-1)°
= {m o |- ]}
The limit L — oo will be discussed later.
4.2.6 Ito calculus
In this section, the goal is to calculate the expression
(W (t+ ) - W) et sOW () duy
To reach this goal we start with the expression
<eik[W(t+A) — W(t)] +ifs (u W(u)du>

—1k2A - ffs W (u) W (v)) dudv
w ok [s(u) W(t—i—A) W(t)])du

The last term in the exponent is of order A; specifically,
k;/ W(t+ A) — W(H)]) du

= k/HA s(u)[u—t]du+ kA/OO s(u)du = kEO(4;s) .
t t+A
The expressions above can be combined so that
<ez’k[W(t—|—A)—Wt +ifsuWu)du>
—1 k2A kO(A;s) zfs du>

b

and expanding both sides to second order in % leads to
(W(t+ A) — W)t sOW R dty _ 144 0(a2;4)) () 5@ W () duy
The limit as A — dt becomes

(1)? A s(w) W (u) du zfs du>

and this relation holds for all functions s(u). Superposition over such different
functions implies that
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dW(t)? =dt, w.p.o.

This relation is one of the celebrated multiplication rules of It6. As any dif-
ferential, it achieves its true meaning inside an integral such as

/F t) dW (t /F

The implication of this equation is that the fractal nature of Brownian paths
ensures that dW (t)? acts in every way as dt.

For any two independent Wiener processes, Wi(t) and Wa(t), it follows
that (Wi (t) Wa(u)) = 0. Consequently, we have the It6 rule that

AW, (t) AW (t) =

The basic It calculus multiplication table [Hid70] is given in Table 4.1.

Table 4.1. Multiplication rules of It6 calculus

x || daw(@) | at
dW (t) di 0
dt 0 0

4.2.7 Stochastic integrals

We have already encountered the integral [s(¢)W(t)dt, which for suitable
s(t) can be interpreted as

/ (W (t) dt = / W(t) dy(?)

provided ' (t) = s(t). Such an interpretation extends further to any y(¢) which
is a signed measure. Additionally, there are many more interesting ways in
which Brownian paths can enter integrals. For example, consider

[strawe =seyw \ - [wwaso.

which we can interpret more easily after the integration by parts. Not so easily

handled is the integral
/ W(t)dw (t)
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Here we have our first example of a genuine stochastic integral. Since W (t) can-
not serve as a measure, this integral cannot be handled by classical methods.
Moreover, there are two fundamentally different ways to define this stochastic
integral.

Both procedures use a limiting behavior of the integral as defined on a
temporal lattice, which, for convenience, we choose to be a lattice of uniform
spacing t; —t;—1 = € for all [. On this lattice we define the values of the Wiener
process at the lattice points as

W, =W(t,) =W(le) , 0<I<L.

The overall time interval in question is given by t = Le. The limit of interest
is L — oo and € — 0, with the product held fixed, Le = t.

Following the calculus of It6 [MS74], let us first consider a differential of
a function on this lattice of points. In particular,

Af(Wi) = f(Wi) — f(Wi—1)
=fWioa+ Wy = Wiy)) — f(Wi-1)
= W) Wy = W) + 5 [/ (Wie) Wy = Wiz + -

observe that the differential (W, —W;_1) points toward the future as compared
to the coefficients f(W;_1) and f”(W;_1). In the limit that the lattice spacing
€ — 0, we learn that

df(W(t) = f/(W(t) - dW(t) + 5" (W(t)dt,

based on the fact that dW (t)? = dt for standard Brownian motion.

However, there is another way to define the differential of a function that
leads to a different answer. Thus, following Stratonovich [MS74], we consider
the expression

Af(Wy) = fW1) — f(Wi—y)
S Wiet + (Wi = Wiea)] = 5Lf(We = (Wi = W)
+35[F(W) = fF(Wi-1))]
=L Wis)) Wy = Wisy) + 5/ (W) (W — Wimp)2 4 -]
+3 W) Wy = Wisa) = 5/ (W) (Wy — Wia)? + -]
='WV + /(Wi )] (Wi = W) + -+

In the limit that the lattice spacing € — 0, we learn that
df(W(t)) = f'(W(t)) dw(t) .

Thus, according to the prescription of Stratonovich, the ordinary rules of cal-
culus apply. This fact has some decided advantage for us and subsequently we
shall exclusively focus on the Stratonovich rule. From the way these two rules
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are defined, one refers to the It6 rule as nonanticipating, while the Stratonovich
rule is referred to as the midpoint rule.

We have denoted the It6 rule as f/(W(t)) - dW(t) and the Stratonovich
rule as f/(W(¢)) dW (t), i.e., one with a center dot and one without a center
dot. However, since the It6 rule was developed initially, it is the one that is
traditionally denoted by f/(W(t)) dW (t); the Stratonovich rule, which was
introduced later, is commonly denoted by f/(W(t)) o dW (t) when the two
rules are discussed simultaneously. We choose the simpler notation for the
Stratonovich (“midpoint”) rule since it is the only rule we will need.

It is clear that the two rules are fundamentally different. For example, the
1to integral

T
| we-awe = ywey -1,
0
while the Stratonovich integral
T
/ W (t) dW () = LW(T)? .
0

Observe, for the It integral, that

T
([ wi-aw) = awire-1) < 0.
In fact, a vanishing expectation is generally true for an It6 integral,

( / FOV(1)) - dW (1) =0 |

thanks to the future pointing nature of the differential dW (¢) and the inde-
pendence of Wiener process increments.

4.3 Wiener Measure

It is now time to illustrate the distribution of paths that are part of a standard
Wiener process [Hid70, IMc65]. According to results presented earlier, the
probability density for Brownian motion paths to pass through the set of
points {x;}, at times {#;}£,, where 0 < t; < t < ... < t1, may be
expressed as

p(antr;xn—1,tr—1;...;01,t1) = Hle plxy, ti|zi—1,ti—1)
= (1/27T€)L/2 e_Elel(xl —x_1)?/2€ 7

where we have also introduced o = 0 and ty = 0.
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What is the result for the probability density when L — oo? A formal
expression arises when we let L — oo in the previous equation and write the
formal result for continuous and differentiable paths

pla()) = M2/ E O

where M is a formal (infinite) normalization factor. Moreover, we have al-
ready concluded that Brownian motion paths are continuous but nowhere
differentiable, which means that there are no paths that are both continuous
and differentiable; this makes the second factor effectively zero w.p.o. We now
approach the probability density for Brownian paths by another procedure.

By definition, the characteristic functional for a Wiener process is given
by

C{s} = Zfs dt> — e —5 [s(t) s(u) min(t, u) dtdu

)

which is clearly a continuous functional that satisfies the conditions of the
Bochner—Minlos Theorem. As a consequence

C{s) =/ i s dt g () |

where pw () denotes the measure on Wiener process paths. Formally, we can
relate this measure to the formal probability density derived above by

C{s} = M/ ifs(t)a(t)dt ,—5 [ #*(t

Although the separate ingredients in this equation are not well defined, when
the expression is taken as a whole it is meaningful (much like dy/dzx).
4.3.1 General Wiener process

The standard Wiener process we have considered so far can be taken as the
basis of a general Wiener process, which we denote by X (t), namely,

X(t) = Vv W(t —to) + z(to) -
Observe that this general process: (i) requires that t > tg, (ii) starts at the
fixed position X (tg) = (to), (iii) has a mean (X (t)) = z(to), and thus (iv)
has a variance given by

(X () X (1)) = (X () X (u)) — (X()) (X () = v min(t —to,u —to) ,

where the parameter v is called the diffusion constant.
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4.3.2 Pinned Brownian motion

Let us start by illustrating pinned Brownian motion using a standard Wiener
process [IMc65]. We know that a standard Wiener process starts at ¢ = 0 at
W(0) = 0; in the present context, we seek to distort the paths so that they
all pass through a fixed point, here chosen as x = 0, at a fixed future time,
taken to be t = 1. This process leads to what is commonly called a Brownian
bridge. To this end, we define

B(t) =W(t)—tW(1).
Clearly, B(0) = 0 as well as B(1) = 0. Moreover,
(B(t1) Blta)) = (W (t) -ty W) [W(t2) — ta W(D)]) =t (1 — 1) ,

where t« = min(ty,t2) and ¢~ = max(ty, t2).

We can also force the generalized Wiener process X (t) to take the form
of a bridge process as well. For that purpose, and tyg < ¢t < ¢1, one need only
consider

Bx(t) = X(t) = (t = t0)/(t1 = to) [X(t1) — x(t1)] ,

a process which obeys Bx (tyo) = x(tg) and Bx (t1) = z(t1).

It is noteworthy that all Brownian bridges are Gaussian processes, being
simply a linear combination of Gaussian variables. Indeed, if du”, (z) denotes
the differential of a normalized measure for a generalized Wiener process that
starts at X(0) = 2’ at ¢t = 0 and has diffusion constant v, then

At oo () = B((T) — 2" dpt ()
denotes the (unnormalized) measure for a Brownian bridge connecting x(to) =
2" and z(T) = ", T > 0. This sort of measure will be of fundamental impor-
tance in the next section.

4.3.3 Generalized Brownian bridges

Suppose we wanted to force not only B(1) = 0 but in addition B(2) = 0,
along with the initial requirement that B(0) = 0. This kind of process could
be constructed as

E{t)=W(t) —t2-tW(Q1) -ttt —-1)W(2).

We leave it as an exercise to work out the variance for this process.
This procedure may be generalized to many pinnings by

J
Z(t) =W(t) =Y ciltitita,...,t) W(t;) .
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Here,

J

Cj(t;tlat%"';t,])z H (t_tl)/(tj_tl)a

I=1(#j)
with the property that
ci(tpiti, ta, ..., ty) =053
this choice leads to the desired pinning, namely,
Z() =0, t=t1,to,....t;, O0<t;<ty<ts..<ty.

It seems natural to refer to such processes as multispan Brownian bridges!

4.3.4 Alternative Brownian bridges

Our definition of a Brownian bridge is not uniquely fixed by the requirement
that B(0) = B(1) = 0 since we could also have chosen

=W —t"w@), r>0,r#1.

However, these modified processes lack a kind of time-reversal invariance that
the process B(t) exhibits. In particular, in the time interval 0 < ¢ < 1, it
is clear that the process B(1 — t) is stochastically equivalent to the process
B(t) within the same time interval. Such an equivalence is not present in
the alternative Brownian bridges B..(t), r > 0, r # 1. Thus, although they
are potential alternatives, they would be useful only in special circumstances
where time-reversal invariance is not an issue. Similar constructions exist for
the generalized Brownian bridges as well, and the same remark about a kind
of time-reversal invariance applies as well.

Once again we observe that all forms of generalized Brownian bridges are
Gaussian stochastic processes that are fully determined by their mean and
covariance functions.

4.4 The Feynman—Kac Formula

Consider the functional Fourier transform of a pinned Wiener measure with
a diffusion constant v = m™!, given by

JELRCECEE

= N/ §(x" —x(T)) ei foT s(t)x(t) dt — (m/2) foT 2 dt D .
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In general, this expression is not a characteristic functional since, for s(t) = 0,
- 1 N2
K" 750,0) = [ du (@) = (0 VarT ) el = /2T

In spite of K not being normalized this expression is valuable in another right
since it satisfies the differential equation

d ) 1 82

which is recognized as a diffusion equation, or as a Schrodinger equation for
a free particle of mass m for imaginary time. Moreover, this solution to the
diffusion equation satisfies the initial boundary condition that

2 /
%1310[((33 T;2',0) =6(z" — 2'),

a boundary condition that leads to the fact that K is often called the fun-
damental solution or a Green’s function for the given differential equation
[Sim79].

Viewed as a solution to the free particle Schrodinger equation (for imag-
inary time), the question naturally arises: what about a similar equation for
a nonfree particle, i.e., a particle that is also in the presence of a potential
V(x)?

The expression of interest obeys the following chain of equations:

K((E”,T;JJ/,O) :N/(S(.CI}H—J}(T» ergS(t)Z‘(t) dt

T T.
Xe—IOVx )dt — (m/2) [y @*dt 1.

. T
== /ezfo S(t) ‘[O dt d/,l/a:// z!
— —[ov(6/ids(t) / i s(t)a(t)dt au

_e—fo (6/ids(t))dt zfo N —t/T)a’ + (¢/T)z"] dt
1/2’/77, fOIO t1 [t<(1—t>/T)]dt1dt2.

In particular, this function satisfies the differential equation

1 9?2

0
C Kz, t:27,0) = | ————
(z,552',0) 2m dz?

5 —V(z)+is(t)z | K(z,t;2",0) ,

subject to the boundary condition

lim K(x,t;2',0) =6(z — ') .
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4.5 Ornstein—Uhlenbeck Process

The Ornstein-Uhlenbeck (O-U) process U (t) is another Gaussian process that
is intimately related to the Wiener process, but it differs in several important
ways [Hid70]. For one thing, for the O-U process, the time variable ¢ runs
over the whole real line, —oo < t < o0o. As such, it is possible to consider a
stationary process, and it is customary to consider a stationary O-U process.
There are several ways to characterize the O-U process, and the first procedure
is as follows.

As before, let W(t), 0 <t < 0o, denote a standard Wiener process which is
a Gaussian process with (i) W(0) = 0, (ii) (W (¢)) = 0, and (iii) (W () W (u)) =
min(¢,u). In that case, we define the O-U process U(t), —oo < t < oo, by

Ut) = (1/vV2) e twi(et).
It follows from this definition that U(t) is a Gaussian process with
(U@) =0,
and
(UE)U(t) = 5t T) (w2 wieh2))
—(t< +15) o2t
e~ It — 12

— 7/61'&}(751 — tg) dw

2m 14+w?’

HM‘HM(LHM‘H

The fact that (U(t1)U(t2)) depends on the difference ¢; — ¢2 is a guarantee
that U(t) is a stationary process. Since

9 1 dw 1
WP = 5= [ =5 <.
it follows that the O-U process is pointwise defined. Moreover, since the inte-
grand for the two-point function is an absolutely continuous measure, the O
-U process is ergodic.

The characteristic functional for an O-U process is readily determined
since it is a Gaussian process. Therefore,

zfs dt _ st ydt — 1 [s(t) Ut)U(u))¢ dtdu
—Zfs ‘t_“‘s(u) dtdu
expressions in which all integrations extend from —oo to +o00. Expansion of

both sides in powers of s leads to various correlation functions of the O-U
process.
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There are additional ways of writing the characteristic functional for the
O-U process that are informative. In particular, it follows that

zfs dt>7e L15(w)|?/(1 + w?) dw
:N// i [3(w) E(w)dw — 5 [(1+w)|F(w)] dw ps

N / i[s(t)a(t)dt — § [[#(6) + x(t)*] dt .

The last two expressions are formal, but instructive nonetheless. Neither in-
tegral in the second part of the last exponent is well defined: the first fails
because the paths are nowhere differentiable, and both integrals diverge be-
cause of the infinite range of the integration. Nevertheless, there is a proper
probability measure o _y(x) on continuous but nowhere differentiable paths
such that

Co-u(s) = Zfs /Zfs dtduo v(x) .

4.5.1 Addition of a potential to an O-U process

The path integral expressions just given lend themselves naturally to the
inclusion of an additional potential V(z) [Sim79]. Specifically, the addition
of such a potential leads to

N/ ifs(t)x(t)dt — 3 [[i( t)? +V(x(t)]dt p,

a formal expression that can also be written in the form
—JV(8/ids(t) dtN/ i [s(t)a(t)dt — 5 [[i( 2] dt 1,
_ S V(8/iss(t))dt ,~ % [s(t)e T s(u) dtdu

Neither of the last two expressions entails proper normalization. An improved
analysis begins by limiting the integration range for the added potential, i.e.,
by replacing [V (z(t)) dt by

/ Vi),

-T

and then reserving a limit in which 7" — oo for the final step in the calculation.

4.6 Realization of a General Gaussian Process

Let {u,(t)}52, denote a set of real, linearly independent functions over the
interval 0 < t < 0o or —0o < t < 00, as the case may be. Next, let {X,,}22
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denote a set of independent, identical, standard Gaussian random variables
with mean and variance given by

<Xn> =0 y <Xan> = 5mn .

Finally, let m(t) be a general real function. Then we define the stochastic
variable

X(t) = ZZO:1Xn un(t) +mf(t) ,
leading to a Gaussian process X (¢) for which
(X(#)) =m(t),
and

(X(t1) X (t2))" = 3 ey tm (1) tn (t2) (X X)) = 3207 1t (t1) un (t2)
= GQ(t],tQ) .

As an example of this construction, let {h,,(t)}22; denote an orthonormal
set of functions for ¢ > 0. In particular, we have

/ B () (£) dt = Gy |
0
E:Lozlhn(tl)hn(t2) = 5(t1 - t2) .
Next, we choose
t
U (t) :/ hn(s)ds .
0

Then it follows that

W(t) = Xpun(t) = ZX,L/O hn(s)ds

n=1
leading to (W(t)) = 0 and
00ty to
W W(e) =3 [ ha@)ats [ bt d
n=1"0 0
t1 to
= / S(t) — th) dty dt},
o Jo
min(tl,t2)
= / dt = min(tl,tg) .
0

Thus, as the notation suggests, W (t), as defined above, is a realization of a
standard Wiener process.
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An O-U process can also be described in another way. In this case we let
{hn(w)}52 4, where we require that h,(—w) = h}(w), denote a set of complex
orthonormal functions on the real line, satisfying

Yoo b ()b (W) = 6(w—w') .
Let
1 / hn (w) plwt
Ver ) V1+w? ’
from which we deduce that u} (t) = u,(t) for all t. Then we define
U(t) = 3021 Xnua(t)

which leads to (U(t)) = 0 as well as

(Ut)U(t2)) = 3nsqun(ts) un(tz)

1 eiw(tl —t2)
o | T
2 1+w?

_ %e—ﬁl —taf |

U (t)

as desired from the representative of an O-U process.

4.7 Generalized Stochastic Process

4.7.1 Gaussian white noise

Consider the representation of a Wiener process given by

W) = 5% X, /0 Ch(t) i’

Now let us take a formal time derivative of this expression, which leads to

NOELLIUES I 08

The result is a Gaussian process, known as white noise [Hid70], and the mean
and variance of the process N(t) are (N(t)) = 0 and
(N(t1)N(t2)) = 3 et e (t1) o (t2) (Xon X )
= 2 ont hn(t1) hn(t2)
=06(t; —ta2) .

Two points about the expression for the variance are in order. For 1 # ts,
the vanishing of the variance signifies that the process N(t) is statistically
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independent for different values of ¢. For t; = t5, the variance diverges, which
implies that white noise is not pointwise defined, but rather that N(¢) is
a generalized stochastic process, with distributional values, which requires
smearing to be well-defined.

Let s(t) denote a smooth function, e.g., an element that is C§°. We define

N(s) = (5,N) = /s(t)N(t) dt .

It follows that (N(s)) = 0 and that

(N(51)N(52)) = (s1,59) = /sl(t)SQ(t) dt .
Moreover, the characteristic functional
<eifs(t)N(t) dty _ o5 s(t)? dt 7

based on the fact that (s, N) is a normal random variable. The characteristic
functional satisfies the conditions of the Bochner—-Minlos Theorem, and there-
fore is the functional Fourier transform of a genuine measure. In particular,

o3 s(t)?dt :N/eifs(t)x(t) dt ,—3 [x(t)*dt p,
_ / fsa)dt g,y

From our earlier discussion we may be sure that the support of the measure
pwn is much larger than L?(R). In addition, it is true that the character-
istic functional is well-defined for all s € L?(R). Thus there is an apparent
conflict with the allowed arguments of the characteristic functional and the
support of the white noise measure. The resolution of this conundrum lies
in the observation that the integral representation of the characteristic func-
tional is well-defined for all s in some test function space (e.g., D composed of
C§° functions), but the result of that integral representation admits a larger
space of definition (L?) than the integral representation itself. [Remark: An
elementary example of this state of affairs is given by the equation

L T

1—2
This equation is valid for all x such that |z| < 1, which is the full range
for which the right-hand side is well-defined. However, the left-hand side is
well defined everywhere—except at @ = 1—illustrating that each side of an
equation may have a distinct domain of validity.

Although a Wiener process is defined only for ¢ > 0, the white noise process

can be considered to be defined for all time. In view of the expression for the
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variance of white noise, it is common to regard white noise as a stationary
process as well. Hence the integrals in the expressions for the characteristic
function can be taken to run from —oo to +oo.

We have used Gaussian white noise to illustrate a generalized stochas-
tic process, and indeed, it is generally regarded as the most important such
process. However, any stochastic process which is not pointwise defined and
thus requires to be regarded as a distribution-valued stochastic process fits
into this category. One closely related set of examples involves so-called colored
noise. Colored noise may be obtained from white noise by filtering. Specifi-
cally, let us define (here C' stands for “colored”)

- /Y(t — 7)Y N(r)dr

where Y (t) denotes the impulse response function for a suitable idealized filter.
In particular, we let

V() = \/% /Y/(w)eiwtdw ,

and it then follows that
<C(t1) /l |2 w tl —tg)d

The general class of such processes is referred to as colored noise, colored
because the integrand |Y (w)|? generally weights some frequencies ( “colors”)
differently from others. White noise is so-called because |Y (w)[? = 1, and thus
all frequencies are weighted equally. If [ \?(w)|2 dw < 0o, we are dealing with
a stochastic process which is pointwise defined; if instead, [|Y (w)[?dw = oo,
then we are dealing with a generalized stochastic process.

4.8 Stochastic Differential Equations a.k.a. Langevin
Equations

Recall our definition of an Ornstein—Uhlenbeck (O-U) process given by
Ut) = (1/vV2)e tw(e?t) .
Let us take the differential of this expression with respect to ¢. It follows that
dU(t) = —U(t) dt + (1/V2) et aw (e?l) |

and we turn our attention to the last term in this relation. We know that
dW (t) = N(t) dt, and therefore

AW (e2t) = 2N (e2) 2t at .
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Clearly (N(e2t)> =0 and

2(eM N (e21) ef2 N (e282)) = 2eft T 12 5(c20 (22
= etl + t2 6721&15(151 — tg)
=ty —t) .

Since this variance is the same as that of white noise itself, it follows that
V2N el ~ N'(t)

namely, the left-hand side is stochastically equivalent to white noise itself.
Dropping the prime, we are led to the fundamental equation among differen-
tials given by

dU(t) = =U(t)dt + N(t)dt ,
or, as is more commonly stated,
dU(t) = =U(t)dt + dW () .

This is an example of a stochastic differential equation [IMc65]. As with all
expressions involving differentials, we give meaning to this relation by inte-
gration, as we shall do in the next paragraph. However, before we leave this
equation, consider dividing it by dt, which then leads to the relation

dU(t)
o = UM+ N

In this form the expression is called a Langevin equation [CKW]. Viewed

pointwise it is ill-defined; however, if this relation is regarded as a distribution,

then smearing with a test function leads to a meaningful expression.
Regarding the stochastic differential equation as a conventional differential

equation, we can attempt to solve it by traditional means. We are then led to

the solution

t !
U(t):e_tU(0)+e_t/ &t aw ) .
0

Thus our solution depends on what we choose for U(0). If we seek a stationary
solution, then we should set

0 t/ t/
U(0) = / e’ dW(e"),
and for our final expression for the solution we adopt

Ut)=et /t et aw (¢) .

oo



4.9 Poisson Process 73

In writing these expressions, we have used the fact that although W (t) cannot
be a stationary process, dW (t) can be taken as a stationary process.

It must be admitted that the resultant expression does not appear to be the
same as our original definition of an O-U process. Could it be stochastically
equivalent? To check this possibility, consider the proposed variance

—(t t ) t t2 t 4+t
(Ut)U(ts)) = et T2 / / e St —t")dt' dt"

min(t1,t2)
_ e—(tl —|—t2)/ th’ dat’

o0

= Le—ltr—taf

Thus we have indeed established that the solution to the stochastic differen-
tial equation is stochastically equivalent to our original definition of the O-U
process!

4.9 Poisson Process

Up to this point we have focused heavily on Gaussian processes of one or
another kind. This is perfectly appropriate since Gaussian processes are gen-
erally regarded as the most important cases. However, there is another class
of processes, the so-called Poisson processes, that we wish to discuss briefly
here. Just as the Wiener process is fundamental to the Gaussian family of
stochastic processes, the shot noise stochastic process is basic to the family of
Poisson processes [Luk70].

A shot noise stochastic process S(f) may be defined as the limit of a
sequence of processes defined by

N
Sn(t) =D Xnd(t—T,),
n=1

where {X,,}N_, are independent identically distributed, random variables,
with a measure py, and {T}nN:1 are likewise independent, identically distrib-
uted, random variables conveniently taken to be uniformly distributed in a
finite interval of time 7. It follows therefore that the characteristic functional
for Sy is given by

<eif8(t) SN(t) dt> _ <e7;27]Lv:1Xn S(Tn)>
— <62X5(T) >N

/ei;vs(t) dun(x) dt/T} :

1- /[1 - eixs(t)] dun () dt/T} ! .
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We are now in a position to take a limit in which N — oo, T'— oo in such
a way that N/T = k remains finite and constant. This limit defines the shot
noise stochastic process S(t), and the resultant characteristic functional is
given by

<eifs(t)5(t) dt> _ eimfs(t) dt —k [dt [[1 — O +ixs(t)/(1 + 22)]do(z)

where the first integral runs over an infinite time interval (usually taken to be
—00 to 00), and the nonnegative measure o(x) is required to satisfy

J12*/(1 +2?)]do(x) < oo .

There are three distinct forms for o and they have different names: (i) if o is a
point measure, i.e., do(x) = c¢d(x —xo) dx, ¢ > 0, then S(t) is called a Poisson
stochastic process; (ii) if o is not a point measure but [do(z) < oo, then S(¢)
is called a compound Poisson process; and (iii) if [do(x) = oo, then S(t) is
called a generalized Poisson process. It is clear that m = (S(t)). Moreover, it
follows from the generating functional, for p > 2, that

(S(t1)S(t2) -+ S(tp))* = Cpd(ts —t2)d(t2 —t3) - 0(tp—1 — tp)

a situation which explains why such a process is called a d-correlated process.
The coefficients

Cp = [2Pdo(x),

provided such integrals exist.

In many ways shot noise plays the role for Poisson processes that white
noise plays for Gaussian processes; indeed, observe that the correlation func-
tion

(S(t1)S(t2)) oc (N(t1) N(t2)) -

Let us also define a stochastic process

P(t) = /Ot S(t')dt',

which can be formally restated as
Pt)=> X, H(t-T,),
n=1

where H(t) =1 for t > 0 and H(t) = 0 for ¢t < 0 [the function H(¢) defined
this way is known as the Heaviside function; see Sec. 2.1.1]. In particular, for
ty > t1, it follows that

<eis[P(t2) — P(tl)]> — o klt2 —ta J1 = e**]do(z)

)
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and therefore
([P(tz2) — P(t1)]') = Aqfta — ta] + - + At — ta|"

where the values of the positive coefficients A,, 1 < r <[, are not important
save to note that the appearance of the term |ty — ¢1| implies that the paths
P(t) are not continuous paths. Moreover, for t4 > t3 > t5 > t;, we have

<e’i8 [P(t4) — P(t3)} + iu [P(tg) — P(tl)] >
= exp{—|ts — t3| [[1 — cos(sx)|do(x) — |ta — t1| [[1 — cos(ux)|do(z)} ,

from which we learn that [like the Wiener process W (t)] the process P(t) has
independent increments.
As a simple example of a compound Poisson process, we choose

do(z) = 1[0(x — 1) + 0(z + 1)] .

In this case a sample path is of the form

an thn ,

where z,, = +1 with equal probability and the times 7, are chosen randomly
with a uniform density of £ > 0. Thus the sample paths are strictly piecewise
constant. For this process, it follows that

<ei8[P(t2) — P(tl)]> _ e—|t2 — tl‘ {1 — COS(S)}

b

and in this case we learn that

([P(t2) = P(t1)]*") = |ta — ta] .

Exercises

4-1 For a normal stochastic process, the characteristic functional is given by
C’{s}:/lfs dtdu )—e 5[ [s()G(t —u)s (u)dtdu7

where

Gt —u)= /ei(t —uw dm(w) .
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Derive the condition on the measure m(w) in order that the process is also
ergodic.

4-2 The process
E(t)=W({t)—t2-t)W(Q1)— ittt —-1)W(2)

satisfies the pinning E(0) = E(1) = E(2) = 0. Determine the variance of the
process FE(t).

4-3 Consider the stochastic differential equation given by
dG(t) = —G(t)3dt +dW (t) .

Find the partial differential equation that determines the distribution p(g, t),
where

plg,t) = (6(g = G(1))) -
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Background to an Analysis of Quantum
Mechanics

5.1 Hilbert Space and Operators: Basic Properties

5.1.1 Hilbert space

The quantum analog of the classical phase space is a complex Hilbert space,
and the quantum analog of a phase-space point is a vector lying in this Hilbert
space. A complex Hilbert space has many properties in common with a com-
plex, finite-dimensional, Euclidean space. In particular, such a space is a linear
vector space with an inner product. In the elegant notation of Dirac [Dir74],
vectors are denoted by “kets,” such as [1)), |¢), etc. These vectors lie in an ab-
stract Hilbert space §), as does their sum with arbitrary complex coefficients,

alyp) +blp) € 9, a,beC.

Every linear vector space has a unique zero vector 0 € $ which has the
property that |¢) + 0 = |¢) and 0|¢) = 0; in this last expression, the first
0 € C while the second 0 € §. To each “ket” vector |x) there is associated
an adjoint form of the vector denoted by (x|, which is referred to as a “bra”
vector. The adjoint vector for the given sum is a* ()| + b*(¢| and involves the
complex conjugate of the coefficients a and b. The inner product of two vectors
involves a bra, say (x|, and a ket, say |¢), and is a complex number denoted by
(x|¢) € C, which is sometimes referred to as a “bra-ket.” The inner product
satisfies (¢|x) = (x|@)*, where * denotes the complex conjugate. Furthermore,
the inner product is linear in the right-hand argument, namely,

{xl(a|) + bl¢)) = alx|¥) + b(x|®) -

It follows that the inner product of any vector with the zero vector vanishes
(set b = 0 in the preceding expression). Hilbert spaces have a positive-definite
inner product, which means that the inner product satisfies 0 < (¢|p) < oo
for any |¢) € 9; furthermore, the condition (¢|¢) = 0 holds if and only if
|¢) = 0, the zero vector.

J.R. Klauder, 4 Modern Approach to Functional Integration, Applied and Numerical 79
Harmonic Analysis, DOI 10.1007/978-0-8176-4791-9 5,
© Springer Science+Business Media, LLC 2011
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One advantage of the Dirac notation is that the unadorned symbol | )
already denotes a ket vector, and thus one is free to place any label inside
one likes. Thus we may use |0), [n), |#), etc., all of which denote vectors with
one or another label. Normally, the meaning of the label is clear from the
context; otherwise it should be explained. The length, or norm, of a vector
[1) is given by || [} || = ++/(¥]¢), which is always finite. Schwarz’s inequality
states that [(¢|v)|? < (¢|d)(¥|h) with equality holding only if |¢) = c|y) for
some complex coefficient ¢. A vector [¢) is called normalized if (|v) = 1.
Two vectors |1/1) and |¢) are said to be orthogonal if (p|¢)) = 0. A set of
vectors {|n)})_; is called an orthonormal set if it satisfies the property that
(n|m) = (5nm for all 1 < n,m < N, N < oo. Linear sums of the vectors
in an N-dimensional orthonormal set span an N-dimensional space. If every
vector in $ may be represented in this fashion, then the orthonormal set is
called complete, or more simply a “basis”; it should be noted that there exist
many (if N > 1, uncountably many!) distinct bases. The number N then
becomes the dimension of the Hilbert space, and if N = oo, then the Hilbert
space is infinite dimensional. Many Hilbert spaces in quantum theory are
infinite dimensional. In summary, for an infinite-dimensional Hilbert space,
for example, there exists a basis (a complete orthonormal set) {|n)}2° ; with
the property that every vector in $ admits a unique representation in the
form

:Z¢n|n>, Uvn € C.
n=1

Due to the orthonormality, it follows that ,, = (n|¢). Of course, if the basis
is changed, then the coefficients 1, are generally different. However, in any
orthonormal basis, it is necessary that

< (Yl) = Z Grtbn(min) =Y |¢a|* < 00
n=1

m,n=1

Thus the coefficients 1,,, namely, the “coordinates” in the present basis, must
be square summable, or as one says, {1,}32; € [?, in order for the vector
[¥) € $. If |¢) = 0, then 4, = 0 for all n > 1. This example shows that we
can “represent” each abstract Hilbert space vector |¢)) by means of a unique
set of square summable complex numbers {1, }5° ;, which are nothing but the
coordinates of [¢) with respect to the basis {|n)}. If we represent |¢) in the

same basis by {¢,}22;, then it follows that the inner product is given by

(olv) = Z¢ n -

An infinite-dimensional Hilbert space that is spanned by a countable number
of basis vectors is called “separable.”

Although we have indexed our components from n = 1 to oo, there is noth-
ing very special about such a choice. In other cases it may be more convenient
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to index components from 0 to oo, or even from —oo to co. Such changes
would make evident modifications in the expressions already given. We begin
with just such an example.

5.1.2 Fourier representation

Alternative representations for the vectors in $ can readily be given. One
method for doing so is provided by the usual Fourier series. Let us introduce
the transform pair given by!

ne
fla) = \/ﬂ Z Un

71711’
¥n m/, fw)de.
It readily follows that
W)= 3 Jul? = / (@) de

n=—oo

which asserts that the functions f are square integrable on the interval —m to
7, i.e., f € L*([—m,7]). For two such functions the inner product reads

W= 3 dntn = / o(0)* f(a) de |

n=-—oo -

where ¢ is defined in terms of the coefficients ¢, in the same way that f is
defined by the coefficients 1, .

5.1.3 L? representatives

Another set of examples is readily given as well. Let {h,(z)}>2,, = € R,
denote a complete set of orthonormal functions on the real line, —co < = < oc.
When integrated over the real line such functions have the integral property
that

/ o (2)* hon () = Grp |

and the completeness property that

'Tn general, the function f(x) defined by the following series is only convergent
in the mean.
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where 0(x) again denotes the Dirac d-function. The well-known Hermite func-
tions, Ay (x), n > 0, introduced in Sec. 3.5, and implicitly defined through the
expression

exp(—s? + 2 — La?) = 7k Y00 (nl)~H (sv/2)" D (a)

provide a standard example. Using this or any other complete orthonormal
set of functions, we can introduce a functional representation for the vector
|1} according to the transform pair

Zh ) tn
Up :/_ hn(2)* (z) dx .

We note further that these relations imply that

(i) = ZIW | WP,

showing that the functions ¢(z) are square integrable on the real line, i.e.,
¥ € L*(R). The inner product of two distinct vectors is given by a similar
expression, namely,

(Bl) =2 dpton = [ d(x)"(x) dw

In the last expression we have left the limits of summation and the limits of
integration implicit when they are sufficiently clear from the context. In the
present case we say that 1 € L?(R). Due to issues involving sets of measure
zero, the elements of the Hilbert space are not specific functions but instead
are equivalence classes of functions which differ from one another on a set of
measure zero. For example, the zero vector is represented by a set of functions
which includes, for example, (i) f(z) =0, (ii) f(z) =0 for  # 3 and f(3) =
17, (iii) f(z) =0 for x # 2 and = # 5, with f(2) = —4 and f(5) = 7, etc.

A completely similar representation holds for square-integrable functions
f(x) when 2 € RY. To see this we need only generalize the orthonormal set
of functions to a set {g,(z)}52, that satisfies

/gm(z)*gn(x) dN'JJ = dmn ;
Z gn gn - 5(y - LL‘) .

Here §(x) denotes an N-dimensional d-function with the property that it
vanishes if z # 0 and [(z)d™z = 1 when the point = 0 is within the
domain of integration. In the present case, the Hilbert space is represented
by the space L2(R”), and the Hilbert space vectors are again represented by
sets of functions that differ from one another only on sets of measure zero.
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5.1.4 Segal-Bargmann representation
Let us illustrate yet another representation of the Hilbert space $. Let z =
x + 4y € C denote a complex variable, and introduce the transform pair?
o0

F(z) :z:oz\/?%”,

Z*n _ |52 dzdy
n = | ==F(2)e || ,
o= [ e

™

where the integration runs over the entire two-dimensional plane. It is straight-
forward to verify that

(Yly) = Z || = / |F(z)|2€_|2|2 dx# .

If for convenience we introduce the abbreviation

d'u = €*|Z|2 LI dy ,

T
then we see that each of the analytic functions F' € L?(R?,dp). It follows that
the inner product of two such analytic function representatives is given by

wwz/a@wwmw

This kind of example can be readily extended to analytic functions of
several complex variables as well, and such representations are often referred to
as Segal-Bargmann representations [Seg63, Bar61]. Observe that each vector
of the Hilbert space is represented by a unique, analytic—hence continuous
and infinitely differentiable—function. There is no need to deal with functions
that differ on sets of measure zero in this representation.

5.1.5 Reproducing kernel Hilbert spaces

Another representation that involves Hilbert space vectors represented by
continuous functions is that created with the help of a reproducing kernel.
Let £ represent an L-dimensional label space that is locally isomorphic to the
space RY, and let | = {I*,12,...,I'} € £, where each I7 € R. Let K(I';1) be a
function on £ x £ that is jointly continuous in the variables I’ and [. Such a
function is called a reproducing kernel if it is a function of positive type, i.e.,
specifically, if, for arbitrary complex coefficients {a, }2_;,

2Unlike the previous functional representations, the present sum converges ab-
solutely for every vector in §).
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N,N
> apan K(lmil) >0, forall N, 1< N <oo.

m,n=1

The celebrated GNS (Gel’fand, Naimark, Segal) Theorem [Emc74] then as-
serts that there exists an abstract, separable Hilbert space $) with elements |1},
for all I € £, which are continuously labeled, i.e., if I, € £, « € {1,2,3,...},
is a sequence of points such that I, — | as o — oo, then |||lo) — |I)|| — 0 in
the same limit. Moreover, the kernel K (I’;1) = (I’|l); namely, it is given by
the inner product of two such vectors.

With that background, we next define a functional representation of the
abstract Hilbert space $ [Aro43]. Consider two vectors defined by

N

W}> :Zan|l(n)>a N <0,
n=1
M

1) = b lm)) M < oo.
m=1

We wish to give a functional representation of these abstract vectors, and the
only set of vectors we know that span the Hilbert space is the set {|I)} for
all [ € L. Thus we define the functional representatives of these two abstract
vectors as

N
Y1) = an (Ul) = (1Y),

M
¢(l) = Z b, <l|l[m]> = <l‘¢> .

The inner product for vectors given by this functional representation is chosen
to be

M,N
(@.0) = D bhan (lmllm) = (Bl9) |

m,n=1

which is just the same value of the inner product as in the abstract Hilbert
space. With the so-chosen functional representatives and their inner product,
we have defined the desired functional representation for a dense set of vectors
since we still have the restriction that N < oo. We complete the Hilbert
space representation by taking the limit of Cauchy sequences as N — oo. In
particular, a sequence {a,}22; is admissible provided that the limit || [¢)) v —
[) v || < € for any € > 0 for all N, N’ > P(e), where the notation [¢)) y means
the sum defining this vector has only N terms. The result of including the
limit elements leads to a functional representation of the complete abstract
Hilbert space by continuous functions given by



5.1 Hilbert Space and Operators: Basic Properties 85

Z (Ulmy)

for suitable sequences {a,, }. In this representation, each vector in the abstract
Hilbert space $) is represented by a unique continuous function. Observe care-
fully that everything about such a representation—mnamely, the functional
representatives and the definition of the inner product—is completely defined
in terms of the all-important reproducing kernel K (I’;1) = (I'|l).

This particular representation [Aro43] gets its name from the following
fact. Let b1 = 1 and all other b,, = 0. In that case

(¢, 9) = (K(, 1), ¥ Z {gllny) = ¥y 5

in other words, the given inner product has “reproduced” the functional rep-
resentative ¢(1). [Remark: One might argue that the “function” é(z—y) acts
as a reproducing kernel in that [ d(z—y) g(y) dy = g(x), but the difference lies
in the fact that the function K (I;1’) is an element of the reproducing kernel
Hilbert space while the “function” é(x — y) is most certainly not an element
of the space L?(R).]

The choice of which representation of a Hilbert space to use very much
depends on what particular problem one is faced with. The most commonly
used representation for quantum mechanics is undoubtedly the Schrodinger
representation, namely, L2(R) or L?(RY). However, the author has found that
reproducing kernel Hilbert spaces can also be very useful.

Some reproducing kernel Hilbert spaces—but not alll—admit a second
definition for the inner product of the basic elements. The second definition
we have in mind is given by

<¢,¢>:/¢*<l>wl |

namely, by a local integral over the space £ with a positive, absolutely con-
tinuous measure §l = p(I) dXl with p(l) > 0 almost everywhere. When this
case holds, it is common to refer to the set of states {|l)} as a set of coherent
states and the representation they induce, ¥(l) = (l|v), as a coherent state
representation; examples of coherent states and coherent state representations
will be given in Chapters 7 and 8.

> kook ok ok okok sk ok kokook skokokokokok

The preceding examples illustrate several different functional represen-
tations of an infinite-dimensional Hilbert space, and it is clear from their
construction that they are all isomorphic to one another, i.e., they are all
equivalent to one another under the given equations of transformation. There
are, of course, still other functional representations, but the examples we have
introduced above will serve our present purposes.
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5.1.6 Operators for Hilbert space

Simply put, linear operators are elements of an associative algebra, and thus
have the properties of a linear vector space with the extra property of an as-
sociative multiplication rule. These properties are just those that are familiar
from a set of N x N matrices. For example, if R, S, and T denote linear
operators, then (aR + bS)T = aRT + bST denotes another operator, where
a,b € C and RT represents the product of two operators. The overworked
symbol 0 now also stands for the zero operator with evident properties, and
we let 1 denote the unit operator for which 1R = R1 = R for every operator
R. Following standard convention, however, we sometimes omit the symbol
for the unit operator when it is clear from the context exactly what is meant.
Associativity means that (RS)T = R(ST) = RST, and so the parentheses
are unnecessary.

The role of operators in a Hilbert space is to map vectors into other vectors.
A linear operator, say R, has the property that

R(al$) +b[Y)) = aR|¢) + bR[)) .

We shall only be concerned with linear operators and will generally refer
to them simply as operators hereafter. If an operator R takes every vector
in § into a vector in $), then the operator is defined everywhere. This is
true, in particular, if the operator is bounded, that is, if, for a fixed ¢, where
0 < ¢ < oo, [|[RIY)| < cfl|)]| holds for all |¢) € $. An operator—let us
say T—may also be unbounded, in which case there is no finite ¢ for which
the previous inequality holds. In that case the operator can act only on a
subset of vectors in $) and still yield vectors in §). To deal with this fact
it is necessary to ascribe to T a domain D(T) C $ composed of vectors
that are transformed by 7' into vectors in §). An example may help clarify
the situation. In the sequence space (2, the transformation R that takes the
vector {¢p,}, n € N = {1,2,3,...}, into the vector {[n/(1 + n)],} is a
bounded operator (for any ¢ > 1), while the transformation 7' that takes the
vector {9, } into the sequence {nw,} does not result in a vector for all initial
vectors. In the latter case it is necessary that Y n2[1,|?> < oo in order that
{ny,, } actually represent a vector. For the present example, therefore,

D(T) = {lv) : {npn}iy € 1P}

Unbounded operators play an important role in quantum mechanics, but the
need to deal with domains is very often a nuisance, so much so that they are
all too often ignored.

Several definitions and properties of operators deserve mention. An op-
erator R has an eigenvalue A, € C and an eigenvector |r), which lies in $),
provided that R|r) = A.|r).> An operator may have a number of distinct

3Tt may also happen that this eigenvalue equation holds not for a vector in $
but for a generalized eigenvector that strictly speaking is not in §). We deal with
this more general situation below.
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eigenvectors and several different eigenvalues. For example, every vector is
an eigenvector of the zero operator with eigenvalue zero, and every vector is
also an eigenvector of the unit operator with eigenvalue one. If R denotes an
operator, then the adjoint operator, denoted by R, is defined by the equation

(W|RY|¢) = (¢|R|)*

A Hermitian operator has the property that R = R. Thus eigenvectors of
Hermitian operators satisfy (r|R|r) = \.(r|r) = A:(r|r), and so their eigen-
values are real. If |r) and |s) denote two distinct eigenvectors for a Hermitian
operator, then it follows that

(s|Rlr) = Ar(s|r) = (r|R[s)" = As(s|r) ,

and thus if A\, # A, |r) and |s) are orthogonal, (s|r) = 0. Even when A, = A,
one may choose a suitable linear combination of the two eigenvectors so that
they are orthogonal. Consequently, it is generally asserted that any Hermitian
operator, say R, has a complete set of orthonormal eigenvectors {|r)}, r € N,
namely, a set that constitutes a basis. Indeed, this is one of the most common
ways of defining and choosing a basis set with which to work. Based on the
representation generated by that basis,

) = Zryy = Zr)(rlyp)
(oly) = 2 {olr){rlv) = (o[1]y)

and it is useful to introduce a representation for the unit operator itself given
by
1=Xr)(r,

which is called a resolution of unity. Every Hermitian operator leads to a basis
with which a resolution of unity may be constructed. Clearly we have

R=R1 = RX|r\(r| = ZRIr)(r| = X A|r)(r]
R? 2A2\ 7|,
f(R) =X f(A)|r)(r],

etc., for any reasonable function f. In such a basis, one has diagonalized the
operator R inasmuch as it acts by simple multiplication.

If the eigenvectors of the Hermitian operator, say X in this case, are gen-
eralized eigenvectors, then the eigenvalues comprise an open set in R. In that
case orthonormality is taken to mean (z|y) = 0(z — y), and the generalized
eigenvectors |z) are said to be d-function normalized. Under these circum-
stances, one has

1= [lo) (o] de

and therefore
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X=X1 = [X|z)(z|dx = [z|z)(z|dz,
X? = [2*|z)(z|dx ,
f(X) = [f@)|z)(z| d

where the integral runs over the possible continuous range of eigenvalues of
X, i.e., the continuous spectrum of X. These generalized eigenvectors give
rise to L? representation spaces by means of functions ¢ (x) = (x[t). In this
language the function 1(z) represents the “coordinates” of the abstract vector
|t), although some care must be exercised in pursuing this analogy with the
discretely labeled “coordinates.” Once again, a few technical remarks may be
in order. In particular, the zero vector may be represented not only by the
zero function, but by any other function that is zero almost everywhere so
that its square integral vanishes. In point of fact, the representatives in the
continuum case are equivalence classes composed of functions that differ from
one another on sets of measure zero. This seemingly “minor technicality” is
responsible for reducing the uncountable number of dimensions in the basis
{|z)},x € R, to the countable number of dimensions in the basis {|n)},n € N,
that represents the true dimension of a separable, infinite-dimensional Hilbert
space. [Remark: There also are Hilbert spaces of uncountably many dimen-
sions, the so-called “nonseparable” Hilbert spaces, but generally, they have a
limited physical applicability.]

Another important class of operators is that of the unitary operators. An
operator U is unitary provided that UTU = UUT = 1. A unitary operator has
the property that the inner product of Uly) and U|¢) is identical to the inner
product of 1)) and |¢) for any pair of vectors; the same statement holds with
U replaced by Ut. It is important to note that every unitary operator can be
written in the form U = e~* for some Hermitian operator F' (more precisely,
F is a self-adjoint operator; see below). The action of a unitary operator may
be thought of as a rigid rotation of Hilbert space; indeed, unitary operators are
the natural extension to an infinite-dimensional complex space of the family
of orthogonal rotations familiar in three-dimensional space which have the
property that the inner product of any two three-vectors is invariant under
such rotations. In three dimensions it is evident that one may rotate any
orthonormal frame into any other orthonormal frame, including if necessary
an improper rotation (e.g., a reflection through any one plane). Likewise, in
Hilbert space, a unitary operator can be found that can map any orthonormal
basis set into any other orthonormal basis set. Let |r) and |s’) denote two
arbitrary vectors of two such bases. Then the operator U defined by the matrix
in the |r)-basis with components Uy, = (s|U|r) = (s'|r), r,s € N, generates
the required transformation. In particular, as follows from the resolution of
unity, the transformed vector components read

¢ = (s'|¢) = Z(s'[r)(r|$) = LUsr ¢r -

Normally, in three space, physical quantities of interest cannot depend on
the artificial choice of coordinates, and so they must be expressed in a co-
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ordinate invariant form. Likewise, in quantum mechanics the physical results
will be expressed in terms of inner products and not in terms of the vec-
tor representatives by themselves. In other words, the physical answers must
be independent of the representation of the Hilbert space. This fact has two
consequences. The first consequence is that much of quantum mechanics can
be discussed in the language of an abstract Hilbert space, i.e., in terms of
abstract operators and bra- and ket-vectors. The second consequence is that
in order to compute something—and one generally needs to choose a con-
crete representation to do so—the physical answers will not depend on the
choice of representation. Thus the choice of representation can be made for
the convenience of the calculation.
The commutator of any two operators A and B is defined by

[A,B] = AB — BA

and in general is nonvanishing. Any two operators for which [A4, B] = 0 are said
to commute. By definition, the unit operator, 1, commutes with all operators,
[1,R] = 0. A set of operators {R,,} = {R1, Ra, R3, ...} is called irreducible if
the only operator B that commutes with every operator in the set is a multiple
of the identity operator, i.e., {R, } is irreducible if and only if [B, R,] = 0 for
all n implies that B = bl for some b € C. A minimal irreducible set consists
of a set of operators from which all other operators can be constructed by
algebraic operations or perhaps by suitable limits thereof, or as we shall simply
say, as a function of those operators. A subset {C,,} of a minimal irreducible
set is called a complete set of commuting operators provided that [C,,, C,,] = 0
for every n and m in the set, and any other operator that commutes with all
other operators in the set is a function of the operators in the complete set
of commuting operators. With this definition, a complete set of commuting
operators is at the same time a minimal set of commuting operators. All
operators in a complete set of commuting operators that can be diagonalized
can be simultaneously diagonalized, and for these it follows that

CnCmlcy = Cremle) = cnChle) = enemle)

where we have put |¢) = [{¢c,}) = |c1,¢2,...). For systems with a finite num-
ber of degrees of freedom, a minimal irreducible set {R,} contains only a
finite number of operators. Likewise, for finitely many degrees of freedom, a
complete set of commuting operators contains only a finite number of oper-
ators. The simultaneous (possibly generalized) eigenvectors of a complete set
of commuting operators may be chosen to be orthonormal and they therefore
constitute a suitable basis set of vectors with which to define a representation
of Hilbert space.

Additionally, we introduce the concept of the trace. For a finite, square
matrix the trace is simply the sum of the diagonal elements. This concept is
invariant under orthogonal transformations and so it is an intrinsic property
of the matrix and does not depend on the particular representation that has
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been chosen. In an infinite-dimensional Hilbert space, each operator may be
represented by a semi-infinite, square matrix. In this case the trace is again
simply the sum of the diagonal elements, but this sum is independent of the
representation and therefore an intrinsic property of the operator only for
a subset of operators. Every operator A for which the sum will be intrinsic
admits a canonical form given by

A= Yoan|an){al|, Yplan| < oo .

Here {|ay,)} and {|a/,)} denote two, possibly identical, complete orthonormal
bases. Such operators are said to be “trace class,” and up to trivial phase
factors this decomposition itself is intrinsic to the operator A. To test whether
an operator A has such a representation it suffices to require that

Tr((ATA)Y?) = 3, (m|(ATA)V2|m) = Z,)an| < oo .

Here {|m)} denotes any complete orthonormal basis. If the operator of interest
satisfies this criterion, then the trace of A is defined by

Tr(A) = X.(r|Alr) = Ypan(al,|an) ,

which is a number independent of the particular complete orthonormal basis
set with which it is evaluated. If the operator in question is not trace class,
then the indicated sum may converge but the result will in general depend
not only on the operator but also on the particular basis set with which the
sum has been evaluated! It is hard to accept that such situations can describe
real physics.

For N x N matrices, where N < oo, it is well known that Tr(AB) =
Tr(BA). In the Exercises, we ask under what conditions this cyclic invariance
holds when N = co.

This concludes our initial discussion of Hilbert space and operators. In
the following section we offer some deeper insight into some of these issues.
These extra facts are not all relevant for the rest of this monograph, but
they do represent important issues that are seldom dealt with in the usual
textbooks on quantum theory, and in the author’s view, should be more widely
appreciated.

5.2 Hilbert Space and Operators: Advanced Properties

In the previous section of this chapter, we introduced and discussed various
properties of Hilbert spaces and operators suitable for quantum mechanical
applications. In all earlier applications we have used the elegant notation of
Dirac, and this notation is generally appropriate for most purposes. Unfor-
tunately, the Dirac notation is awkward to use for certain general questions,
especially those related to operator adjoints, and as a consequence we shall
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also introduce and use a common mathematical notation for the vectors in a
Hilbert space $) as lowercase Greek letters 1, ¢, £, etc., and especially an inner
product denoted by (¢, ¢) [= (¢,1)*] that is linear in the second element (¢)
and antilinear in the first element (/). The Hilbert space vectors form a com-
plex linear vector space with 0 denoting the zero element with the property
that v+0 =1 for ally € 9. If a € C, then ay) € ) whenever ¥ € §). It follows
from these relations that (0,¢) = 0 for any ¢ € $. The norm of a vector is
given by |[¢| = ++/(¢¥,v) with || = 0 if and only if ¢ = 0. Only vectors for
which || < oo belong to the Hilbert space, which as usual is assumed to be
separable and complete. The Schwarz inequality reads |(¢, )| < |¢|[v], while
the triangle inequality is given by ¢ + ¢| < |¢| + [¢]. It is convenient to re-
gard |1 — ¢| as the distance between the indicated vectors in §). There are two
common notions of convergence of vectors. Weak convergence of a sequence
of vectors {¢,}52, to a vector ¢ holds if and only if for all A € §, it follows
that lim,, oo (A, ¢n, — @) = 0. Strong convergence of a sequence {¢,}52; to a
vector ¢, on the other hand, means that lim, ., |¢n — ¢| = 0. Equivalently,
we may say that the sequence {¢,}52 is a Cauchy sequence if for any € > 0
there exists a P(e) < oo such that |¢,, — ¢,| < € holds provided m > P and
n > P. Hilbert space is complete in the sense that it already contains the
limits of all Cauchy sequences. When we speak of the convergence of vectors
without further qualification, we always have strong convergence in mind.

It is convenient at this point to introduce the concept of a dense set of
vectors. A set D is a dense set of vectors if for any € > 0 and any A € §,
there exists a vector ¢ € D such that |\ — ¢| < e. Intuitively, this means that
for any vector in the Hilbert space (A) there is a vector in the dense set (¢)
that is arbitrarily close to it. (The analogy of the rationals being dense in the
reals, or the set of continuous functions being dense in the space L*([0,1])
should help convey the meaning of this concept.) We are primarily interested
in operators A for which the domain ©(A) is dense in the Hilbert space ),
and let us restrict attention initially to that case. We observe that if (A, ¢) =0
for all ¢ in a dense set, then it follows by continuity that (A, &) = 0 for all
£ € 9, and hence A\ = 0. For completeness, we define a total set. A set T
is a total set if for all 7 € 7, (7,4) = 0 implies that ¢y = 0. A total set is
also commonly called a “complete set”, however, we prefer to use the phrase
“total set” since in many applications 7 contains an uncountable number of
vectors. Note that the finite linear span (the set of vectors given by all finite
linear combinations) of a total set leads to a dense set.

Operators will generally (but not universally) be denoted by uppercase
Roman letters, e.g., A, B,C, etc., and the domain of an operator, say A, is
denoted by D(A). We shall restrict attention only to linear operators, namely,
operators that have the property that A(a¢p+byp) = aAp+bA for all a,b € C
and all ¢,1 € ©(A). Linear Hilbert space operators may be divided into two
families: bounded and unbounded operators. For a bounded linear operator,
say B, it follows that |Bv| < b|¢| for some 0 < b < oco. Since in this case
|BO| = 0 it follows that BO = 0 for all bounded B. The operator norm
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of a bounded operator is defined by |B| = sup|By|/|¥| < oo where the
supremum is over all ¢ # 0. For any bounded operator B, the domain ®(B) =
$. For an unbounded operator, say A, |A| is not finite for all ) € §. In fact,
|Ap| < oo only for vectors ¢ € ®(A), although it is sometimes convenient
if D(A) does not consist of all such vectors. We note that the zero vector is
always in the domain of any operator, and A0 = 0.

Two notions of the convergence of a sequence of operators are common.
On one hand, a sequence of operators B,, converges weakly to an operator
B whenever lim(¢, (B, — B)Y) = 0 for all ¢ and % in a common dense
domain. On the other hand, a sequence of operators C,, converges strongly to
an operator C provided that lim |(C,, — C)4| = 0 for all ¢ in a common dense
domain. In both cases, if the sequence of operators is uniformly bounded, e.g.,
if | B,| < b < oo for all n, then it suffices to show convergence for ¢ and ¢ in
a total set of vectors. This procedure is an important and extremely practical
way to show convergence.

Hilbert spaces are either finite dimensional or they are countably infinite
dimensional. The former are like finite-dimensional complex Euclidean spaces,
and all operators (or matrices, if you prefer) are bounded operators, and
one’s intuition is almost always correct. In infinite-dimensional Hilbert spaces,
on the other hand, very unusual things can transpire that occasionally defy
common sense!

As linear operators we might expect that

lim Ay, = A lim 9,
n—oo n—oo

for a sequence of vectors {1,}>°; such that each v, € D(A) as well as
lim,, o ¥, € D(A). Some operators satisfy this equality while others do
not. That further divides unbounded operators into two classes, namely, the
closable operators for which this equality always holds and the nonclosable op-
erators for which it sometimes fails. Rather than deal with all possible vector
sequences, it is sufficient to examine those situations where lim,,_ . ¥, — O.
For a closable operator, lim,, ., A, either converges to 0 or it fails to con-
verge in $). For a nonclosable operator, on the other hand, besides these possi-
bilities, it may happen that lim,,_. ., A, converges to a vector in the Hilbert
space that is different from 0! A simple example will illustrate this phenom-
enon. Let us consider the sequence space I? composed of square-summable
sequences {¢¥}2° ; we put the index on the top this time to make room for
the sequence label. Choose the operator A = {Ay;} with entries Ay = 10k,
namely, the sequence 1,2,3,... along the first row and zero otherwise. This
matrix defines an operator for which the domain consists of all sequences for
which Xp2 k¢F is finite. However, consider the sequence of vectors ¢,, = { ¢§}
where (bfL = 6,1 /n. It follows that ¢,, — 0 but A¢, — &, where £¥ = §;; which
is not the zero vector! In brief, we have illustrated a simple operator and a
sequence of vectors such that

0£&= lim A¢, # A lim ¢, =A0=0.
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The reader can well imagine the difficulties such operators may cause, but it
is reassuring to learn that all operators of physical interest will not have such
bizarre properties.

The adjoint of an operator A may be uniquely defined only when ®(A) is
dense. In particular, the adjoint A" of A is defined as follows. For a suitable
Y € §, let € be a vector such that (£,¢) = (¢, Ag) holds for all vectors
¢ € D(A). Then ¢ € D(A") and ATy = £. Note that it is necessary for the
domain of A to be dense in order for £ to be uniquely determined. At the very
least the vector 0 € D(AT) and AT0 = 0 as required. For some operators AT,
0 is the only vector in D(AT)!

A symmetric operator (which is called a Hermitian operator in the physics
literature) is one for which (A¢, ) = (¢, A) holds for all ¢, € D(A). Tt fol-
lows that AT = A on ®(A), from which we learn that D(A") D D(A) [simply
because D(A') is definitely not smaller than ®(A)]. The special case of equal-
ity holds for the very important case of self-adjoint operators; i.e., if AT = A
and D(AT) = D(A), then we say that the operator A is self-adjoint. Notice
that a self-adjoint operator is necessarily symmetric, but the converse is not
necessarily true. In particular, a symmetric operator may uniquely determine a
self-adjoint operator; in this case the operator is called essentially self-adjoint.
An example of such an operator is the differential operator P = —i(0/0x)
acting on the space L?((—00,00)) with D(P) = D,(P) = {¢ : ¢ € S},
where S is the space of functions with continuous derivatives of arbitrary or-
der that all fall to zero at infinity faster than any power, or D(P) = {4 :
S (2)> + [¢(z)[*] dz < oo}. The second domain is the maximal domain
on which D(PT) = D(P), and one speaks of extending the original smaller
domain D,(P) to the maximal domain ©(P). For some symmetric operators
it may be possible to extend the operator by extending its domain so that it
becomes self-adjoint, but that extension is not unique and therefore various
distinct self-adjoint operators may arise. An example of this type is for the
operator P = —i(0/dx) acting this time on the space L2([0,1]). In this case we
choose as the initial domain @,(P) = {¢ : ¢’ € L?([0,1]), ¥(0) = ¢(1) = 0}.
Now ®,(PT) = {¢ : ¢/ € L?([0,1])} without any need for boundary condi-
tions. We can extend the original domain of P (thereby shrinking the domain
of P') and arrive at a self-adjoint operator where D(P1) = D(P) = {¢ :
Y € L*([0,1]),9(1) = e*9(0)}, where a € R is a needed new parameter
to define the extension. Each different o (mod 27) leads to a distinct oper-
ator, say P,, with a spectrum depending on the parameter «. In the third
category are symmetric operators that can never be extended to self-adjoint
operators. An example of such an operator is P = —i(0/dx) acting on the
Hilbert space L2([0,00)) with D(P) = {¢ : ¢’ € L2([0,00)), %(0) = 0}.
In this case D(PT) = {¢ : ¢’ € L?([0,00))} without a boundary condition
required. A rapid way to see the category into which a symmetric operator
fits is the following: Consider the distributional solutions of the two equations
Pty (x) = +irps(x). Let (ny,n_) denote the number of linearly independent,
square-integrable solutions to these two equations; the numbers n4 are called
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the deficiency indices. If n,. = n_ = 0, the symmetric operator is (essentially)
self-adjoint. If n,. = n_ > 0, the operator admits self-adjoint extensions, but
nf_ real parameters are needed to specify the operator. If n, # n_, no self-
adjoint operator exists. In the examples for P considered in this paragraph,
Yy (x) = €T and the deficiency indices (ny,n_) are (0,0) for L?((—o0,0)),
(1,1) for L2([0,1]), and (1,0) for L?([0,0)).

Recall that a unitary operator U is defined by the fact that UUT = UTU =
1. Now it is of the utmost importance that every unitary operator U is given
by U = ¢4 and UT = e~*4 for some self-adjoint operator A, and conversely,
every self-adjoint operator A generates a unitary operator and its adjoint by
way of ¢4 = U and e "4 = UT. All this seems familiar save for the question
of how e is to be defined as an operator. We may include in the domain
of every self-adjoint operator a dense set of analytic vectors. A vector v is
an analytic vector for an operator A provided that X2° | A™|/n! < oo. For
such vectors we define e*4 by means of its power series expansion, namely,

Ay =y A,
n=0

n!

which is well-defined because the series converges strongly to a vector in $)
for all analytic vectors. On the analytic vectors it follows that e’ )| =
le= 4| = ||. Since the set of analytic vectors is dense we can extend the
definition of e’ to all vectors in $ by continuity, namely, for an arbitrary
vector ¢ by €' ¢ = lim ' 1), where each 1, is an analytic vector for A and
the sequence is chosen so that lim |¢ — ¢,,| = 0.

A unitary one-parameter group is a set of operators {U(t)}+er that sat-
isfies, for all t,s € R, the following four properties: (1) U(0) = 1; (2)
UtU(s) = Ut + s); (3) UT(t) = U(—t); and (4) U(t) is weakly continu-
ous, which means, for all 1, ¢ € 9, that (¢, U(t)¢) is a continuous function of
t. If a set of operators fulfills these four conditions, then it follows that there
exists a self-adjoint operator A such that U(t) = e’*4. This rule is extremely
useful to determine if an operator is self-adjoint or not. The relation of these
conditions to representations of an operator A is straightforward. In partic-
ular, if we diagonalize A, then it follows for each pair of vectors 1, ¢ that
there exists a complex, countably additive measure (hereafter simply called a
measure) oy 4 such that

(4, U(t)) = / & oy 4(a) |

If 9» = ¢, then the measure 04 4 is nonnegative, and if ¢ is normalized, then
the measure is a probability measure. In the latter case the function

ct) = /eita dpg(a)
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defines the characteristic function for a probability measure py = 04,4 With
(¢, ) = 1. As a characteristic function, C(t) is continuous whether the mea-
sure pg is discrete, absolutely continuous, or singular continuous.

5.3 Basic Lie Group Theory

A group G consists of elements g € G that enjoy several properties. The ba-
sic property is that these elements have a combination law—a generalized
multiplication—such that if g; and g, are two arbitrary group elements, then
g1 9o represents another group element. The identity element g = e is part of
the group, where ge = eg = ¢ for all g, and every element g has a unique
inverse element g—! such that gg~! = g~ '¢g = e. The final property is asso-
ciativity, namely, for three arbitrary group elements f, g, and h, the relation
(fg)h = f(gh) which means that fgh is uniquely defined. Groups can consist
of a finite number of elements, a countable infinity of elements, or, as we shall
focus on, a continuous infinity of elements. To describe this last case, it is use-
ful to label the group elements by points in an L < oo dimensional label space
L that is locally isomorphic to RE. Thus to each point [ = {I*,12,... 1%} € L,
we identify a distinct group element g(I). Group multiplication then involves
some form of label multiplication that encodes the particular group under
consideration. In particular, we define g(l1)g(l2) = g(l1 o lz), where o denotes
a particular rule of combination to yield another element of the label space.
We reserve the label [y for the identity e so that g(lp)g(l) = g(1)g(lp) = g(1),
ie., lpol =1oly=1I. Likewise, we let g(I™!) = g(I)!, the element inverse to
g(1).

A subgroup is a new group, composed of a subset of the elements of some
group, that obeys the same rules as the original group. Let H C G denote such
a subgroup consisting of elements h € H for which h~' and e, the original
identity element of G, are also elements of H. Additionally, if h; and ho are
elements of H, then so too are the elements hihs and hohy as well as all
combinations involving the inverse elements. The elements of H can also be
described by the same labels i(l) that applied to the original group H.

A few simple examples may help make these concepts clear. Suppose
we have a one-dimensional label (L = 1), and we define the multiplication
rule as g(l1)g(l2) = g(l1 + l2), with [ € R; for this example, e = ¢g(0) and
g(1)~1 = g(—1). Another example would be to choose g(I1)g(l2) = g(l112); in
this case the parameter [ € R—0. Here, the identity element e = ¢g(1), and the
inverse element is g(I=!) = g(I)~!. A subgroup of this example arises when
we restrict the labels so that [ > 0; observe that the subset where [ < 0 does
not form a subgroup since it lacks the identity element. Familiar examples of
continuous groups include the following. (i) The real n-dimensional rotation
group O(n, R), which is defined by real n x n matrices with the property that
00" =070 =1, where T denotes transpose. The determinant of such ma-
trices is £1. The subgroup of matrices with determinant +1 is called SO(n, R).
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(ii) The complex unitary group U(n,C) defined by n x n complex matrices
such that U UT = UTU = 1. It follows that the determinant of such matrices
is given by e, where 6 is real. The subgroup of U(n,C) for which 6 = 0 is
called SU(n,C). (iii) The n-dimensional affine group defined as the group of
transformations (A, b) such that z — 2’ = Ax+b, where A is a real, invertible
n x n matrix and x, ', and b are all real n-dimensional vectors. Here the mul-
tiplication rule of the group elements becomes (A, V) (A,b) = (A’A, A’b+V').
All of these examples are examples of Lie groups.

A continuous group is also associated with two group invariant measures
which are defined below. For now, suffice it to say that the group is called
compact if the integral over the group invariant measure is finite, while the
group is called noncompact if the integral over the group invariant measure
diverges.

5.3.1 Lie algebras

Lie groups also give rise to Lie algebras as follows. Let g(I) be chosen so that
e = ¢g(0), and consider the set of group elements very close to the identity
which we shall denote by

g(81) = g(0) + 5 9g(1) /Ol |1—0 = e + 0V X ,

where X;, j =1,2,..., L, are called the infinitesimal generators, and we have
adopted the summation convention. Evidently, the inverse element near the
identity is given by

g6yt =e—3d1 X,

which is valid to lowest order. The infinitesimal generators form a linear vector
space; we shall assume that the elements X; are all linearly independent and
that they represent a complete basis set of elements.

Attention is next focused on the so-called group commutator (GC')

GO(61,61) = g(81)~" g(61) " g(1) (d1) ,
which leads to the expression
GO(81,81) = (e — 819 X;) (e — 1" X3 (e + 01" X,) (e + 01 X,)
=e+0I" 8 [X,, X, .

Since the result of this calculation should also be a group element near to the
identity, it follows that

[X’IWXS} = Crst Xt 3

for some constants C,f, which is the celebrated multiplication rule of Lie for

TS )

the infinitesimal generators. Combining this multiplication rule with the linear
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vector space character leads to an algebra, the Lie algebra associated with the
Lie group. The constants C,,' are known as the structure constants, and they
help determine the nature of the Lie algebra itself. These constants satisfy two
basic identities: (1) antisymmetry, C,,! = —C,. !, and (2) the Jacobi identity

ST rs )

Cabsc’cst + Ccascbst + Cbcscast =0.
Any set of real constants that fulfill these two conditions are the structure
constants of some Lie algebra.

Of course, the choice of the coordinates [ is not unique, and we can consider
coordinate transformations restricted so that when all coordinates vanish,
we still deal with the identity element. It follows that C,. transforms as
a tensor of covariant rank 2 and contravariant rank 1. Thus, only tensorial
invariants generate coordinate independent classifications. In particular, if (i)
C,,t =0, the algebra (and group) are Abelian; if (i) C,,5 = 0, we deal with
a unimodular group; if (iii) g., = C,,' C,,* is nondegenerate, the algebra is
semisimple; if (iv) {gro} < 0, i.e., if that symmetric matrix is negative definite,
then the group is compact—otherwise it is noncompact, etc.

5.3.2 Invariant group measures

Both compact and noncompact Lie groups have invariant group measures.
Indeed, there generally are two kinds of group invariant measures to be dis-
cussed. Let

dg(l) = g(l +dl) = g(l)

denote the difference between two group elements that are infinitesimally close
to each other. The expression

g()~"dg(l)

translates that differential back to the neighborhood of the identity, and as a
consequence it follows that

g~ dg(l) = A" (1) X,

where A(1)* is a one form given by A\*(I) = \* (1) dI™.

Let us repeat this argument for the combination d[g(l1)g(1)] = g(l1)dg(1),
where we assert that only the label [ is to be varied while the label [; is held
fixed. Next consider

[9(l) g(1)] " dlg(l) g(1)] = g(1) " g(l) " g(l)dg(l) = g(1)""dg(l) ,

which implies the important relation that

g(lyol) "dg(ly o 1) = g(1)"dg(l)
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or that A\*(I; ol) X = A¥(I) Xj, and since the infinitesimal generators X are
linearly independent, it follows that

Mol o) = NE(D)

which are known as the Maurer—Cartan equations [Che46, Coh61]. Each one
form A¥(1) is thus invariant under left translations by an arbitrary group
element. Exterior products of these one forms retain this property, and the
Lth such exterior product yields a volume element on the group given by

dpiest(1) = A_y X¥(1) = det[\% (1)) d51
Since, for all [y,

dptese(li 0l) = dpyege(l)

this expression is one of the sought-for group invariant measures, the so-called
left-invariant group measure.
This whole procedure can be carried out as well for the expression

dg(1)g()™" = dlg(1)g(1)] g g(1)] ™" = p*(1) Xk = p" (Lo ) X ,

where p¥(I) are one forms given by p*(I) = p* (1)di™. These one forms ulti-
mately lead to the right-invariant group measure given by

dprighe (1) = A=y p" (1) = det[ph, ()] d1
which enjoys the property that

d,u/right(l o ll) = d,u/right(l)

for all Iy.
For compact groups dite (1) = dptrigne(l) = dp(l), but that equality need
not be true for noncompact groups. For compact groups the group volume

[ antt) <.

while for noncompact groups the group volume diverges as calculated by either
the left- or the right-invariant measure.

5.3.3 Group representations

A representation of a Lie group consists of an associative set of linear trans-
formations acting on a representation space, typically a linear vector space
[Gil06]. In forming this representation we map the elements of the group onto
transformations, such as matrices, in the manner g — W(g) or, using the
labels, g(I) — W(l), with the property that this map is a homomorphism
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(many-to-one) or an isomorphism (one-to-one). The transformations satisfy
the rules of the group, such as W (ly) W (l2) = W(ly o ls).

In addition, representations of the Lie algebra are of importance. Here,
one considers linear maps Xy — My = p(Xy) (this is not the same p used
above!) such that

p([Xk, Xa]) = [p(Xk), p(X)]

as required by the Lie algebra multiplication rule. Although the infinitesi-
mal generators are linearly independent, under the homomorphism induced
by p(-), this no longer need be the case. As an extreme example, the map
p(Xy) = My, = 0 constitutes a possible (but not very interesting) represen-
tation. When the representation transformations M} themselves are linearly
independent, one speaks of a faithful representation; when they are not all
linearly independent, the representation is said to be nonfaithful.

Examples can help clarify these matters. Consider the Lie group SO(3)
defined by 3 x 3 orthogonal matrices of unit determinant. There are three
basic rotations that together generate the group, namely, the three matrices

1 0 0 cos(B) 0 sin(f) cos(y) —sin(y) 0
0 cos(a) —sin(a) |, 0 1 0 , | sin(y) cos(y) 0
0 sin(a) cos(a) —sin(B) 0 cos(B) 0 0 1

which we call Ry, Rs, and Rz, and which represent rotations about the 1st,
2nd, and 3rd axes, respectively. For very small rotation angles, it is clear, to
lowest order, that

Rp(00) =1+60 X+ -+,

and in these three cases we have

000 001 0-10
Xi=100-1], Xo=| 000}, Xg=(100
010 -100 000

In the same vein, it should be true that a normal-sized rotation should be
given by a huge number of tiny, identical, repeated rotations, namely, that

Ry,(6) = lim [1 4 (0/N) X,V =/ X,

ade el

which is true for the matrices given above, namely, that

1 0 0 00 0
Ri(a) = | 0cos(a) —sin(a) | = exp {a 00-1 } ,
0 sin(a) cos(a) 010
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cos() 0 sin(B) 001
Ro(B) = 0 1 0 exp{ﬁ 000 }

—sin(B) 0 cos(B) —-100
cos(y) —sin(7y) 0 0-10

Rs(y) = | sin(y) cos(y) 0 | = exp {7 100 } .
0 0 1 000

These relations illustrate a basic truth about the relation between Lie
groups and Lie algebras: the Lie algebra infinitesimal generators arise as quan-
tities near the identity group element, and the exponential of the generators
leads to group elements, at least that subgroup that is continuously connected
to the identity. For the example chosen, all elements of the group SO(3) are
given in this exponential form; however, for the group O(3), which contains
elements with determinant minus one as well, those latter elements cannot
be reached in this exponential fashion. For many applications it suffices to
consider the subgroup that is continuously connected to the identity, and
all those group elements may be reached by exponentiating the infinitesimal
generators.

Moreover we can evaluate the commutator of the infinitesimal generators
in this case to learn that

[ Xk, Xi) = Cy™ X = €t Xom

where €., is the totally antisymmetric symbol with €123 = 1. This relation
determines the structure constants of the group SO(3), which are also the
structure constants for the group O(3) since near the identity, these groups
are identical. Further properties of the rotation group are reserved for the
Exercises.

We include a discussion about two other examples. The first is the one-
dimensional, two-parameter affine group composed of transformations of the
real line x given by x — «/ = ax+b, where a > 0 and b € R. This restriction on
a leads to the subgroup that is continuously connected to the identity element.
The transformations of this group may be represented as 2 x 2 matrices given

by
ab
01

with the combination rule given by simple matrix multiplication

a b ab\  (dadb+V
01 01/ L0 1 '

The identity element is clearly given by a = 1 and b = 0, and the inverse
element is given by o’ = 1/a and b’ = —b/a. The two infinitesimal generators
are given by
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10 01
Xa<00>7 Xb(oo)?

and the commutator of these two generators is
[Xa, Xp] = X5 .

Indeed, every non-Abelian, two-parameter Lie algebra can be brought to this
form by a suitable coordinate transformation. Moreover it follows that

(07) oo (o) b (o1)=ew e (50) }

Even more enlightening is the relation

(a—1)
<a b) _ X JIn(a) Xo _ JIn(a) Xa o (b/a) Xy _ Jn(a) Xo + 0507 X

01

which the reader is asked to verify in the Exercises.
Let us find the group invariant measures for the affine group. The starting
point for the left-invariant group measure is given by

1/a —=b/a da 0 n 0db\ | _da (10 +@ 01
0 1 00 00 “a \00 a \00)/"’
which leads to
da db

5 -

duleft(aab) = a

A similar argument for the right-invariant group measure involves

da 0 0 db 1/a =b/a\ da (10 01
L(50)+(0) ] (1) =% (60) +# (5o)
which leads to

da db
d,U/right (av b) = a .

Observe that these measures are not equal, but they both integrate to oo,
asserting that the affine group is noncompact.

The final example we study is the Heisenberg group formed by 3 x 3
matrices of the form

00
1 0],
p 1

ISECSEN

which enjoy the group multiplication rule that
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1 0 0 1 00 1 0 0
g 1 0 qg 1 0] = qd+q 1 0
a p 1 a p 1 a+a+pqg p+p 1

The identity element is given by ¢ = p = a = 0 and the inverse element is
given by ¢’ = —q, p’ = —p, @’ = —a+¢qp. The infinitesimal generators for this
group are given by

000 000 000
Xe=1100],X,=1000],X,=(000],
000 010 100
with the commutation relations given by

[anXp] =-X,, [XmXa] =0, [Xana] =0.

It is straightforward to show (see Exercises) that the left and right group
invariant measures are equal and are given by

du(p, q,a) = dpdqda ;

this group is also noncompact.

The two principal examples we have discussed—the affine group and the
Heisenberg group—have been based on 2 x 2 and 3 x 3 matrices, respectively.
However, it is important to appreciate that there are other realizations of these
groups by matrices (or operators) with different dimensions. Even when this
is the case, several aspects of our discussion also apply to all representations
regardless of their dimension or mode of realization. In particular, assuming
the group elements are parametrized in the same manner, the commutation
relations of the infinitesimal generators will always be the same, having, in
particular, the same structure constants. The second feature that will always
be the same whatever representation is chosen (using the same coordinates) is
the left and right group invariant measures. Thus it is often useful to choose
a simple representation to evaluate these invariant aspects since their deter-
mination may be easier in certain representations.

In many applications, and especially for quantum mechanics, one is often
interested in unitary representations of the group elements. We will examine
this feature when we study quantum theory.

5.4 Outline of Abstract Quantum Mechanics

Armed with all the ammunition presented in this chapter, it is quite simple to
state the basic abstract properties of quantum mechanics [Dir74, BEH]. The
state of a quantum system is described as either a pure state or a mixed state.
Either case can be represented by a density matriz p which is a Hermitian,
nonnegative, trace class operator that is given by
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p = X521 P [n) (Pnl (Ymlthn) = 6mn
Tr(p) =X pn=1, 0<p,<1.

For any observable A, which needs to be a self-adjoint operator, the expecta-
tion of A in the state p is given by

(A) = Te(Ap) = X521 pn (] Aln)

and this number is interpreted as the expected value of the quantity repre-
sented by A in the state p averaged over many independent, identical mea-
surements. A pure state exists if (say) p1 = 1 and all other p,, = 0. In that
case, p = 1) (1|, a projection operator, and

(4) = WlAlp) .

Stated otherwise, in general p? < p: if p? = p, then p describes a pure state;
if p?> < p, then the state is mixed.

As a self-adjoint operator, the observable A admits a spectral representa-
tion given by

A:/adE(a),

where the integral runs over the spectrum of the operator A. The one-
parameter family of unitary operators exp[itA] for all real ¢ has an expectation
given by

c(t) =l ] = [ Mana).

where p(a) is a probability measure defined by u(a) = Tr[E(a) p], which makes
C(t) into a characteristic function.

5.4.1 Schrodinger picture

Dynamics in quantum mechanics is generated by a self-adjoint operator H,
the system Hamiltonian. In turn, this operator is the generator of the unitary
evolution operator

U(t) _ 6—th/h ,

which defines a one-parameter unitary group for all ¢, —oco < t < oo. Adopting
the Schrodinger picture, this evolution operator advances the state of the
system from (say) time 0 to time ¢ as

p(t) = Ut) pU )T

As a consequence, the density operator satisfies the equation of motion given
by
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ihdp(t) /0t = [, p(t)] -
For a pure state, this equation leads to the abstract Schrodinger equation

iho(t)) /0t = H|p(t)) |

as well as its adjoint.

It is important to stress that in this abstract form the description of
quantum mechanics is completely representation independent. All represen-
tational versions of quantum mechanics must, ultimately, conform with such
a representation-independent form in order to be correct. This fact shows why
the bra-ket notation of Dirac is so very useful since it offers a simple prescrip-
tion to ensure that any representation of the abstract equations will be fully
compatible with them. As just one example of that prescription, let us intro-
duce the basis vectors {|z)} that are the formal eigenvectors of the coordinate
operator @, namely, Q|z) = x|z) for all € R. In that case, Schrédinger’s
equation becomes

ihd(xly(t)) /ot = (x| H[y(t)) = /<$\H|y><y\w(t)> dy ,
using the resolution of unity that these states provide. If, in particular,
H=(1/2m)P* +V(Q),

where P is the conjugate operator to @ and [Q, P] = ihl, as so often is the
case, then the integral kernel (x| H|y) has a differential operator representation
that leads to the usual form of Schrodinger’s equation given by

ih0y(x,t) /0t = —(h?/2m) D> (x,t) /0> + V (x) (z, 1) ,
where (z,t) = (z](t)).

When we come to discuss quantum mechanics in the next chapter, we
shall make every effort to maintain close contact with the abstract operator
formulation so that proper representations are ensured.

5.4.2 Heisenberg picture

Since we shall also make use of the Heisenberg picture of quantum mechanics
in our further studies, it is appropriate to complete our brief survey of quan-
tum mechanics by discussing this important concept. The time dependence
of the expectation of an observable is given in the Schrédinger picture by the
relation

(A)(t) = Tr[Ap(t)] = Tr[A{e_th/hpeth/h}] 7

which, thanks to the cyclic invariance of the trace operation, can be rewritten
as
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(A)(t) = To[{ TP A =Ry o) = Tr[A(t) p]

7

where we now have removed time dependence from the density matrix and
introduced time dependence to the operator A, as given by

A(t) = eth/ﬁAe—th/h )

Note well the different order of the evolution operators for p(t) and for A(t).
It follows that a time-dependent operator satisfies the differential equation

ihOA(t))0t = [A(t), H] .

In this fashion temporal evolution has been passed completely from the
states of the system to the operators of the system. In a similar way, it is also
possible to have intermediate pictures as well, in which part of the temporal
behavior (say the “interaction” part) resides with the states, and the rest of
the temporal behavior (say the “free” part) resides with the operators.

Exercises

5-1 Consider the semi-infinite square matrix 1" acting on the sequence space
12 defined as

1101001 -
0010100 -
0000010 -
00000O0O -
T: )
which is composed of n x n unit matrix blocks, n = 1,2,3, ..., arranged in

order and with their uppermost unit being in the first row. Find the domain
of the matrix 7', ®(T). Find the domain of the adjoint matrix 7T, D(T").

5-2 The Euler angles parametrize a general proper rotation according to the
expression

R(1,0,0) = VX3 X2 0 X5

despite the fact that this parametrization becomes degenerate when 6 = 0.
Find the expression for the left- and right-invariant group measures in these
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coordinates. If 0 < ¢ < 27,0 < 0 < 7, and 0 < ¢ < 27, determine the volume
of the proper rotation group SO(3) and the volume of the full rotation group
0(3).

5-3 For the nondegenerate parametrization of the proper rotation group given

by

R(a,0,¢) = @ X1 0 X2 X5 ,

determine the range of the angles involved, and then find the left- and right-
invariant group measures as well as the volume of this form of the group

SO(3).

5-4 Determine the left- and right-invariant group measures for the three-
parameter Heisenberg group.

5-5 For the two-parameter affine group, verify the relations

(a-1)
(8 11)) _ DXy JIn(a) X, _ JIn(a) X, (b/a) Xy _ J0(@) Xa+ 0555 Xe ’

where

10 01
(o) 00

5-6 For N x N matrices, N < oo, show that Tr(AB) = Tr(BA) and how
this relation implies that Tr(ABC) = Tr(BC A) = Tr(CAB). When N = oo,
find conditions on such matrices so that the same permutation invariance
holds. Discuss how these conditions apply, or fail to apply, to the trace of the
Heisenberg commutation relation [@, P] = ih1.
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Quantum Mechanical Path Integrals

6.1 Configuration Space Path Integrals

6.1.1 Schrodinger equation (special case)

The fundamental equation of quantum mechanics for a single particle is gen-
erally taken to be a Schrodinger equation of the form

n* 92

%@ + V($7t) ¢(337t) )

0
th—Y(x,t)=| —
iz, )
subject to some initial condition such as

lim vz, £) = (1) .

t—t’

One particular solution, generally called the propagator, refers to the solution
of the Schrodinger equation subject to the initial condition

lim ¢(z,t) = d(z — 2'),

t—t’
and the solution subject to this initial condition is normally called
Kz, t;2' 1) .

Since Schrodinger’s equation is linear, the solution for a general initial
condition can be derived from the propagator by means of the relation

P(z,t) = /K(w,t;x',t’)w(x’,t’)dx’.

Some basic properties of this important quantity are given by:

J.R. Klauder, 4 Modern Approach to Functional Integration, Applied and Numerical 107
Harmonic Analysis, DOI 10.1007/978-0-8176-4791-9 6,
© Springer Science+Business Media, LLC 2011
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1) lim K (2" t";2',t') =6(z" — '),

I
2) K" " 2" 1) /K (2" " 2,t) K(x, t;2', ') do
3) K(xtsct) K t2" "),
4) /KJ: t'sx,t) K(z, t; 2", ") da’ .

In 1948 [Fey48] Richard Feynman, guided in part by ideas of Dirac [Dir33],
proposed that the propagator could be written as

K 1ol 1) = N /””“”)_Z”e<i/h)fi7[%mﬁc<t>2—V<x<t>>]dt o

z(t)=a’

This expression is very similar to analogous expressions from Part 1 dealing
with functional integrals such as the Feynman-Kac formula; on the other
hand, the appearance of i = v/—1 and the fact that the integrand is entirely
oscillatory, as opposed to everywhere positive, makes for a vast difference
in the mathematical properties in the two cases. As we shall see, in strong
contrast to the Feynman—Kac formula, there is no underlying measure on
paths that directly relates to the foregoing path integral expression.

While the path integral expression is strictly formal and cries out for some
form of definition, it is nevertheless not without interest. From a heuristic
viewpoint, it is true that the path integral expression involves the classical
action functional for a particle of mass m moving under the influence of the
potential V(z,t). As such, the path integral formulation of quantum mechan-
ics was the first and is the most well-known procedure to use the Lagrangian
rather than the Hamiltonian in approaching quantization. Nevertheless, the
path integral expression is so formal that it is hard to argue that it is any-
thing more than a heuristic, semiclassical formula; consequently, to proceed
further we need to provide an honest definition of what this formal expression
represents.

The usual procedure to give meaning to the formal path integral is to
first impose a lattice regularization in which the time axis is broken into
L + 1 segments of equal length—chosen equal for convenience—given by e =
(t" —t')/(L+1), and the path integral is then formulated as an integral over
the L values of the coordinate, i.e., x; = xz(le), where xo = 2’ and xp 11 = x”.
In so doing we replace the formal paths by piecewise linear paths and interpret
the integration over all paths as an integration over the path values at the
lattice points. This formulation leads to reinterpreting Feynman’s formal path
integral as

K(x”,t”; (E/,t/)
= LIEI;O Ny, /exp{(i/h)ElLZO[(m/Qe) (141 —x1) — GV(a:l,le)]}HlL:1 dxy |
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where as L — 00, € — 0 so that ¢(L + 1) = ¢ — /. In addition, the normal-

ization constant
v m (L+1)/2
E=\ 2rien '

6.1.2 The free particle

In this case we set V' =0, and as a result
K(I//,t//; ,fl:/’t/)
— lim NL/e(i/h)ZzL:o(m/2€) (zi41 — a1)? I day .

L—o0

This expression involves a number of repeated convolutions, and suggests that
we invoke the Fourier transformation. In particular,

. _ o . 2
/€Zpl+1/2($l+1 x1)/h zepl+1/2/2mh dpl+1/2/(2ﬂ'ﬁ)
= (m/27ri6h)1/26im(xl+1 —x1)?/2eh

If we use this relation in the lattice form of the path integral for the free
particle, we are led to consider

K(.%‘H ! t/) — lim e(i/h)ElL:olem(xl—i-l - l'l)/h - 7:€pl2+1/2/2mh

L—oo

X I odpii1 2/ (2mh) T2 da

(Remark: This equation offers an accidental preview of a (fairly simple)
path integral as an integral over phase space paths, but we do not pursue that
direction here. The subject of phase space path integrals will be addressed in
detail in later sections.) Integrate over the x variables first, and we are led to
the expression

- 1 /
K(m//7t”;l‘/7t/) = (1/27h) / ez(m PLi1/2 =% p1/2)/thL:1 5(Pl+1/2 _pl71/2)

i L .2
e zeEl:0p1+1/2/2mh Hlegde-l/Q

_ (1/%;1)/6@'?(96” — )[R i(t" — t)p?2mh g,
— [m/2mi(t” — t')h)2 im(z” —a')?/2h

These calculations have much in common with those carried out for the Wiener
process. However, there is a genuine distinction between the two cases as we
shall demonstrate subsequently.
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6.1.3 Quadratic path integrals

There are several other path integrals that involve Gaussian integrals such
as that for the free particle. It is useful, therefore, to offer a rather general
discussion of such integrals that is widely applicable.

Consider multivariable integrals of the form

L,L
YL e — L0 g A
[L:/.../e =19 7 3= m=114m mHlL=1dIl7

where L < co. Here Ay, = A, is a symmetric, positive-definite matrix. As
such it is possible to diagonalize the matrix A = {A;,,} by an orthogonal
transformation. Let x; = X, Oy, y,-, where O = {Oy,-} is an orthogonal matrix,
and therefore OTO = 1, where the superscript T' denotes transpose and
1 denotes the unit matrix. Let O be chosen so that OT AO = D, where
D denotes a diagonal matrix with elements {d;}* ; on the diagonal. Since
A is positive definite, it follows that d; > 0 for all . The Jacobian of the
transformation from the x variables to the y variables is unity, and thus

L 1yL
It :/~~/€El:1klyl — Sy I dy,

where we have set k. = Xj;¢;Oy,.. In this form the integral is a product of L
independent Gaussians which is evaluated as

I = L (2 /)2 35 d K
= \Jemjdet(a) e3FimactAmen.
the last line following from the fact that
det(OT AO) = det(OT) det(A) det(O) = det(A) .

Observe in this calculation that the exponent term %Zlfmzlcl Al_ni Cm In
the final result can be obtained as the extremal element in the integral. As an
example, consider the exponent of the original integral

L 1 wL.L
iaz — 520 T A T,

and seek the extremal value of this expression. To find that extremal, we first
set the derivative of the initial exponent with respect to x; to zero, which
leads to

Cl — Efn,:lAlmxm =0 5
with the solution given by

L 41
T = X Ay s
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and evaluate the initial exponent for this extremal value, leading to

1 vL,L -1
EEl,m:ICl Alm Cm

which is exactly the exponent in the final answer.
As an application of this formula, let us consider the free particle. The
original exponent in the integrand (in continuum form) is

L1 (m/h)a(t)? dt .
The extremal of this expression is just the familiar
L(t) =0,

with the solution

x(t)=a'(t" —t)/(t" =t )+ 2"t =) /(t" =),
consistent with the boundary conditions, which leads to

" /

i(t) = ((iz—:f)) .
The evaluation of the exponent for this extremal path gives

" "2
m " = B )
2h ) o 2h (U —1t)
This result applies to quantum mechanical path integrals for which the matrix
is effectively pure imaginary. One only needs to introduce a small damping
factor to ensure convergence of the integrals. Thus, on the basis of the previous
discussion, the free particle path integral is

N/e%i(m/ﬁ)fi(t)2 dt py — g (i (m/20) (" — a2 /(" = 1)
where A denotes an amplitude factor. The correct expression for the amplitude
factor can be determined as follows. If we denote the exponent on the right-
hand side by

iS(x" "2 ) /h,
then the correct amplitude factor is given by

A \/L 825($”,t”;$',t')
—V onh ox" Ox’

Thus, for the free particle, we are led to

m
A= \V2min( —¢)
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6.1.4 Harmonic oscillator

Obtaining the propagator for the harmonic oscillator is an important exercise.
Formally, the path integral for the harmonic oscillator is given by

N/e(i/f’l)f%[mﬂk(t)2 —ka(t)?)dt 1,
As a quadratic path integral, we can appeal to the general results described
above. In particular, the extremal equation for the oscillator is
#(t) +wiz(t) =0,

where w = y/k/m, and the solution that fits the boundary conditions is given
by

z(t) = [2" sin((t — t")w) + 2’ sin((t" — t)w)]/[sin((t" — t")w)] .
The time derivative yields the velocity
(t) = wlz” cos((t — tw) — 2’ cos((t”" — t)w)]/[sin((t"" — t")w)] .

Evaluation of the exponent for the extremal path is made easier by the ob-
servation that

[1i? — w2 dt = vi| — [[x(i+ W) dt = xd| .
Use of this equation leads to
[l% — w?2?dt = w](2"? + 2?) cos((t" — t')w) — 22" 2] /sin((t" — t')w) ,
and this leads to an exponent of the answer given by

imw (2" + 2'%)
Rsin((t" —t')w) 2

cos((t" —t)w) — "2’

The amplitude factor for the harmonic oscillator follows from this expression
as

. mw
~\ 2miksin((#” — t)w) ’
and this leads to the propagator for the harmonic oscillator given by

K(x”,t//;x/,t,)

B mw
N \/2m'h sin((#" — t')w)

 imuw/B) [ (@ + 2) cos((t" — t')w) — a”2’]/ sin((t” — t')w)
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6.1.5 Eigenfunctions and eigenvalues

The interpretation of the propagator for a dynamical system with a discrete
spectrum (for convenience) is given by the chain (with T'=t" — t/)

K@tz t) = (" t")2, ¢')
_ <$//|€_iHT/h‘IE/>
_ Z<x//‘n>67iEnT/ﬁ (n|z)

=3 oula") () e BT/

A similar relation holds for imaginary time quantum mechanics, which arises
when the variable T is rotated in the complex plane to —iT. In that case one
deals with the expression

<m”|e_HT/h|:L'/> _ Z(aj”|n>6_EnT/h<n‘x/>

n

= Z¢n($l/)¢2($,)€_EnT/h .

n

Assuming that the eigenvectors are nondegenerate and that the energy eigen-
values are ordered so that

Ey<FEi<Ey<...<...,

it follows when T > 1, that

Z ¢n($”)¢2($/)€_E"T/h o ¢o($//)¢8(x')e_E0T/h +1lo.t.,

where l.o.t. denotes lower order terms. This relation shows that one can iden-
tify the low-order eigenfunctions and eigenvalues by taking appropriate limits
of the imaginary time propagator.

To see such a formula in action, let us consider the case of the harmonic
oscillator for which

771700 ef(n’u,u/h)[%(:z:"2 + 2'?) coth(Tw) — 2" 2 csch(T w)]
27h sinh(T'w)

=Y oua) (@) e TER/R.
n=0

For large T, we can set sinh(Tw) ~ %eTW, coth(Tw) ~ 1, and csch(Tw) ~
2¢~TW Yeading to
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oo

3 bula”)d(a’) e T En/h

n=0
2 2 —Tw
~ /m;’ o~ Tw/2 ,—(mw/h)[(z"* + 2"%)/2 — 22" 2'e ]
7r

Expanding to leading powers we find that

> onla”) ey e T En/R
n=0

~ /m_;;e—Tw/Z o~ (mw/h)[(z" + 2") /2]
><{1+2(mw/h)x”x’e_Tw+~-~},

from which we conclude that

mw) —(mw/2h)z*
odo(z) = (E) e , Ey = hw/2,
3/4
1 (x) = 2"/ <%) e~ (mw/2h)z? , By =3hw/2 .

Further eigenfunctions and eigenvalues follow from a more complete analysis
of the large T behavior.

6.1.6 Connection with operators

The abstract Schrodinger equation for select Hamiltonian operators reads

iholy) /ot = [(1/2m) P* + V(Q)] )
=HY) .

The solution to this equation may formally be expressed by
() = e~ Py
or in the Schrédinger representation as
Pl t) = (e e HE D) = /<x|e—th/ﬁ|x’><x’\¢> da'
The integral kernel
K(l‘// P! t') — <x//|e—i7‘((t// _ t/)/h|l,/>

is the propagator which takes the wave function at an initial time ¢’ and
yields the wave function at a final time ¢”. A multi-integral formula for the



6.1 Configuration Space Path Integrals 115

propagator may be given by breaking the time interval T =t —t' into N + 1
equal steps each of length e = T'/(N +1). This leads to the expression (setting
h =1 for this calculation)

K = <$//‘€_iH6 e—iHE .. e—iH€ |I/>
- / - / (@)= ey le e en 1) - (oo 2ty TN, da, |

where znyy1 = 2” and xg = 2’. This equation is valid for all N. For large
N—and therefore for small e—we may approximate the integrand as follows:

—ieP?/2m —ieV (Q)

(@nr1le M |2,) = (nia]e |20)

_, 2 _,
= /<xn+1|€ ieP /2m |Pn+1/2><pn+1/2|€ ZGV(Q) |$n>dpn+1/2

(1/27) / Pas1j2(Tnat = Tn) —€Ph Ly n/2m iV (zy,)

dpn+1/2
— Jm2mie) em(@ni1 = x)?/2e — i€V (zn)

This approximation is valid for small € and for a certain class of potentials V;
just what this special class of potentials is will be discussed in the following
section.

Combining our approximate formula for the short time propagator and
restoring & to its proper place leads to the expression

K(x//7t//;x/7t/)
— lim AN+! /_/e(i/h)[Eé\’:Om(an —an)?/26 — €V ()] N da,

N—o0

where A = /m/2mihe, and it has been necessary to introduce the limit in
which N — oo and € — 0 such that (N + 1)e = T = ¢"" — ¢/ because of the
approximation made to the short time propagator. Thus we have arrived at
the same result for the propagator conjectured earlier, but this time we have
been guided by following where the abstract operator connection has led us.

It is certainly tempting—and physicists cannot resist such a temptation—
to interchange the limit and the many integrals in the former expression. Such
an interchange is indeed valid for the Wiener process discussed in Sec. 4.2,
but it is strictly speaking completely invalid in the present case. Nevertheless,
we too find it irresistible to interchange those operations and we do so and
write for the integrand the form it would take for continuous and differentiable
paths. This then leads to the formal expression given by

K" "2 1) = N/e(z/ﬁ)f[ml‘(t)Q/? = V(xz(t))]dt Dx .

Such an expression has only heuristic meaning—which by itself is not
insignificant—but it begs for a clear-cut definition in order to give a pre-
cise meaning. The formulation above, which amounts to making a Riemann



116 6 Quantum Mechanical Path Integrals

sum approximation to the integral in the exponent and then integrating over
the points in that approximation, is called a lattice space regularization or a
temporal lattice regularization. Later in this monograph we shall have occa-
sion to introduce an additional form of regularization that is fundamentally
different from the lattice space regularization.

6.1.7 Validity of the lattice space regularization

In the previous subsection we made use of the approximation that

N+1

lim efiePQ/Zm o1V (Q) _ e—i[Pz/Qm +V(Q)|T ’
N—o0

where (N + 1)e = T. This result is known as the Trotter product formula
[Tro58], and it is true whenever D (P?) N D(V(Q)) is a core for the operator
P?2/2m+V(Q). Here, D(P?) refers to the domain of Hilbert space vectors for
the operator P2, and D(V(Q)) likewise refers to the domain of Hilbert space
vectors for the operator V(Q). The intersection of those domains, i.e., the
set of vectors in both domains, should be a core for the final operator which
means that the action of the operator on vectors in that intersected domain
should be sufficient to uniquely define the operator. A few examples may help
make the definition more clear, and for these we let 2m = 1 for simplicity. As
a first example, we observe that for P2+ Q* the result is correct, namely, that
the operator P? + @Q* restricted to the domain D (P?) N D(Q*) is uniquely
determined. However, the operator P2 — Q* is not uniquely determined by its
action on the limited domain ®(P?)ND(Q*). In a related terminology one says
that P? 4+ Q* is essentially self-adjoint on the domain ® = D(P?) N D(Q*),
while the operator P? — Q* is not essentially self-adjoint on that domain.
The reason for this different behavior arises because for the sum operator
the domain ® is the maximal domain, while for the difference operator that
is not the case and the information given by its action on ® does not tell
one how the operator should act on the rest of its true domain. Indeed, that
ambiguity leads to various possible extensions of the difference operator with
different actions on the additional domain of its definition. These amount
to different self-adjoint extensions, which have, generally speaking, different
eigenfunctions and eigenvalues.

If one ignores these niceties and nevertheless uses the lattice space pre-
scription as described above when it is technically not allowed, the result may
well be one in which probability is lost as time proceeds; it is as if the particle
is being continually absorbed as time increases, and this implies a nonunitary
time evolution [Nel64].

6.1.8 Classical symptoms of quantum illnesses

It is noteworthy that this different behavior for the sum and difference oper-
ators, P? + Q*, has an image in the associated classical dynamical behavior
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of these two quantum systems. For the sum system, the classical Hamiltonian
reads p? + ¢*, and the equations of motion lead to

E=3¢+q",

where E > 0 denotes the energy which is a constant of the motion. The
integral

t—to= [dt= [ ao/VIE=q)

yields an implicit formula for ¢(t). It is clear that this expression leads to
oscillatory motion for ¢(t) between two turning points where ¢> = v/E. On
the other hand, for the difference system, the energy equation reads

E:%q'2_q47

and E can have any value. The integral

t—to= [at= [ da/VIEF )

leads to an implicit formula for ¢(¢), but there is a profound difference between
the present case and the former one. Suppose that ¢* > —F, and for the sake
of illustration that ¢ > 0. It follows that ¢ will continue to grow and at some
point

t*—t0=/dt=/mdQ/\/W,

namely, ¢ will reach infinity, ¢ = oo, at a finite time t*. The classical theory
has reached an impasse and some choice must be made, e.g., relaunching the
particle back from infinity toward the origin at ¢ = t*, and repeating this
or some other such procedure when the particle again reaches plus or minus
infinity in order to ensure a full time solution for ¢(t). The ambiguity in this
classical procedure to obtain a full time classical solution is reflected in the
quantum theory where boundary conditions at x = 4+ oo are needed to fully
specify the chosen self-adjoint extension of the operator P? — Q*.

Of course, one is also free in the classical domain, when a hypothetical
stream of particles evolves and at a various times some of them reach either
plus or minus spatial infinity, to declare that (say) 10% of the particles remain
there and are thus lost to the system; if this loss procedure is maintained as
time proceeds, then one has the analog of a nonunitary quantum evolution
exhibited in the classical realm.

This sort of comparison of the problem that both a classical and quantum
theory may share has been more extensively studied in reference [ZK93].
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6.1.9 The question of a measure for the Feynman path integral

Ever since the introduction of the path integral for quantum systems by Feyn-
man in 1948, there has been the question of whether there exists an underlying
measure on path space that defines such an integral. For example, analogous
to the Feynman—Kac formula for imaginary time path integrals, is there a
genuine measure 7(x) such that the propagator can be written as

K" "2 ) = /ef(l/ﬁ)f‘/(x(t)) dt dr(z) ?

It is straightforward to demonstrate that no such genuine measure 7(x) can
exist. The putative measure in question would then require a well-defined
existence, for suitable sets S, of the expression

N—o0

T(S) — lim AN+1/ e(’l‘/h)z,,llv:om(xn-i-l - x?b)2/26 Hévzl dxn .
S

For such a measure to exist it must involve absolute convergence, i.e., elimi-
nating the possibility that a finite result may have arisen as a delicate cancel-
lation between positive and negative infinities. However, absolute convergence
requires that

. N 2
i | AN+ / | (/D Zgm (1 = 2n)?/2€ | N g
— 00 S

= lim |A|N+1/ mny_, dz,
o0 S

should be finite; but for any set S, other than a set of measure zero, this
integral diverges due to the prefactor.
Note well, that in analyzing formal path integrals, such as

N/e(i/h)f[mﬁc(t)zm ~V(x(1)]dt p,

)

many authors refer to the “paths” and their “properties” despite the fact that
there are no true “paths”! This situation is in complete contrast to the Wiener
measure and the integrals in the Feynman—Kac formula for which there do
exist paths and their properties are a legitimate topic of discussion, one about
which much can be said.

6.1.10 Proposal of Gel’fand and Yaglom to introduce a measure

Since the raw definition of the path integral itself lacks the properties to
directly define a genuine measure, efforts have been made over the years to
introduce a genuine measure through a suitable form of regularization, and
this discussion introduces us to the subject of a continuous-time regularization
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of the Feynman path integral. The first such discussion of this type is that of
Gel'fand and Yaglom [GY60]. Their proposal was to consider the expression

i A [l Tma/2 = V()] dt —(1/20) [#(0)7 dt 1y

Observe that these authors have introduced the distribution appropriate for
a Wiener measure into the integrand in which the real parameter v plays
the role of the diffusion constant, and sought to study the limit in which
v — 00, a limit which may be called the ultra-diffusive limit. Heuristically,
the inserted factor should reduce to unity as ¥ — oo and the result ought to
yield the desired propagator for the quantum system. It was the thought of
these authors to combine the kinetic energy factor and the inserted term, both
of which have a similar integral, into a common factor and use that to define
a new Wiener measure with a modified diffusion constant. This procedure
would clearly work if the original factor in the integrand had a minus sign in
place of the factor i = v/—1, for then one would be combining two positive
factors to yield a new Wiener measure distribution with a positive diffusion
constant. Their extension of this argument was to see if a Wiener measure
could be defined with a complex diffusion constant.

The issue boils down to whether the expression

o(S) = lim on(S)= lim ANT! e_(l/Zﬁ)EflV:O (@nt1 —wn)?/e Y, dx
N—oo N N+1 g n=1 n

leads to a genuine measure. In this expression we have introduced v defined
by

1/v=1/v—im/h
and

A=1/V2nve;

recall that A = \/m/2mihe was the quantity being modified. For any N < oo,
it follows that oy (RY) = 1 and thus limy_. on(RY) =1 as well. Just as
we did for the direct lattice space formulation, it is natural to ask whether
this result is obtained through a cancellation of infinities or whether it is an
absolutely convergent result. To that end, consider

|AN+1‘ 6—%[3‘3 Y EN (wpy1 — 20)% € ijval
RN
= |/:1| {121/ R o]}/
= [A {1+ [S o] /[RoPPIV*,

dx,,

an expression which diverges as N — oo whenever [S7] # 0; in this expres-
sion we have introduced the real and imaginary parts of , namely, [R 7] and
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[S7], respectively. This argument, first given by Cameron [Cam62], demon-
strates that the Gel’fand—Yaglom proposal does not lead to a genuine, count-
ably additive measure but rather only to a finitely additive—and therefore
nongenuine—measure, which sadly does not solve the problem.

6.1.11 Proposal of It6 to introduce a measure

To overcome the difficulties of the Gel'fand—Yaglom procedure, It6 [It661]
suggested a modification of their proposal. One way to describe what Ito
introduced can be seen in the expression (with i =1)

lim N [ i [(m/2)3% = V(@) dt ,—(1/2v) [[#* + 3% dt .

V— 00

This expression involves an Ornstein—Uhlenbeck (see Sec. 4.5) velocity process,
a process that has continuous velocities @(t), but for which #(¢) is either o0
for almost all time. Such a process has smoothed out the paths so that the
kinetic energy is finite for almost all paths for every v < oo, thus overcom-
ing the problem that proved insoluble for Gel’fand and Yaglom, and ensuring
that in the continuum limit there is a genuine measure for all 0 < v < oc.
To pin the measure at the initial and final times, it is necessary to specify
x(T),z(T) and x(0), £(0), namely, four boundary conditions rather than the
normal two, i.e., just x(T),2(0). This conditioning does not conform with
the Schrodinger representation which involves just the position and not the
position and velocity together. However, at this intermediate stage, it is not
necessary to solve the Schrodinger equation nor even be consistent with the
Schrédinger representation. In the limit that ¥ — oo, and for suitable po-
tentials, it turns out that the dependence on the end point velocities, @(T")
and 4(0), can be chosen as functions of the end point positions, z(7T") and
2(0), to yield the desired result. Itd proved this relation yields a propaga-
tor K (2", T;',0) that satisfies the Schrodinger equation for potentials of the
form V(z) = bx + %ka +U(z), where b € R, k > 0, and where—analyzed by
means of a perturbation expansion—the function U(z) should be the Fourier
transform of a bounded, possibly complex, measure, i.e.,

U(z) = [e™F dm(x) | [djm(r)| < oo .

The reason this approach succeeds is fairly clear. Consider the case of a
free particle plus a quadratic potential including a linear term. As a quadratic
integral over all, the exponent of the result of the functional integration can
be obtained just by finding the solution of the extremal of the action. When
v < oo, that extremal depends on all four pinned data points. The values of
the end point velocities, ©(7") and 4(0), can be chosen so that in the limit
as v — oo, only the physically important, v-independent, terms contribute.
The proper amplitude factor then follows from this exponent as shown above
(Sec. 6.1.3). The perturbation expansion of the potential U(z) involves only
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additional linear terms in the potential, which suggests that suitable potentials
can be included in this fashion.

In summary, It0’s prescription does offer a way to introduce a measure
into the formal configuration expression. In Chapter 8 we will offer another
way to introduce a measure into path integral expressions that is much more
general and also, we believe, physically more appealing.

6.2 Phase Space Path Integrals

In 1951 Feynman [Fey51] proposed a second formal path integral expression
for the propagator that is an integral over paths in phase space given by

Kt ) = M / i/0) [ 1pd — H(p. )] dt 1, 1y

In this expression one is instructed to integrate over all paths ¢(t) subject to
the conditions that ¢(t') = ¢’ and ¢(¢") = ¢”. Furthermore, the paths p(t) are
to be integrated over without any values being held fixed. The phase space
path integral implicitly includes the original, configuration space path integral
since if the Hamiltonian has the form

H(p,q) =p*/2m+V(q) ,

then a Gaussian integral over the momentum variables formally leads to the
original, configuration space path integral

K ) = [ /Dm0 2=V o)

However, although the phase space path integral as given is formal and needs
to be defined, it has the implicit virtue that it may apply to a wider class of
dynamical systems since there is no restriction that the Hamiltonian have the
form used above to derive the configuration space form. As we shall see, the
phase space path integral is indeed much more general than the configuration
space version.

Just like the configuration space path integral, the phase space version
has a suggestive passage to the classical theory on the basis of a stationary
phase argument. In particular, as h approaches zero, the major contributions
to either form of the path integral are formally given by paths for which
the action is stationary. Such a rule leads directly to the classical equations
of motion, and thus to classical mechanics in either the Lagrangian or the
Hamiltonian form.

6.2.1 Momentum space propagator

It is instructive to repeat the discussion about the phase space path integral,
but this time do it for the momentum space propagator. Let us start with the
Schrédinger equation in the momentum representation, which reads



122 6 Quantum Mechanical Path Integrals

ih0vy(p,t)/0t = H(p,ihd/0p) Y (p,1) .

As a first-order equation with respect to time, the solution to this equation
can be given with the help of the momentum space propagator. In particular,
it follows that

w(p”,tll) — /K(pll,t//;p/,t/) 'l/](pl,tl) dp/ ,

where K(p”,t";p',t') denotes the desired propagator, which has a formal
phase space path integral representation given (for T'=t" —t) by

K", T:p,0) = M/e—(i/ﬁ)f[qurH(p, O)]dt p,pg .
As a boundary condition, we impose
lim K (p",T5p',0) = 6(p" = 1) -

The most direct way to derive an operator expression for the proposed
propagator is to simply Fourier transform the two end points of the configu-
ration space version of the phase space path integral. In particular, we propose
to use

K(p",T;p',0) = ﬁ / e e 1y g 0) P Mg dg
T

Combining this expression with the earlier formulation of the configuration
space form of the phase space path integral leads to the expression (setting
h =1 for now)

K(p", T:p,0) = (p"|e 1€ cmHe o miHe
1 —i _
— |e i(p" an+1 — P q) qu+1dq0/-~-/

:27r

sc(anrile e ) anle e g 1) - (qule "€ go) T, dgy,

where T' = ¢(N+1). Inserting intermediate resolutions of unity, 1 = [|p)(p| dp,
we are led to

K(p",T;p/,0) = / . / (rvssyslansadlansle T pay o) -

><<(11|6_2H6|p1/2><P1/2|QO><Q0|P—1/2> I g dpy e I dgy,

where T = (N + 1)¢, p” = pn13/2, and p’ = p_ /2. For small e we introduce
the approximation

(ale™ ™M p) ~ (gl [1 — ieH) |p) = (alp) (1 — ie H(p; 0)] =~ {glp)e "< H Wi ),
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where H (p; q) = (q|H|p)/({alp)-
Insertion of this last expression into the multiple integral for the propaga-
tor leads, effectively, to

/7 Lo _
K(p 7T7pa0) _1\/11~I>noo 271_ N+2/ /

Xe_lzn:q [Qn+1(]9n+3/2 — Pnt1/2) + €H(Ppy1/2; Gns1)]
XHL Odpn+1/2 0 dQ7L .

Note in this case that there is one more ¢ integration than p integration, which
is just the opposite situation that we found for the configuration space version
of the phase space path integral.

Interchanging the limit and integration, and writing for the integrand the
form it takes for continuous and differentiable paths leads to the formal ex-
pression (restoring h)

K", T;p,0) = M/e—(i/h)f[qp+ H(p,q)] dt p, py .
where we have set H(p,q) = H(p;q).

6.2.2 Physical interpretation of path integrals

We have focused much attention on the mathematical interpretation of the
path integral expressions for the quantum mechanical propagator in both its
coordinate and momentum space formulations. However, we have paid scant
attention to the physical interpretation of these expressions.

We note first of all that the physical interpretation of the symbol ¢ is that
of a sharp eigenvalue as stems from the equation Q|q) = qlq); likewise for
p, namely, P|p) = p|p). The Heisenberg uncertainty principle asserts that it
is not possible to diagonalize both P and @) at the same time, and it is for
this very reason that we have carefully indexed both p and ¢ in our lattice
version of the path integrals in distinct ways indicating that they indeed do not
pertain to the same time. In the lattice versions, therefore, the approximate
paths run from sharp ¢, to sharp p, to sharp ¢, to sharp p, etc. Whenever
there is a sharp ¢ there is a completely unsharp p, and vice versa. Thus the
q paths, for example, go from sharp, to unsharp, to sharp, to unsharp, etc.
Likewise for the p paths. This alternating behavior persists for all values of
e > 0 and all values of 1 > 0. In the continuum limit the paths ¢(t) and p(¢)
alternate every instant, and when the value of ¢ is known, the value of p is
completely unknown, and vice versa. This holds for any value of i and thus
continues to hold in the limit as i — 0.

As a consequence, we are forced to conclude that, despite appearances,
the physical nature of the “paths” ¢(t) and p(t) which enter the phase space
version of either the formal configuration space or the formal momentum
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space path integrals, is not connected with the physical nature of the usual
classical paths as we would like to believe. (Remark: In Chapter 7, using
an alternative phase space path integral construction, we will establish that
the associated paths in that case do have a natural connection with the usual
classical paths.)

The reader may question whether it is really important that we have a
close physical connection; isn’t a mathematically consistent formulation that
leads to the correct results all that is needed?

To address this natural question, let us recall the theory of epicycles. Before
Newton’s theory of the motion of the planets, there was a former theory that
lasted for over 1000 years, known as the theory of epicycles. In this theory
the other planets circled the Earth (not the Sun) and their unusual motion
relative to the fixed stars was explained by the planet moving on a circle
that moved on another circle (and if necessary) which also moved on yet
another circle, etc. This theory explained the data very well. And there is
a very good reason that this theory worked so well, and that is because it
was effectively dealing with the Fourier series representation of the relative
motion. For example, it was observed that any given planet did have a periodic
pattern in its back-and-forth motion relative to the fixed stars. If the deviation
from the normal star motion was analyzed in a Fourier series manner, there
would be certain amplitudes for the leading Fourier components that could be
represented by circles moving on other circles the radius of which is related
to the frequency of one of the Fourier components. The data was good, and
its physical interpretation in terms of multicircular motion was not “wrong”
because it reproduced the correct results, and allowed for higher precision by
adding further circles when necessary. However, the epicycle explanation was
not “natural,” especially when compared to the far more natural idea of the
mutual attraction of all bodies introduced by Newton.

By analogy, it is our view that the realization of the phase space path
integral by “paths” that are alternately, and repeatedly, sharp and unsharp,
as described above, is not “natural.” In Chapters 7 and 8 we will offer a far
more natural formulation of phase space path integrals than the one developed
in the present chapter.

6.2.3 Selected applications

Free particle motion in a random potential. Let us examine the average be-
havior of a free particle in an array of potentials V(z) that are distributed
along a one-dimensional line with a Poisson distribution and a fixed density.
Specifically, we introduce the propagator for a given sample of the process by
the relation

(2|~ THT Ry — N/e(i/h)f[(m/2)jg2 = V(2(t) = Y)ldt p, |

where Y denotes the stochastic variable representing the location of the po-
tential. As a Poisson process, it follows that an average over the distribution
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of Y, with N elements within a finite length L, is given by

N/e(i/h)f(m/2)x'2 dt [/ i V(a(t) — ) dt dy/L}Nm
—N/ i/h) [ m/2xdt[ /{1 —i [V (a( dt}dy/L] D

In the limit that L — oo and N — oo such that N/L = p, the density of
potentials V' along the line, the averaged propagator becomes

% / /) [ (m/2)i ()2 dt j—p [ [ -~ @M [ V@) —y)dty gy

This example shows how a system composed of two parts can lead to a
reduced system involving just one part by integrating out the influence of the
other system. We can perhaps see this fact more clearly if we reformulate
the same problem as follows. We assume that the free particle is moving in a
field of N very heavy particles with mass M > m, and the full propagator is
defined (with h = 1) by

"o STH . 1 /
<l’ ap17p23"'7pN|e |x7p17p27"'apN>7
where

H = P?/2m + XL, [P/2M +V(Q — Q)]

where P and @ refer to the light particle and P, and Q,,, 1 < n < N, refer
to the N heavy particles. The quantum mechanics of this coupled system is
given by

M/eif{(m/2):t2 — 2N [anpn + 303 /M + V(x — g,)]} dt
X Dx H —1 Dp,, Dq,, .
To make contact with our first calculation we let M — oo and choose the

momenta values p// = p/, = 0 for all n. The resultant integration over all the
pn, variables leads to N d-functionals as given by

./\/l/ Zf{ m/2x —2N1V(1'_Qn)}dtHN16{q }'Dx Ian’

which in turn becomes

M / AJ{(m/2)i? = L3\ V(@ — )} dtpy N g

When N — oo, this expression can be rewritten (with & restored) as
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N [ /D] (/20 dt =11 - e OMIVE®) —a)dty gy )

just as we had earlier obtained.

The previous exercise can be turned into an experimental prediction for
the density of states for the light particle moving in the random potential we
have described. To obtain this relation we turn to the expression

lir% R eE — E)T/<x|e_iHT\m> dxdT
€— 0

= lim RIr{[e +i(E—H)] "}
=n7Tr[6(F —H)]
=ro(FE),

where o(E) denotes the density of states for the light particle moving in the
random potential. In the expression above we have used the identity that

lin(l)[e +iu] ! = liné[(e —iu) /(€2 +u?)] =7o(u) —iPut;

here, the first expression arises because

li_r)I(IJG/(Ez-i-’lﬁ):O (u#0), /e/(62+u2)du:7r,

and for the second expression, P means the Cauchy principal-value integral,

namely,
P/u1f(u)du£li§(1)</o:—|—/€oo>u1f(u)du,

when the limit exists.

With this example one can see how the path integral for this system can
be put to use. Indeed, this kind of expression has been used in experimental
studies for the motion of electrons in crystals with random charged potentials.

Relativistic free particle. In units in which the speed of light ¢ = 1, the
Lagrangian for such a system is given by

L=-my1-—12,

and it might be thought that the propagator for such a system could be written
as

K(2",T;2',0) ZN/e_(i/h)fm” L—a%dt p,

Besides the fact that this is a formal integral, there is the added question of
whether one should impose a limiting velocity #2 < 1 as required by relativity,
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and if so, how is that to be accomplished. This leads to a major issue in for-
mulating this expression via the Lagrangian path integral—and after all there
may be no operator connection with such a proposal in any case. However,
all problems disappear when this system is studied by a phase space path
integral.

The classical momentum for the free relativistic particle is p = 0L/d& =
ma/+v1 — &2, and thus the classical Hamiltonian is given by

H=+/p?+m?,
and the phase space path integral reads

K(¢",T;q',0) = M/e(i/h)f[pd — PP+ m?]dt oy,

To evaluate this integral we first integrate the kinematic term by parts to
yield

K(q/I7T; q/70) = M/e(l/h){f[_qp - p2 + m2} dt +pQ|} Dp'l)q .
Integration over the ¢ variables leads to
K(@" T3, 0) = [ DIVt (G0l 543y
which, just as in the calculation for the nonrelativistic free particle, leads to
K T 0) = oo [ )= VP
2mh
1 imT

S wh g —q) 1 Ky((m/h)V(q" —¢')? = T2)

where K7 is one of the standard Bessel functions.

This problem causes no difficulties when formulated as a phase space path
integral, and that very ease of calculation suggests we look again at the con-
figuration space path integral once more. Is there no way to interpret the
formal configuration space path integral so it too yields the same answer as
the phase space form? To make sense of the formal path integral we need to
give it a well-defined lattice space formulation. For that purpose we suggest
(for h = 1) that

N—/e—(i/h)fm\/l —i2dt p,,

1me

= lim N 1mA/ (41 — )% — €2
—]\LOO/Hl—o[ﬂ\/(le_xl)z_eQK( V(@ — ) )]

X Hl]\ildxl .
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This prescription works, but it has been carefully “designed’ to do the job.
It is unlikely that such a short time propagator would have arisen naturally,
i.e., unaided by the fact that we know what answer we want to obtain. In that
sense, this proposal cannot be accepted as a natural choice, and we conclude
that the best way to approach this problem is still by means of the phase
space path integral, rather than with the configuration space path integral,
since no prior knowledge of the proper answer is used to choose its short time
propagator.

Kook okook okok sk ok sk ok sk ok sk ok ok kok >k

It is noteworthy that there is a Handbook of Feynman Path Integrals
[GS98]. These path integrals are generally evaluated not by actual integra-
tion but by indirect means such as summing suitable expressions involving
both eigenfunctions and eigenvalues of the associated Hamiltonian.

6.2.4 Choice of canonical coordinates

Recall that the “old” quantum theory of Bohr and Sommerfeld relied heavily
on the quantization condition that

]{pdq =2m(n+1/2)h.

This condition is all well and good, but there is no instruction as to which
set of canonical coordinates are to be used. Recall that two sets of canonical
coordinates are connected by the equation

pdq = pdq + dF(g,q) ,

where the function F' is known as the generator of the coordinate transforma-
tion. The closed line interval of the transformation rule leads to

]{ﬁd§=fpdq+fd1’(§,q)=j§pdq7

since the closed line integral of a total derivative vanishes when the enclosed
area is topologically trivial. As a consequence, the closed line integral is invari-
ant under canonical coordinate transformations; or stated otherwise, it does
not matter what choice of coordinates is used: the answer is the same whatever
set of canonical coordinates are involved. When questions can be formulated
in a coordinate-independent fashion, it follows that there is an underlying
geometric interpretation. In the present case, such a result is of fundamental
importance since it demonstrates that the Bohr-Sommerfeld condition of the
“old” quantum mechanics is a geometric prescription.

It is clear that the “new” quantum mechanics of Heisenberg and Schrodin-
ger does not share the same invariance under canonical coordinate transforma-
tions. For example, in one set of coordinates the classical harmonic oscillator
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is given by $(p?+¢?), which would become % (—#? 9% /0x*+2?); in another set
of coordinates the classical harmonic oscillator reads p, which would become
—ih0/0z. Clearly, the spectrum of these two operators is quite different—
the first has a discrete spectrum, the second has a continuous one—and thus
the physical aspects of the quantum theory, embodied in the spectrum of the
Hamiltonian operator, are not invariant under canonical coordinate transfor-
mations.

The “new” quantum mechanics of Heisenberg and Schrodinger is not in-
variant under canonical coordinate transformations despite the fact that it
agrees better with experiment than the “old” quantum mechanics. By the
“new” quantum mechanics we mean the rule by which a classical Hamiltonian
is converted to a quantum Hamiltonian, specifically, the general rule in which

p— P=—ihd/0x, g—Q=ux,

acting on square integrable wave functions ¥ (), and which is extended to the
classical Hamiltonian by means of

H(p,q) > H=H(P,Q)=H(—ihd/0x,x) ,

modulo factor ordering ambiguities. Of course, a great deal of ambiguity can
be hidden under the umbrella of factor ordering, as, for example, the addition
to any classical Hamiltonian of the additional term

0=(gp—pa)*Y(p,q) = (QP — PQ)’Y(P,Q) = —h*Y (—ihd/0z,x) ,

which could change everything. Let us therefore restrict our attention to “nat-
ural” factor ordering ambiguities that arise within the classical Hamiltonian
itself. Given that restriction, the general rule of quantization in the “new”
quantum mechanics applies only to Cartesian canonical coordinates and not
to more general curvilinear coordinates; see page 114 of [Dir74]. The impli-
cation of this remark is that a proper quantization depends on the choice
of coordinates, and specific applications confirm the truth of this statement.
Two reactions to this remark are possible: The first response is to accept
that limitation and just use it in applications; the second response would be
to argue that something so physical as quantization should not depend on
something so arbitrary as the choice of coordinates, and furthermore, that
Cartesian coordinates depend on the existence of a metric and a metric on
phase space is not part of the classical theory of mechanics which includes a
symplectic structure but not that of a metric. With respect to the first view-
point, it should be appreciated that any lattice form of path integrals that we
have considered has implicitly been assumed to be in Cartesian coordinates.
And regarding the second viewpoint, the program of Geometric Quantization
[Sni80] was based on the assumption that quantum mechanics must be in-
dependent of the choice of canonical coordinates and so proponents of that
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theory created a mathematical formulation that satisfied this fundamental re-
quirement; unfortunately, the resultant theory did not agree with experiment
nor with predictions of the Schrédinger equation which already did agree with
experiment. In its original formulation, Geometric Quantization was a mathe-
matically consistent theory that enjoyed full covariance under canonical coor-
dinate transformations; however, it did not describe the quantum mechanics
of the real world.

On the other hand, there is a perfectly natural reason why the “new”
quantum mechanics requires Cartesian coordinates for its formulation. Unlike
the classical theory, the algebraic structure of the Hamiltonian operator carries
real physics; for example, we identify the expression P? as that of a free
particle, P? + @Q? as that of a harmonic oscillator, P? + Q% + Q* as that of
an oscillator plus a quartic interaction, etc. Under a unitary transformation
in which P — P’ = U'PU and Q — Q' = U'QU, it follows that the
free particle becomes P’?, the oscillator becomes P2 + Q'2, the addition of a
quartic interaction becomes P24+Q"?+Q"*, etc., and in particular the algebraic
structure has remained unchanged for each physically distinct Hamiltonian. To
pass from the classical Hamiltonian to the special quantum form requires that
the classical form already carry some physical meaning of its mathematical
expression, and as we shall demonstrate in the following two chapters, that
property requires that the classical Hamiltonian is expressed in Cartesian
canonical coordinates, a physical property which involves a phase space metric
that the quantum theory freely bequeathes to the classical theory!

6.3 Action Principle—and Equations of Motion

It is heuristically useful to review how the action principle is used to derive

equations of motion in classical mechanics. This should be familiar territory

to the reader, but there is some aspect that needs clarification and emphasis.
For a single degree of freedom the classical action is normally given by

I=/t/ [pg — H(p,q)]dt .

The equations of motion arise from a stationary variation of the action for
independent variations of p and ¢. Such a variation leads to

t t'! "’
ol = / [¢ —OH/Op]épdt +/ [—p—O0H/dq|dqdt +pdq| .

t % o
Stationarity requires that § I = 0, and this can be secured first by insisting that
the variation of ¢ vanishes at the end points, i.e., d¢(¢"") = 0 and dq(¢') = 0,
which then ensures that the final term above vanishes. To ensure that 6 I = 0,
the coefficients of §g and dp should also vanish thereby leading to the usual
equations of motion
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G—0H/Op=0, —p—0H/dq=0.

This is the usual argument to derive the equations of motion, but that leaves
open the question about the suitability of this procedure regarding the finding
of solutions to these very equations of motion.

For example, with the variation of ¢ fixed at the initial time ¢’ and the
final time ¢”, it is the general assumption that a unique solution is thereby
determined. After all, it is plausible that two fixed data values should deter-
mine the solution of a second-order equation for q. We will comment on this
assumption below, but for the moment we will assume it to be true.

Nothing much changes if a different form for the action is chosen, namely,

I:/t [—qp — H(p,q)] dt .

’

In this case

t” t“

t//
(5[:/ [—p—@H/aq]6th+/ [¢ —OH/Oplogdt — qdp|
t t

’ ’ +

which leads to the same equations of motion provided that we impose the
conditions that dp(t”) = 0 and op(t') = 0. Again, one makes the assumption
that with p fixed at the initial time ¢’ and the final time ¢”, there is a unique
solution to the equations of motion. Again, this is a reasonable assumption
just as it was when ¢ was held fixed initially and finally.

Matters change significantly when we consider the action

1= [ 3i—ap) - Hpolat.

which leads to

!’ g

tl/
51 = / d— OH/op) di + / (—p— OH/0q) dt + Y (pbq — q6p)
t/ t/

t

Now to ensure that 61 = 0 requires that op(¢t”) = dp(t’) = 0 as well as
dq(t") = 0q(t") = 0. This requires four fixed data values which would seem to
be in conflict with finding any solution to the equations of motion. The same
situation seems to arise when we consider

1= [ Wi+ G0 - Hold

which includes a general total derivative. This latter form also requires that
four values are held fixed.

First, we wish to stress the great difference between deriving the equations
of motion and the process of solving those equations of motion. It is not true
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that holding only ¢ fixed at two different times leads to a unique solution as
witnessed by the example where

G(t) = —q(t)

subject to the boundary conditions that ¢(0) = 0 and ¢(7) = 0 as well. Every
solution of the form ¢(t) = A sin(t) satisfies those conditions for all A; in this
case there is an infinite number of solutions to the given boundary conditions.
For the same equation of motion, the conditions ¢(0) = 0 and ¢(7) = ¢, ¢ # 0,
admit no solution whatsoever. A similar story holds when two values of p are
to be held at different times. Thus we see that the number of solutions is not
even continuous in the boundary data in the two-value case. Of course, when
we insist that four values, namely, p(t"), q(t"), p(t'), and ¢(t') are held fixed,
there is generally no solution compatible with such conditions. However, and
this is the important point, in the four data points case there is always a fixed
subset of the requested data to hold fixed that leads to a unique solution.
For example, in our case the two data points p(t’), ¢(t') by themselves yield
a unique solution. It may happen that the unique solution determined by
these values passes through the points p(t”), ¢(t”) in the future, but that is
far more the exception than the rule. Most likely, the solution determined by
p(t'), q(t") will not pass through the prefixed final points p(¢”), ¢(t"). So be
it. The point to celebrate in all this is that there exists a fixed subset of the
required data points that does ensure a unique solution in all cases. Of course,
there is no guarantee that such a solution will be singularity free for all time;
such properties are determined by the Hamiltonian.

The moral of the story is as follows. The procedure used to derive the
equations of motion from the action principle is one thing; the boundary data
needed to determine a unique solution of those equations of motion is quite
another thing.

Exercises

6-1 Offer a proof that the amplitude factor A for the free particle propagator,
N [ 02t iy _ g ilm/20) o =V =)

where the exponent on the right-hand side is denoted by ¢.S(z”,t"; 2’ ,t") /A,
can be determined by the expression

A=\/i/(2mh)\/O2S(x" t";z' 1)/ Dx" Dz’ .

6-2 Show that the phase space path integral for the relativistic particle has a
close connection with the abstract operator construction.
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Coherent State Path Integrals

7.1 Canonical Coherent States and Their Properties

7.1.1 Coherent states—what are they?

The usual, irreducible Heisenberg operators Q and P are the basic building
blocks of the operators in quantum mechanics. Each of the basic operators can
be chosen self-adjoint and each admits formal eigenvectors and eigenvalues,

e.g., Qlg) = qlq) as well as P|p) = p|p), for which (¢'|¢g) = §(¢' — ¢q) and
(P'|lp) = o(p’ — p), and which lead to standard resolutions of unity in the
canonical form

]1=/|q><Qqu=/Ip><p|dp-

However, such resolutions of unity are by no means the only kind that have a
role to play in quantum formulations.
Let us first focus on the Weyl operators

W(p,q) = e "4P/RiPQ/
These operators have a multiplication rule given by
"
W) W(p,q) = P UMW +p.q +4q),

which is a reflection of the usual Heisenberg commutation relation [Q, P] =
1h1. Observe that if the Weyl operators are augmented by a phase factor, i.e.,

W(p,q,a) = o—1qP/h ipQ/h jia/h 7
then the multiplication rule becomes

W',qd,dYWp,q,a) =W +p,d +q,d +a+pq),

J.R. Klauder, 4 Modern Approach to Functional Integration, Applied and Numerical 133
Harmonic Analysis, DOI 10.1007/978-0-8176-4791-9 7,
© Springer Science+Business Media, LLC 2011
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which is recognized as the same multiplication rule as that of the Heisenberg
group discussed in Sec. 5.3. (Remark: Our definition of the Weyl operators
uses the phase a = 0; oftentimes, one defines the Weyl operators with a
different choice for a.)

Next, we introduce a normalized, specific Hilbert space vector |0), which
satisfies the relation

(Q+iP)|0) =0.

This vector is just the ground state eigenvector of the standard harmonic
oscillator Hamiltonian (P? + @?)/2. Finally, we combine the two ingredients
above and introduce a family of unit vectors

p,g) = W(p,q) |0) = e~ 14F/hcipQ/T gy

defined for all (p,q) € R2. These states are known as coherent states [K1S85],
and more particularly as the canonical coherent states. The distinguished
vector |0) is called the fiducial vector for the coherent states.

Let us find the representation of the coherent states in the Schrédinger
representation. In particular, we consider

(zlp, q) = (x|~ 1P/ ipQ/R )
= (z — Q|€in/h 10)
= (@ =a)/h iy gloy,

which, when combined with (2]0) = (1/7h)Y/* exp(—z?/2h), leads to
<;E|p7 q> = (1/7Th)1/4 elp(fE - Q)/h e_(ir - q)2/2h X
[Remark: As an incidental observation at this point we note that

[{alp, ) dp = (1/mh)/* 2xhé(x — q) ;

we shall come back to this relation at a later point.]
Introducing Aq = (¢’ — ¢q)/2, the expression for (x|p, q) allows us to com-
pute the coherent state overlap function (with i = 1 until the end)

W, dp,a)
= (1/m)"/2 / i (@ —q') +ip(z —q) — (x = ¢')?/2— (z —q)?/2 4,

= (1/71-)1/2/672'17/(1: — Aq) +ip(z + Aq) — (z — Ag)2/2 — (z + Aq)?/2 o
_ 30+ )@ — @) /=50 — )+ (@ — /b

Furthermore, it follows that
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/ 0", d"p,a){p,qlp’,q') dpdq/2mh

_ /ei%(p” +p)(@" —a)/h— 5[0 = p)* + (¢ — @)°]/B

w 3@+ )@= a)/h= 3=+ @~V gy dq/20n
G VU () SR VPGS

)

or stated otherwise,

/ 0", d"lp,a){p,alp’,d') dpdq/2xh = (p",q"|p".q") .

Finally, in the Hilbert space spanned by the coherent states, the previous
equation implies the all-important resolution of unity for coherent states given
by

1 :/|p,Q><p7Q\ dpdq/2Th .

This resolution of unity is fundamentally different from the usual ones with
continuous labels such as 1 = [|g){(g|dgq because: (i) the states |p,q) are
true vectors in the Hilbert space while the “vectors” |¢) are not true vectors,
(ii) the “vectors” |q) are orthogonal to one another for different ¢ values
while the vectors |p, ¢) are not mutually orthogonal, and (iii) the vectors |p, ¢)
are overcomplete while the “vectors” |q) are strictly complete. Moreover, the
coherent state vectors are continuously labeled in the sense that as (p,q) —
(¢, ¢') it follows that [[[p, @) — [o',¢') || — 0, where |[[) | = \/{0T).

Although the coherent states |p,q) are very different from the states |g),
the fact that both sets of states admit resolutions of unity in a similar fashion
permits the introduction of a coherent state representation of Hilbert space.
Recall that the Schrodinger representation can be viewed as arising from the
abstract vectors |¢)) by means of the relations

B = (alb), () = / (@) dg = (1) -

Less well known, or at least, less appreciated—but nonetheless important—
is the fact that the Schrodinger representation is burdened with the issue
of sets of measure zero and the concomitant fact that the vectors of the
Schrédinger representation are strictly speaking not functions but rather
equivalence classes of functions all equal to one another up to sets of measure
zero. In contrast, the representation induced by the coherent states has no
such cumbersome baggage. In analogy with the expressions above, we intro-
duce the coherent state representation given by

bo.0) = (), ($9) = / oo, @) dpda/2mh = (W)
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We note that the functional representatives 1 (p,q) are all continuous func-
tions in the phase space variables (p, ¢), and in addition they are all bounded
functions in the sense that | (p,q)| < ||[¢] = |||¥) ]| thanks to the Schwarz
inequality. In contrast to the Schrodinger case, the representatives are not
only continuous functions, but they are all C* thanks to the fact that

(~ih0/00)" (p, q) = (0]~ P/ laP/h pryyy
and

(i1 /p)" 6 (p, q) = (0] PR/ Qn 1a PRy
— (0]e= PR/ ZGP[R(Q — gyn |y .

These equations teach us two things. First, since |0) is in the domain of Q"
and P"™ for all n, the resultant derivatives are continuous functions. Second,
they teach us the important relation that the coherent state representatives
of the abstract operators P and () are given by

(=ihd/0q)(p,q) = (PY)(p,q) ,
(q+1ihd/Op)Y(p,q) = (Q¥)(p,q) -

This information can be directly used to find the Schrodinger equation in the
coherent state representation in the form

ihdy(p, q,t)/0t = H(—ihd/dq,q +ihd/0p) Y (p, q,t) .

On one hand, this equation seems “far” from the Schrédinger equation, and
yet on the other hand, it is rather “close.” To emphasize the latter fact, observe
that the standard Schrodinger representation is obtained from the coherent
state representation (in the present choice of phase convention) essentially by
integrating out the unwanted p variable; specifically (see Remark above), we
find that

P(q) = (x/*)2xh*) [4(p, q) dp .

For example, assume that the Hamiltonian operator is a polynomial in both
P and @ with some suitable ordering having been chosen. In that case, con-
sider the integral over p of the Schrodinger equation in the coherent state
representation, namely,

(1hd/0t) [¢(p,q,t) dp = [H(—ihd/Dq,q +ihd/dp) P (p,q,t)dp .

Integration by parts on the right-hand side, as many times as necessary, elim-
inates all contributions of 9/dp, and leads directly to

(1hd/0t) [(p,q,t) dp = H(—ihd/dq, q) [¢(p,q,t)dp
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which (modulo a constant factor) is just the usual version of Schrodinger’s
equation.

The preceding paragraph explains how the action of P and ) can be
introduced as differential operators in the coherent state representation, but
there is another important way to introduce the action of operators and that
is by means of integral kernels. In particular, let G = G(P, Q) denote a generic
operator, and consider the kernel

,dG1p,q) ,

which can be used to represent

W 1G19) = / WG, ) (p. al) dpda/27h |

yielding a representation of the action of G on the vector |[¢)). Examples of
such kernels are given by

#',d'|Plp,q) = (=ihd/0¢')(p'.d'|p, )
— (—ihd/ag) 2@ P = a)/h= 5[0 = p)* + (¢ — 9)*)/h

L +p) +ilq — )] 3@ +P)d —0)/h= 3/ =) + (¢ —)*]/h
and

(', d1Qlp, q)
— 1 +a)— i —p)] s +p)d —a)/h =510 —p)?+ (@ -9k

It may be noticed that the coherent state representation we have been
discussing is also a reproducing kernel Hilbert space for which the reproducing
kernel is given by the coherent state overlap

K@,d;p,q) =" dIp,q) -

While we have focussed on the inner product being given by a local integral,
it is also the case that the inner product for the coherent state representation
may be given by the usual formula for inner products for reproducing kernel
Hilbert spaces as described in Sec. 5.1.5.

7.1.2 Diagonal coherent state matrix elements

It is important to examine the diagonal coherent state matrix elements of
various operators. For example, it follows from the previous paragraphs that

(p,q|Plp,q) =p, (p,q|Qlp,q) = q,
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asserting that the mean value of P in the coherent state |p, ¢) is p, and likewise
for @ and g. One can interpret this result as saying that the physical inter-
pretation of the label p and ¢ are as mean values of the operators P and @,
respectively. Note well, therefore, that the meaning of p and ¢ in the coherent
states |p,q) is that of mean values and definitely not sharp eigenvalues as is
the case for the label p in the state |p) and for the label ¢ in the state |g).

For more general operators, such as the Hamiltonian H = H(P,Q), the
diagonal coherent state matrix elements become

H(p,q) = (p,q|H(P,Q)|p,q)
= (0|H(P +p,Q +q)|0)
=H(p,q) + O(h;p.q) .

The last term, O(%; p, q), vanishes as i — 0, and leads to the assertion that
H(p,q) = lim (p, g H(P. Q) |p.4) = H(p, q) .

which confirms that the true classical limit (in which & — 0) for the quantum
operator H(P, Q) becomes H(p,q), i.e., the very same functional form, pro-
vided one uses the same choice of canonical coordinates (p, q) used to define
the coherent states.

To elaborate on this last remark, let us briefly consider at this point a
change of canonical coordinates from (p,q) — (P, q), for which we define the
transformation of the coherent states as |p,q) — |p,7) = |p(P,q),q(D,q)) un-
der a canonical coordinate transformation. As a consequence, the diagonal
coherent state matrix elements become

H(p,q) = H(p,q) = H(p(D,7),4(P, 7)) + O(h;p,q) = H(P,q) + O(B;p,q) ,

which would lead to the true classical limit being given by H(p,q) which is
generally not the same functional form as H(p,q).

Here is the first clue that there is something special about the original
choice of coordinates used in defining the coherent states; we will find further
confirmation of this fact as we proceed.

7.2 Coherent State Propagator

Armed with the information that the coherent states can be used to form
a representation of Hilbert space in a manner similar to the more familiar
orthonormal bases, we next study the coherent state propagator

K@p",q"\ T:p,q,0) = (p" " |e THT/ Dy g1y |

which has the virtue of propagating the coherent state wave function forward
in time as
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v’ q".T) = /K(p”,Q"7T;p’,q’,0)w(p'7q’,0) du(p',q')
where
du(p, q) = dpdq/2mh

and the integration extends over the entire plane.

Earlier, in discussing the phase space propagator in the configuration space
representation, we were able to provide a construction that conformed with
the formal expression

K(q//aT;q/7O) = M/e(l/h)f[pq - H(pa q)] dt ’Dp’Dq ,

integrated over all paths p(t) and all paths ¢(¢), 0 < t < T, subject to the
boundary conditions that ¢(T") = ¢” and ¢(0) = ¢’. In the coherent state case,
we deal with a very different set of basis states, and even a very different
physical interpretation of the variables themselves. Nevertheless, we will find
that we can again show, from a formal perspective, that

K@, ¢".T;p',q,0) = M/e(i/h)ﬂpq —Hp.9)ldt pypy |

where, in the coherent state case, the integration is over all paths p(t), ¢(t), 0 <
t < T, subject to the boundary conditions p(T'), ¢(T) = p”,¢" and p(0), ¢(0) =
p',q, respectively. Thus, from a formal perspective, there seems to be little
to choose between the two different ways that lead to the propagator.

Next, we provide an operator-based derivation of the coherent state prop-
agator. We begin in a familiar fashion, namely (with i = 1 temporarily),
_iTH|pl,q/> ) He—ieH o 6_i6H|p',q'> ’

<p//’q//|€ _ <p//’q//|e—26

where there are N+1 factors involving ¢, and ¢ = T'/(N+1). Between each pair
of such factors, we introduce unity expressed as a coherent state resolution of
unity to yield

(PN+1,an+1le ieH _“H e 267_[|Po, 0)

] N
/ /Hn —0 pn+17 Qn+1|€ |pna Qn> Hn:l dﬂ(pn, Qn) )
where pyi1,qne1 = P, ¢"” and po, qo = p’, ¢’. The previous expression holds

for all N. However, for large IV, and hence small €, we can make an approxi-
mation such that

(B, dle "M |p,q) ~ (5, [1 — ieH]|p, )
= (5, dlp, ) [1 — i H(p, @ p, q)] ~ (5, dlp, ¢)e 1 H (PG, 0)
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where

H(p.q;p,q) = (b, 4l HIp, a) /(D dlp, q) -
Thus we are led to the expression
K@p",q".T;p'.q',0) =
N / [1 o (Pt tns [P ) e~V H Pt G i ) TN ()

= lim eiézrlzv:o (Prns1 + 2n) (@1 — Gn)

N—o00
e AP0l = Pu)? + (a1 — 40)’)

XQ_iGZg:OH(pn+la qn+15Pn;s Qn) HnN:1 dpn dQn/27T .

This latter expression is a meaningful lattice regularization of the formal phase
space path integral that leads to a coherent state representation for the prop-
agator provided the approximations that have raised H (pn+1, @n+1;Pn, qn) t0
the exponent lead to convergent integrals. If that is not the case, one should
replace the final expression above with one in which the term

e—ieEflV:O H(prt1, @ns15Pns Gn)
is replaced by

I 01 — i€ H(pn1, ns1 Prs dn)) -

In either case, it is noteworthy that the coherent state overlap function pro-
vides a damping factor due to the coherent state overlap function that was
not present in the traditional phase space path integral discussed earlier. In-
terchanging the continuum limit and the integrations leads to a formal ex-
pression for the propagator, which for continuous and differentiable paths has
the standard formal form for phase space path integrals, as was to be shown.

The introduction of coherent states, their resolution of unity, and the con-
struction of the coherent state phase space path integral was done by the
author [Kla60].

7.2.1 Change of coordinates

This section discusses a number of issues regarding a change of canonical co-
ordinates from one set to another set in a preparatory analysis to a discussion
of such changes for the path integral itself. A change of canonical coordinates
is basically a one-to-one map from (p,q) to (p,q), which may be written as
D =p(p,q) and § = q(p, q), or its inverse p = p(p, q) and g = q(p, q). These are
not arbitrary coordinate transformation, but are subject to certain conditions
which are embodied in the equation
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pdg =pdg+dF(q,q) ,

where F'(g, q) is known as the generator of the canonical transformation. It is
also traditional to discuss other forms of such transformations, such as

—qdp = pdq + dFy(p,q) .

Such additional forms are useful when a single form does not sufficiently dis-
tinguish the coordinates. For example, consider the case where p = ¢p and
G = q/c, where ¢ is a constant. For this case F' = 0, but Fo = —pg/c, which
distinguishes between different ¢ values. For the most part we shall content
ourselves with the simple form given initially.

We shall also employ yet another notation for the canonical transforma-
tion. In particular, we shall use the relation

pdq = pdq + dF(q,q) = pdq + dF(q(p,q),q) = pdq + dG(p,q) ,

which introduces an alternative form for the generator.

It is convenient to characterize the phase space M (not to be confused
with our use of the same symbol as a normalization factor for phase space
path integrals!) by means of a set of coordinates, which serve to label the
phase space points. An alternative set of coordinates may be laid down as
well, and the map given by means of the generating function provides the
map from one set of coordinates to another that is used to identify the very
same points in phase space.

A coherent state |p, ¢) is identified with a point in the classical phase space.
We define the transformation of a coherent state under canonical coordinate
transformations to be that of a scalar so that

p.q) = P, D) = [p(,7),4(0,9) = Ip,a) -

One should not be confused by the notation here, a confusion that is common
when considering Dirac bras and kets. The argument of a ket is generally quite
insufficient to completely define the vector. For example, the state |17) in no
way clarifies the meaning that should be attached to the number 17 that is
its label, and without that knowledge, the meaning of the vector |17) itself
is quite unknown. In the same way, the meaning of the ket |p, ) requires an
independent knowledge of the canonical coordinate system involved.

Our choice of transformation property makes coherent states into geomet-
rical entities, namely, quantities labeled by phase space points themselves.
There are many favorable consequences that follow from this choice, and we
now develop several of those consequences. The first quantity we construct
will be a one form

0 = ih(p,qld|p,q) .

Note that
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ihd|p,q) = ihde 19P/iPQ/N g

= (dgP)lp,q) — e~ 11PN cirQ/Map g o),
which leads directly to
ih{p,qldlp,q) = (p,q|P|p,q)dq — (0|Q[0)dp
=pdq .

In a different canonical coordinate system we find that

ih(p.qldp.7) = p(p,7) da(p.7) = Pdg + dG(5,7) -

The second quantity we consider is the diagonal coherent state matrix
elements of an operator G given by

G(p,q) = (p,alG(P,Q)|p,q) = (0|G(P +p,Q + q)|0) .

As observed earlier, for operators G that are polynomials, it follows that

G(p,q) = G(p,q) +O[[G(P +p,Q+q) — G(»,9)]10) =G(p,q) + Op,q; h) ,

showing that as h — 0,
Gelp,q) = lim G(p,q) = G(p,q) -

In different canonical coordinates it follows that

G(p,q) = {,ad9(P,Q)p,7) = G(®9),1® 7)) + O® 79,4 q); 1)
=G([P,9) + 0@, g:h) .

It is important to observe that since the coherent states transform as scalars,
ie., [B,q) = |p, q), it follows that

G(P.9) =G(p,q);

moreover, no change of the quantum operator G = G(P, Q) occurs under a
canonical coordinate transformation of the phase space labels of the coherent
states.

We next demonstrate that the diagonal coherent state matrix elements of
a general operator uniquely determine the operator. It will be sufficient to
show that if G(p,q) = 0 for all (p, q), then it follows that the operator G = 0
follows as a consequence. Consider the construction

G = /u(k,x) e~ PR ikQ[h du(k, z) ,

which is a slight variant of the Weyl construction [KS68] of an operator. It
can be shown that
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TG g] :/|u(k,x)\2du(k,x) .

Therefore, if follows that if u(k,x) = 0 almost everywhere, then G = 0, and
conversely. We can put this property to use for us. Consider the diagonal
matrix elements

.alGp.a) = [ ua) (gle =P/ IR, o) d(h, )
- /u(k,x) (0e 1@ (P +P)/h k(Q +a)/R |0y qu(k, )
— /u(k,x) ei(k‘q - l‘p)/ﬁ <0|e—ixp/h eZkQ/ﬁ|O> du(k‘,x)

:/u(k’x) ei(kq—xp)/hei%kx/he—i(kz+x2)/hdu(k,x).

Now we make use of the fact that (p,q|G|p,q) = 0 for all (p,q). This implies
that the last expression in the previous equation chain vanishes, but it is
expressed as the Fourier transform over both k and x of a certain expression
which therefore must vanish almost everywhere, namely,

w(k, z) ei%kx/h ef%(/# +a2)/h _ 0.
Since the other factors are nonvanishing for all (k,z), it follows that
u(k,z) =0

almost everywhere, which according to our earlier discussion implies that G =
0, completing the argument that the diagonal coherent state matrix elements
of a given operator uniquely determine that operator, as was to be shown.
The fact that the diagonal coherent state matrix elements determine the
operator uniquely, may not seem so surprising until one examines the anal-
ogous issue for a traditional orthonormal basis, say |¢). For example, the
operator exp(ixz P/h) has general matrix elements in this basis given by

(d'e =(d|lq+ =),

which, if x # 0, has diagonal matrix elements given by

(qle ) ={qlg+x)=0

for all ¢, thereby demonstrating that the diagonal elements in such a basis
generally do not uniquely determine the operator in question.

In complex notation [KS68] , the diagonal coherent state matrix elements
are associated with normal ordering (all creation operators, af, to the left of
all annihilation operators, a),
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(2| X cmynalfm a|z) = Xpn ez 2",
as follows directly from the basic properties that a|z) = z|z), its adjoint
(z]at = 2*(z|, and the fact that (z]z) = 1.

The diagonal coherent state matrix elements of an operator lead to a phase
space function associated with that operator. This functional association goes
by various names: (1) the Husimi representation [Hus40]; (2) the @ represen-
tation [Gla63]; (3) the lower symbol [Ber72]; and (in the author’s early papers)
[Kla64], the upper symbol hereby changed hereafter to the uppercase symbol
to avoid confusion and because of its use of uppercase letters.

The third quantity of interest refers to the use of coherent state projec-
tion operators to construct various operators. We already know of one such
example, namely,

1 :/\p,q><p,q|du(p,tJ)~

We generalize this kind of construction so that

G- / o9, 9) 1p, )b, al du(p, @)

and our goal is to see how the phase space function g(p,q) is related to the
operator G. To generate this connection, we take the diagonal coherent state
matrix elements of the previous relation to find that

Gk, z) = (k, |Gk, z) = / 9(p.0) | (k. zlp, @) dyu(p, q)

B /g(p, g e 2l(k=pP + @ = aVhg,q )

which is immediately seen to be a convolution integral. The Fourier transform
of this latter equation over both k£ and x leads to

Gla.p) = / i@k = p2) /B G, 2) du(k, )

— (g p)e 2P’ TV

which thus provides the relation
1,2 .2 -
ia.p) =2 TG (g p).

Although this relation is correct it requires additional comment. It is logical
that for certain operators, the behavior of the function é(q,p), the Fourier
transform of the diagonal coherent state matrix elements of the operator G,
may not fall off so fast as p? + ¢> — oo, in which case the expression g(q, p)
may grow rather than decrease as the arguments increase. This feature has
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the consequence that the function g(q,p) should be viewed as a distribution,
i.e., a generalized function, of the type D’. More specifically, this generalized
function is to be regarded as belonging to the dual space of the space of test
functions D composed of C§° functions of two variables, i.e., functions that
vanish outside a compact set and that, along with all their derivatives, are
continuous. Let @(q,p) € D be such a test function; then it is clear that the
integral

/a(q,p)* 9(q,p) du(p,q)

is well-defined because the integral is in reality confined to a compact set
outside of which u(q,p) = 0. In like fashion, the double Fourier transform
implies that

/u(k‘, )" g(k,x) du(k, x)

is likewise well-defined. Here u(k,z), the Fourier transform of (g, p), is an
element of a test function space called Z (= 25), and as a consequence the
most general element g(k, z) is an element of the dual space to Z, i.e., to the
space Z' (= D') of such distributions.

Historically, the third relation was introduced as the diagonal representa-
tion by Sudarshan [Sud63] in association with studies in quantum optics. Tt
was later called the P-representation by Glauber, and today it is commonly
called the Glauber—Sudarshan representation. The weight function has also
been called the upper symbol [Ber72], and the present author [KMC] had
called it the lower symbol but has now changed that to the lowercase symbol
for clarity and to avoid confusion.

In complex notation [KS68], it follows that the diagonal representation
is associated with anti-normal ordering as follows from the simple argument
that

Emncmna’ a' /Emncm"a | >< | g2 /7T
where we have inserted a resolution of unity in the form

1 :/|z><z|d22 v

between the creation and the annihilation operators and set d% = d(Rz) d(3 2);
the integral is over the entire complex plane.
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7.2.2 Metrics from coherent states

The last topic in this section refers to how coherent states lead to a phase
space metric. Let us consider the expression

do(p,q)* = 2h[||dlp, q)|I* — |{p, ald|p, a)|*] -

This combination of vector components is known as the Fubini—Study metric
for the problem at hand. From our earlier discussion regarding the one form
0, we find that

dlp,q) = de19P/h ipQ/h o)
= —(i/)(dqP)|p,q) + (i/h)e 14/ PR/ gy g o) |
which leads to the expression

ldlp, @) I* = (1/h*)[dp® (0]Q*|0) + dq* (p, q| P*|p, q)
—dpdq (0,q|(PQ+ QP)|0,q)]
= (1/h%)[dp* (0|Q?|0) + dg” (0] P*|0) + p*dg”] .

When combined with the fact that |(p,¢|d|p,q)| = |pdq/h|, as shown pre-
viously, and the fact that (0| P?|0) = (0|Q?|0) = h/2, this expression leads
to

do(p,q)* = dp® + dg* .

Thus, we observe that a metric on phase space has arisen from the coherent
states.

However, this metric is a rather special one. Note that it is expressed
in Cartesian coordinates. Moreover, the fact that it is expressed in Cartesian
coordinates implies that the metric leads to a flat (i.e., Euclidean) phase space.
In brief, the canonical coherent states have bequeathed to the classical phase
space the geometry of a flat space expressed in Cartesian coordinates. The
fact that they are Cartesian coordinates is a consequence of the coordinate
choice made to define the coherent states; if we change those coordinates, we
will in general no longer be led to Cartesian coordinates for the metric. For
example, let us consider

do(p,7)* = 2h[||d|p, ) |I* - |(P.ld|p, )]
= dp(p,q)* + dg(p,9)*
= A(p,q) dp” + B(p,q) dpdg + C(p,q) d7* ,
for some suitable coefficients A, B, and C. Although the metric is no longer
expressed in terms of Cartesian coordinates, it is noteworthy that it still de-

scribes a flat space, albeit now in terms of curvilinear coordinates. Since we
are confining attention to canonical coordinate transformations, it does follow
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that the Jacobian of the transformation is unity since, for such transforma-
tions, Liouville’s Theorem asserts that

dpdq = dpdq ,

a fact that follows directly from the exterior derivative of our initial equation
in the previous section, i.e.,

dp A dq = d[pdq) = d[pdq + dF(q,q)] = dp Ndq .

7.2.3 Coherent state path integrals—a one form and a metric

In calculating the coherent state propagator above, we arrived at the impor-
tant intermediate formula

K@".q",T;:p'.q,0)
=:Zgggojf-]/IIn:0<pn+1,qn+ﬂpn,qn>e ieH (pni1; Gnr1s Pos dn)
N
Xnnzl dpn, dQn/Qﬂ- >

which we now carry forward in a different fashion than before. In particular,
we use the fact that if the phase space point (pp41,@nt1) = “27 is very close

—

to the phase space point (p,,¢,) = “1”7, then we may rewrite the expression
for (2|1), with normalized states |2) and |1), as

(21) =1 —3[(@2 = ah(2) = NI+ 5021 — (1]2)]
N%WM (112)] = 312l = AD(12) — 1)) - 3[{201) - (1]2)]?

correct to second order, and which, when we assert that |2) = |1) 4 d|1), reads
ii(1]d|1) — [ld1)]* — [{1]d[1)[]
(2]1) ~e 2 :

Applied to a C* path in phase space, p(t), q(t), and the associated trajectory
of unit vectors, |p(t), q(t)), this latter relation leads to

&ggoITQLOO%HJan+ﬂpn,qn>::e@/h)thKp’q“ﬂp’q>,

which shows how the one form appears in the path integral. When combined
with the Hamiltonian expression, it follows that the coherent state path inte-
gral assumes the formal form

‘[('(p//7q//)1'1;p/7 q/’ 0)
:A4/JU@IUW@M@M&WQ%%%%HWﬂHﬁzmpm
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If one observes this expression just before the continuum limit is taken, one
can even see the metric induced by the coherent states appear in an ephemeral
fashion, i.e., an appearance which vanishes in the continuum limit as we have
taken it. Of course, to make sense of this formal phase space path integral it is
necessary to regularize the expression, for example, by means of a proper lat-
tice space regularization. Once again, we emphasize that the physical mean-
ings of the variables p and ¢ as used here are those of mean values in the
coherent states, i.e., p = (p,q|Plp,q) and ¢ = (p,q|Q|p, ¢), thus permitting
both to be specified simultaneously.

The point of this section has been to show how the ingredients of the
classical theory emerge smoothly out of the coherent state family of vectors
and the diagonal matrix elements of the Hamiltonian operator, along with an
acceptable physical interpretation of the basic variables p and gq.

7.2.4 Alternative coherent state path integral construction

It is pedagogically useful to show that another lattice form can be given to
a formal phase space path integral that also leads to the propagator. This
construction is based on the diagonal representation discussed above. Let us
assume that the self-adjoint Hamiltonian operator H(P, Q) is given in the
form

H= /h(p,Q) Ip, q)(p, ql du(p, q) -

Along with this expression, we also recall the coherent state resolution of unity

1 =/|P,Q><P7Q\dﬂ(P,Q)~

We next let e = T'/(N + 1) be a small time interval, and observe that

L ieH/h = / (1 — ieh(p, q)/h] p, @) (0. ql du(p. q)

follows by a simple combination of the two former expressions. This relation
holds for all €, but now we make an approximation to both sides that is valid
only to first order in e:

emie/h - /eﬂEh(p’ DI p, g)p. a| dpa(p.q) + O(?) .
We next multiply this equation by itself V + 1 times and then take coherent

state matrix elements of that result to yield

’

" q"le
= /HT]Y:() <pn+1a qn+1|pn7Qn> HnN:1 e—ieh(pn,qn)/h dﬂ(pn7Qn) + 0(6) ,
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where, as has been the case previously, py11,qnv+1 = p”,¢"” and po,q0 = ', ¢ .
Finally, we can eliminate the error term by taking the limit as N — oo leading
to the expression

K(p",q",T;p',q,0)
= lim /Hg:() <pn+1a Qn+l|pn7Qn> Hrjlvzl e—zeh(pn, qn)/h dli(pm Qn)

N—oo

= lim /HTJY:O e(@/h) % (pn+1 +pn)(Qn+1 - Qrz)

N—oo

—1 —pn)? —qn)?/h N —i
%e 4[(pn+1 pn) + (q'n+1 qn) ]/ Hn:l e Zeh(pnaqn)/hd'u(pn7qn) .
If one formally interchanges the limit and the integrals and writes for the
integrand the form it takes for continuous and differentiable paths, it then
formally follows that

K(p".q" . T:p',q',0) =M/€(i/h)f[pq7h(p’Q)]dt DpDq .

It is noteworthy that this version of the coherent state path integral involves
the lowercase symbol h(p, ¢) rather than the uppercase symbol H(p, ¢) as was
the case previously. The fact that two such formulas yield the same result
shows that the formal phase space path integrals are not well defined; they
are both valid in the sense that they each enjoy distinct lattice formulations
accounting for their different formal structure.

The present formulation of coherent state path integrals using the lower-
case symbol for the Hamiltonian operator is due to Berezin, Lieb, and Onofri
[Ber75, Lie73, On8&0].

7.3 Many Degrees of Freedom

Up to this point we have focused on examples that involve a single degree of
freedom, namely, one p and one ¢. This was reasonable because the big issues
of formulation and proper definition of path integrals arise already in full
force in the case of a single degree of freedom. As we shall see, the extension
to many degrees of freedom is quite straightforward and we shall not need to
spend too much time and effort in discussing this aspect. In this chapter we
purposely do not treat examples with an infinite number of degrees of freedom;
some examples involving infinitely many degrees of freedom are discussed in
Chapters 10 and 11.
Let us begin with configuration space path integrals.

7.3.1 Configuration space path integrals

In Chapter 6 we dealt with the configuration space path integrals for a single
degree of freedom of the form
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K (" T2 0) = N / (/1) [ [(m/2)(t)? — V((t)]dt 1,

We defined this expression as the continuum limit of a lattice space regulariza-
tion, and we even discussed what may go wrong if one considers a particular
potential outside a special class.

In extending this discussion from a single variable x to many variables, say
r = {z'}, 1 <1< L < o0, there are a number of generalizations to consider.
It is convenient to first discuss the several generalizations in the form of the
associated classical action I. In particular, we may consider

I:/ﬂmﬂﬁgfv@ﬂﬁ,
in which
i = ElL:li'lQ =" 0y ™,

an expression that has an evident rotational symmetry invariance of the ki-
netic energy, and in its final form entails the summation convention on indices.
As another example, there is

= /[gg;«l Mip ()™ — V(2)] dt

in which the positive-definite mass matrix M;,,(x) may be position depen-
dent. These examples may be extended to incorporate a magnetic-field-like
interaction, such as

j /[%551 Mi (@) #™ + Ay(2) it — V()] dt .

Apart from the variety of potentials V' (x) that may be considered, these few
examples constitute the modest family of classical actions that can be treated
by natural lattice space limits of configuration space path integrals.

7.3.2 Phase space path integrals

All the examples cited above are contained within the family of possible mul-
tivariable, phase space path integrals which involve p = {p;} and ¢ = {¢'},
1 <1< L < 0, and are based on classical actions of the form

I=/m¢—Hm@MV

This single form encompasses many possibilities, and because it also covers
the configuration space examples discussed above [for suitable choices of the
Hamiltonian H (p, )], it is this expression that we carefully formulate in the
following discussion.
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In quantizing the classical system characterized by the last action func-
tional, it is necessary to assume that the coordinates in which it is presently
expressed are Cartesian. In that case, we may define the propagator associated
with this system by means of the expressions

K(¢",T:q',0) = M/e(i/ﬁ)f[pzdl —H(p,g)ldt 71 pp, Dy |
or even more compactly by
K(¢",T:q,0) = M/e(i/h)f[p 4= H(p,q)]dt p,p,
In any case, the lattice space formulation of this problem is given (with i = 1)
by
K(¢".T:q',0) = lim (2m)”F0F

% /eiijzvzo[%l?n-s-l/z (Gnt1 — qn) — EH(pn—i—l/Qaqn)]

L N N
X Hl:l Hn:O dpl7"+1/2 Hn:l dqil ’

where, as before, e = T/(N + 1), and gn+1 = ¢” and qo = ¢'.

7.3.3 Coherent state path integrals

For L degrees of freedom, the coherent states of interest are given by

p,q) = e~ P/h ip- Q/h|0>

where
(Q+iPYj0)y=0,

for all [, 1 <[ < L. In fact, these states are just product states for the L
separate degrees of freedom,

L

‘p7 ® |pla

Coherent state path integrals for L degrees of freedom are natural gen-
eralizations of those for a single degree of freedom. We start with the same
classical action, but, just as for the single degree of freedom case, we take a
very different lattice formulation. In particular, the multivariable propagator
in the coherent state representation is

K@, ¢".T;p'.q,0) =M/e(i/hmp'q_H(p’q”dtDqu,
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which is defined (for = 1) by
K(p”,q”vT;p’,q’,O) = Jlim_ (2m)~E
/ i(Pny1 +Pn) * (ns1 — @n) — $[(Prs1 — Pn)* + (Gnr1 — an)?]}

e €00 H(Pnt1,Gns1; Py Gn) 15, T, dprn dd,

where, as before, py11,qnv+1 = p”,¢" and po, g0 = p', ¢', and

H(p,q;p,q) = (0, d'H(P, Q) Ip,q)/ (P, dlp, ) -

The caveats noted in the case of the single degree of freedom case apply equally
well in the multivariable case. Note that the connection between the classical
and quantum Hamiltonian expressions is based on the uppercase symbol

H(p,q) = (p,q/H(P,Q)|p, q) -

Alternatively, we can choose a different form of lattice approximation that
ultimately involves the lowercase symbol h(p, q). In particular (for i = 1),

K", ¢",T;p',q',0) = Jim (2m)~E

N—oco

x /efé\lo{%i(pnﬂ +9n) - (@1 = @n) = $[(Prr1 = Pn)? + (Gn1 — ¢0)°1}

. N L N
xe ZEEnZl h(pnv qn) Hl:l Hn:l dpl,n dqu )

with again pyi1,qyve1 = p”,q” and pg,qo = p’, ¢’ . Lastly, we observe in the
present case that

H(P7Q)=/h(p7q) p.a)(p.al TIy duslpr.d') -

7.4 Spin Coherent State Path Integrals

The coherent state path integrals for canonical degrees of freedom discussed
above have entirely analogous constructions for coherent states based on other
groups besides the Heisenberg group. In this section we discuss path inte-
grals based on the kinematical variables that arise from the groups SU(2) and

SO(3).

7.4.1 Spin coherent states

The Lie algebra for the group SU(2) involves three Hermitian generators (51,
So, S3) = S, which are related to the infinitesimal generators X by Si =
ih Xy. Hence, the generators Sy fulfill the commutation relations
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[Sj, Sk] = ihejkl Sl s

where €y is the totally antisymmetric symbol with €123 = 1. As the generator
of rotations, S commutes with any rotationally invariant combination, e.g.,
[Sk,S?] = 0, and within inequivalent, irreducible representations [Gil06],

S? =57 4824+ 82=s(s+1)R*1,,

where the spin s takes on values s € {0,1/2,1,3/2,2,...}, and 1, is the unit
matrix in a (2s + 1)-dimensional Hilbert space. If s = 0, the generators are
given by S = 0; for spin values s > 0, the generators may be represented by
faithful (2s + 1) x (2s + 1) matrices. For each s, we introduce eigenvectors
and eigenvalues of S5 given by

Sz|m; s) = mh|m;s) , —s<m<s,

where these vectors satisfy (m’; s|m;s) = dpm m. The state |s; s) is a maximal
weight unit vector and we choose it as the fiducial vector for the associated
spin coherent states. In particular, for each spin s > 0, the spin coherent states

|9, ¢> = e—i¢53/he—i952/h |S; 8>

are defined for all 0 < § < 7w and 0 < ¢ < 27, and it is customary that the
appropriate spin value is left implicit.

Tt is straightforward to show (see Exercises) that these coherent states
admit a resolution of unity given by

1, = / 16, 6)(0, 6| dua(6.6)
where
(0, 6) = [(25 + 1) /4n] sin(6) dOd¢ .

The validity of this weighting for the integration measure follows trivially if
one simply takes the trace of the resolution of unity formula.
The overlap function for two different spin coherent states is given by

(0,816, ) = [cos(30") cos(%@)elé((b/ —9) 4 sin(36") sin(%&)e_zé(d - ¢)]28.
Observe that this overlap function can serve as a reproducing kernel for a
reproducing kernel Hilbert space. Different phase conventions for these states
have been used by different authors.

Although the spin coherent states are completely different from the canon-
ical coherent states of the first sections of this chapter, they have several gen-
eral properties in common with those states. These properties include the fact
that the diagonal coherent state matrix elements
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G(0,0) = (0,0]9(S)10,9)

uniquely determine the operator G(S), and that every operator [i.e., every
(254 1) x (25 + 1) matrix] can be represented in the diagonal form

G(S) = / 9(6.6)10.6)(6. 6| dps(6.6) -

However, for the spin coherent states, the weight function g(, ¢) is not unique,
unlike the case for the canonical coherent states.

7.4.2 Spin dynamics and the spin coherent state path integral
The abstract Schrodinger equation for a spin system is given by
ih (1)) /0t = H(S) |4 (1)) ,

which in the spin coherent state representation reads
h00(6.6.0) = [ (6.6/1(8)16'.) 0(6,0'.1) i (8,0
where (0, ¢) = (0, #|1). The solution of this equation is given by

WO, T) = / K (0,8, T:0,6,0) (0, 6,0) dyus (0, 8) |
where
K(0',¢',T;0,6,0) = (¢, ¢/|e LT g o)

denotes the propagator in the spin coherent state representation.

Following exactly the same steps which led to the canonical coherent state
path integral, it follows that the propagator can be represented by the expres-
sion

K(0",¢",T:0',¢',0)
= [+ [ TE Gnsr, a6, 00) 0 Ortrs i, 60)
XHfzvzl d,U/S (91'7,7 ¢n) 9
where (0”,¢") = (On+1,0n+1), (0/,¢) = (60, ¢0), e =T/(N + 1), and

<0n+17 ¢n+1|H(S) |9n7 ¢n>
<9n+1a ¢n+1 |9na ¢n>
Formally interchanging the limit and integrations and writing for the inte-

grand the form it assumes for continuous and differentiable paths leads to the
formal expression

H(0n+17 ¢n+1; O, ¢n) =
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K(0",¢".T;0,¢,0) = /e(z/ﬁ)f[lh<9, o (d/dt)|6, ) — H(0,¢)]dt Dy (0, )

where
H(0,¢) = (0,6|H(S)|0, ) .
As one forms, it follows that
ih(0, 9| d|0, ¢) = sh cos(0) do ,

and thus our final, formal, expression for the spin coherent state path integral
is

K(al/’ ¢H7T; 9/’ ¢/’ 0) _ N/e(l/h)f[sh COS(Q) q/) - H(G, (b)] dt Ht sin(@) d@d(b.

Just as with the canonical coherent states, there is an alternative formu-
lation of the spin coherent state path integral that uses the lowercase symbol
for the Hamiltonian. If we introduce

H(S) = / h(0.6) 16, 6)(6, 0| dyus 6, )

and follow the pattern developed earlier, we are led to the expression

K(0".¢" . T:6,¢/.0) = lim / / 1Y st st |Ors 60)
Xanle ZEh(9n7¢n)/hdus(0n7¢n)

Interchanging the limit and the integrations, and writing the integrand for
continuous and differentiable paths leads to the formal expression

K(QN, ¢//’ T, 01’ ¢/’ 0) _ N/ 6(1‘/771)‘”571005(9)(Z.S - h(0, ¢)] dt Ht sin(@) dfdo .

It is of interest to observe there is an argument from the program of
geometric quantization that restricts s to its proper quantized values. In the
integrand of expressions above there appears the quantity

(i/T) [ shicos(0)de 7
which, if we specialize to a closed orbit where (0”,¢") = (8',¢'), can be

written as either one of two separate, two-dimensional integrals, giving rise to
the equality

eisftop sin(¢) dfd¢ _ o~ 18 yortom SIn(0) dOd¢ 7

where “top” and “bottom” refer to the two portions of the spherical shell as
bounded by the closed path of interest. This equation can be recast as
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18 oy sin(0) dode _ 4 ,

where “all’ refers to an integral over the entire spherical surface. Since that
surface integral is 47 it follows that
Q4TS _ 7
or stated otherwise that s € {0,1/2,1,3/2,2,...} as desired.
We will revisit the spin coherent state path integral in the following chap-
ter.

7.5 Affine Coherent State Path Integrals

The affine Lie algebra has been introduced in Sec. 5.3 as a two-parameter, non-
Abelian Lie algebra with the only nonvanishing commutator being [X,, X;] =
X Let us derive the same Lie algebra in a different way. Consider the Heisen-
berg pair () and P which satisfy the usual commutation relation, [@Q, P] = ifil.
The Schrodinger representation is such that the spectrum of both @ and P
runs from —oo to +o0o. Suppose, however, one dealt with an application in
which the classical variable g corresponding to @) satisfied the bound ¢ > 0.
There is no conflict in the classical theory with such a restriction on the ba-
sic phase space variables, but there indeed is a conflict within the quantum
theory.

7.5.1 Affine coherent states

One way around this conundrum is to multiply the Heisenberg commutator
by @ leading to the relation

Q,P]Q =ihQ =[Q,(QP+PQ)/2| =[Q, D],

which suggests that we examine the commutation relation given by

[Q, D] = ihQ

which generates a non-Abelian, two-parameter Lie algebra, which we call the
affine Lie algebra. Unlike the Heisenberg Lie algebra, the affine Lie algebra
admits three, inequivalent, irreducible self-adjoint realizations: one for which
the spectrum of @ > 0, one for which @) < 0, and a third for which @ = 0. Our
interest lies in the first representation for which ¢ > 0. Observe, for g > 0,
that

ol ln(q)D/ﬁQe—i In(q)D/h _ 0Q
which shows that such transformations preserve the positivity of the spectrum

of Q. Let us simplify matters and set i = 1 for the further discussion of the
affine story. Consequently, the operator
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A(p,q) = ¢PQ @)D

is a two-parameter unitary transformation for all p € R and ¢ > 0. As affine
coherent states, we choose

p.g) = P9 MDDy
and pick the fiducial vector |n) so that the coherent state overlap function is

(¢'q)”\/? 2
g P+ )+l —p)]

' dp,q) =

In particular, this means that the fiducial vector has been chosen, in the basis
|z) where Q|x) = x|z), > 0, so that

(z|n) = N2P~1/2 e~ Pz

For any B > 0, the coherent state overlap function defines a function of positive
type and can serve as a reproducing kernel for a reproducing kernel Hilbert
space. On the other hand, if % > [ > 0, the coherent states lack a local
integral resolution of unity, but when § > % we are assured that a local
integral resolution of unity for the coherent states exists.

When g > %, the affine coherent state resolution of unity takes the form

1= / P, @){p; al dpa(p, q)
in which the integration extends over the half plane R x R™, and

dpa(p,q) ={[1 —1/(28)]/27} dpdg .

Observe, in the chosen coordinates, that the left-invariant group measure is
proportional to dpdq, which is the proper version to ensure a resolution of
unity provided an appropriate admissibility condition is satisfied [AKG69].

We note further that the diagonal affine coherent state matrix elements
determine the operator, i.e., that the information within

G(p,q) = (p,4lG(D,Q)|p,q) = (N|G(D + pqQ,qQ)|n)

is sufficient to fully determine the operator G(D, Q). In a related manner, we
note that the diagonal representation holds for affine coherent states in the
fashion

G(D.Q) = / 90,0 |p, )0, al dua(p, ) |

and furthermore, that the diagonal representation is one-to-one.
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7.5.2 Affine dynamics and the affine coherent state path integral

At this point, the pattern of construction is familiar, and we essentially quote
only the results. In the affine coherent state representation the evolution equa-
tion (with i =1 still) reads

Y(p",¢"\T) = /K(p",q”,T;qu’,O)z/}(p’,q',O) dpa(’,q')

and the path integral affine coherent state representation for the propagator
is given [for € = T'/(N +1), (pn+1,qn+1) = (p”,¢"), and (po, q0) = (p',¢")] by
K" " T:p'.d,0) = ", q"|e T |p )

. N 7 .
= lim /./Hn:0<p7l+1aQTL+l|pn7Qn>e ZfH(an,-l,an,-l,pn,qn)

N—o0
Xngﬂ d“A(pnv Qn)
- /eif[i@,ql (d/dt)lp, q) = (P Al 1P D AT gy (p, )

_ M/eif[—qzﬁ— H(p,9)]dt pypg

where the last two relations are formal, and

<pn+17 Q7L+1|H‘pna Qn>
<pn+17 Qn+1|pna qn>
H(p,q) = (p,q|Hl|p,q) ,

i{p,qldlp,q) = —qdp .

H(Dns1, Gnt15Pns @n) =

3

Although the formulas and even the notation are similar to those of the canon-
ical coherent states, it is important to keep in mind that the range of the
variables in these expressions is always (p,q) € R x R™.

An alternative construction of the path integral uses the lowercase symbol
relating the system Hamiltonian in the fashion

H(D,Q) = /h(p, q) |p, a)(p, gl dua(p, q) -

As was the case previously, we can incorporate the lowercase symbol with the
construction

KW', ¢" T;p'd,0) = ", q"|e" Ty ¢)

= lim /'/Hr]:]:0<pn+1uqn+1|pn7qn> ngle_lEh(pT“qn) dﬂA(pn>qn)

N—o00

_ /eif[i@,ql(d/dt)lp, ¢) = P VAT 4y (p, )

:M/eif[—qp—h(p,Q)]dtpppq.
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Despite appearances, these expressions refer to affine variables and not canon-
ical variables. For the quantum theory this means we use H(D, Q) instead of
H(P, Q). For the integration variables, it means we use (p, q) € RxR™ instead
of (p,q) € R%

This completes our preliminary discussion of coherent state path integrals.
We shall revisit the subject again in the next chapter from a rather different
point of view.

7.6 Coherent State Path Integrals without a Resolution
of Unity

We have noted that when the parameter § that appears in the fiducial vector
for affine coherent states is too small, the resolution of unity expressed as a
local integral over affine coherent state projection operators is not possible.
This lack would seem to cause a fatal blow to the construction of an affine
coherent state path integral; nevertheless, it is still possible to do so! We shall
not review the construction here, but instead point the interested reader to
[K101a, HKO04].

Exercises

7-1 We have focused on canonical coherent states of the form

p,q) = e 1P/ N ipQ/hy,,

where |n) = |0) with (Q + iP)|0) = 0. As a first exercise, let |n) be any unit
vector in Hilbert space, and let n(z) = (z|n) be the Schrédinger representative
of the fiducial vector. With the choice of |n) left implicit in the definition of
the coherent states, show that whatever the coherent state overlap function
®",q"|p',q') is, it satisfies the integral equation

", q"Iw,q) = / 0", qd"p, @) {p,alp’, d")dp(p, q) ,

where du(p, q) = dpdq/2rh.
7-2 Consider spin coherent states of the form (with & = 1)

|0, ¢) = e_i(bs3 e_ws2 s; s)

b

where Ss|s; s) = s|s; s) for arbitrary spin s > 0. Show that the coherent state
overlap function (6", ¢"|0', ¢') satisfies the integral equation
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(0. 6"18.6) = [(87,6716,0) 6.010', 6" dun(6.0)

where dus (0, ¢) = [(2s + 1) /4] sin(0) dbd¢.
7-3 Consider the spin coherent states for spin one (with i = 1) given by

10, ) = e 108 71052,

where the operators S; and S3 are 3 x 3 matrices. Find what conditions, if any,
on |n) are required so that the coherent state overlap function (6", ¢" |0, ¢')
satisfies the integral equation

(0", 6"0', &) = / 6", 8”10, ) (6, 016", ') dps (8, 6)

where, for the spin one case, du1(6,¢) = (3/4m) sin(0) dode.

7-4 For a harmonic oscillator with quantum Hamiltonian H = £(P? + Q?),
determine the propagator in a coherent state representation based on the
coherent states

Ip,q) = e 14 P/Rip @/ gy

where |0), as usual, satisfies (Q+¢P)|0) = 0, and which, coincidentally, means
that |0) is the ground state of the Hamiltonian H that generates the dynamics.

7-5 Repeat problem 7-4 with the modification that the quantum Hamiltonian
is changed to ‘H = %(P2 +w?Q?), w # 1, while the coherent states remain
unchanged. In particular, note that the fiducial vector for the coherent states
is no longer the ground state of the Hamiltonian that generates the temporal
evolution.

7-6 The affine coherent state overlap function is given (with & = 1) by

(¢'q)”\/? 2
P+ +iss7 i —p)

0. dp,q) =

b

defined for (p,q) & (p',q") € (R,RT). Change coordinates ¢ — ¢ + /B and
¢ — ¢ + /B so that in the new coordinates ¢ > —+/3 and ¢’ > —+/B.
Then, take the original affine coherent state overlap function given above,
now reexpressed in the translated coordinates, and determine the limit as the
parameter 3 — oo. Interpret your answer in terms of a corresponding limit of
the original affine commutation relation [@Q, D] =iQ, @ > 0.
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Continuous-Time Regularized Path Integrals

8.1 Wiener Measure Regularization of Phase Space Path
Integrals

Up to this point we have focused on temporal lattice regularizations in order
to give meaning to the traditional configuration and phase space path integrals
including coherent state phase space path integrals. In this chapter, we take
up the question of introducing a continuous-time reqularization procedure into
a formal phase space path integral.

Already in Sec. 6.1.10, we discussed the proposal of Gel’fand and Yaglom
for inserting a Wiener measure factor in a formal configuration space path
integral and taking a limit in which that factor became unity after the evalu-
ation of the functional integral. That procedure failed, but a modification of
their proposal by It0, sketched in Sec. 6.1.11, provided a successful realization
of their ideas, up to a point. We now carry that kind of regularization further,
inserting Wiener measure factors into a formal phase space path integral, and
show that good results emerge.

In particular, we consider the expression

tim M [ (/D[ pd=hp.@)]dt ~(1/20) [[* + @] dt py, p,

v—00

Here we have inserted Wiener measure regularizations for both p and ¢. This
expression raises several immediate questions: (i) does the limit exist for some
Hamiltonian expressions h(p, ¢); (ii) does that limit solve Schrodinger’s equa-
tion, and if so, what representation is involved, and (iii) for what class of
Hamiltonian operators H = H(P, Q) does this expression lead to the correct
propagator? Before entering into a detailed discussion of these questions, let
us briefly summarize the answers: the limit exists for a wide class of lowercase
symbols, and it solves Schrodinger’s equation in a coherent-state representa-
tion for a wide class of Hamiltonians including all semibounded, Hermitian
Hamiltonians that are polynomials in the variables P and @ [DK85]. In other
words, for the wide class of Hamiltonians for which the formula applies,
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K@ " T:p' q,0) = (", "l TPy )
— lim M [ /W [Ipd—hp,@))dt —(1/20) [[5* + §*|dt py, p,

v—00

= lim 27TheVT/2h /e(i/h)f[pdq— h(p, q)dt] Ay (p, q)

V—00 ’
where p¥,(p,q) is a two-variable Wiener process on a flat plane expressed
in Cartesian coordinates which is pinned so that p(T),q(T) = p”,q"” and
p(0),¢(0) = p’, ¢ In the last, nonformal, line of this expression, the variables
are Brownian motion paths for all v < oo, where v represents the diffusion
constant for the Brownian motion. As discussed in Sec. 4.2.2, such paths are
continuous but nowhere differentiable. The integral [pdg is interpreted as

fpdq = J\}Enoc ETJLV:O % (pn+1 +pn) (Qn+1 - Qn) )

which is the Stratonovich form of the stochastic integral [pdq defined as a
lattice limit. As noted in Sec. 4.2.7, the Stratonovich form for a stochastic
integral obeys the ordinary rules of calculus, a property we shall soon put
to good use. It is also significant that the lowercase symbol h(p,q) is the
expression that represents the Hamiltonian; as a consequence, the connection
between H(P, Q) and h(p, q) is given by

H(P,Q) = /h(p, Q) I, q)(p, ql du(p, q) -

Finally, the expression for the propagator

lim QWBeVT/Qh /e(i/h)f[pdq — hipq)dt] duyy (ps q)

V—00

provides a continuous-time regularization scheme for which, for all v < oo, the
path integral is absolutely well-defined; in addition, this formulation has the
virtue that it involves genuine paths p(t), q(t) which are everywhere continu-
ous. A description with genuine paths is possible because the insertion of the
Wiener measure regularizing factor has automatically given rise to a coherent
state representation in which the physical meaning of the variables involved is
that of mean momentum and mean position. It is hard to imagine any more
satisfying path integral formulation than the one given in this subsection!

Some additional background information may be instructive. One may
view the construction given so far as merely inserting a regularizing factor
into the integrand of a formal phase space path integral, and then removing
that regularization after all the integrations have been carried out. A simple
but analogous situation occurs if we consider the conditionally convergent
one-dimensional integral

I:/ ezy/2dy
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to which we impart some meaning by defining the answer to be that given by

I = lim eiy2/2 —y?/2v dy = lim [27v)/(1 —iv)]Y? = V2mi .
V—00 vV—00

Regarding the regularization of the formal phase space path integral in
this manner (and setting h = 1), we are favored by the facts that: (1) the
limit as ¥ — oo actually converges for a wide class of Hamiltonian functions
h(p,q); (2) the limit defines a solution to Schrédinger’s equation in a coherent
state representation based on a set of vectors {|p,q)} for all (p,q) € R?; (3)
further, those coherent states are defined by |p,q) = e~%Fe®?|0); (4) the
self-adjoint operators @ and P satisfy the commutation relation [Q, P] = i1,
and, lastly, the fiducial vector |0) is a unit vector that satisfies the equation
(Q+iP)|0) =0.

Let us make sure that the content of this last paragraph has been fully
appreciated. Starting with the formal, improperly defined phase space path
integral, and adding the factors appropriate for a Wiener measure regulariza-
tion on the two-dimensional plane, the rest of the story automatically follows.
That is: (i) the existence of the limit for suitable h(p, ¢), (ii) the representation
of the propagator in a coherent state representation, the coherent states in-
volved being the canonical coherent states based on the kinematical variables
P and @ with [@, P] = i1, (iii) the fiducial vector |0) being a normalized so-
lution of (@ +iP)|0) = 0, and finally, (iv) the Hamiltonian operator H(P, Q)
having a diagonal representation with the weight being the symbol h(p, ¢). In
brief, the Wiener measure has decided everything!

[Remark: The reader would be wise at this point to raise the question:
what happens if instead of the Wiener measure factor being chosen as p2 +¢2,
it was chosen as w™'p? + wg?, with 0 < w # 1? In that case, the story is the
same except that the fiducial vector now obeys the equation (w@Q+iP)|0) = 0,
and thus the canonical coherent states are changed as well. How could such a
modification—which formally disappears in the ultra-diffusive limit in which
v — oo—change things? The answer recalls Chapter 1, where we stressed
that a conditionally convergent series (or integral) may converge to different
limiting values if the order of summation (or integration) is changed. That
is essentially what happens when one passes from w = 1 to w # 1! For the
present, let us revert to our standard choice of regularization for which w = 1.]

8.1.1 Covariance under canonical coordinate transformations

The transformation of the propagator presented above under a canonical co-
ordinate transformation basically follows the story as presented earlier. In
particular, under a coordinate transformation from the canonical coordinates
(p,q) to (p,q), it follows that

K(ﬁ//,gll,T/;ﬁ/7q/7O) — <]3N7q//|e_ZTH/h|ﬁ/,§I>
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— im M [/ PG+ CB9) — h(p.q)) dt

vV—00

o~ (1/20) [1AF" + Bpq + CF | dt 1y pg
i %heyT/Qh/e(i/n)f[mmdé@,q)—h( Dat] g (5.7

V—00

where the Wiener measure 71y, describes Brownian motion paths on a flat
plane but now expressed generally in terms of curvilinear coordinates. Under
a coordinate transformation, the Hamiltonian symbol h(p, ¢) transforms as a
scalar, while the one form pdq transforms as in the classical analysis.

In Sec. 8.4 we shall argue that the feature of invariance under canonical
coordinate transformations displayed here leads to a truly geometric version
of the quantization procedure!

8.1.2 Proof of Wiener measure path integral regularization

We begin with the observation that all elements of the coherent state rep-
resentation satisfy a complex polarization condition. In particular, it follows
(for h =1) that

(=0/0q +10/0p +ip)(p, alt)) = (—0/0q+i0/0p +ip) (0] e "L 14 |yp)
= (0](Q—iP)e QP y)
—0

due to the fact that (Q +iP)|0) = 0. Let B = (—9/0q + 19/0p + ip), for
which B (p, q|1)) = 0 for all |¢). Then, it also follows that

Alp,ql) =0
for all |¢), where

A=DB'B=(0/0q+i0/dp —ip) (—0/0q +i0/p + ip)
= (=i9/9p)* + (~id/0q — p)*

which is a nonnegative, second-order differential operator. The operator A can
be viewed as the Hamiltonian for a two-dimensional free particle—now with
“coordinates” p and ¢—in the presence of a magnetic field since it has the form
(1/2m)[(P, — Ap)? + (P, — Ay)?], where 2m = 1, and the “vector potential”
is A, =0 and A, = p. Consequently, the “magnetic field” is B=V x A =1,
a constant value in the direction perpendicular to the two-dimensional (p, q)
plane.

The spectrum of A is readily found since it involves the Landau levels,
and that spectrum is spec(4) = {1,3,5,...}. In particular, the eigenvectors
and eigenvalues of A, which satisfy Ay, «(p,q) = En.x ¥n (P, Q)—where n €
{0,1,2,...} and k € R—are given by



8.1 Wiener Measure Regularization of Phase Space Path Integrals 165

AL hn(p—K), En.=02n+1),

1
’l/}n,li(p7 q) - \/ﬁ
where the functions h,,(p) are the usual Hermite functions (see Sec. 3.5), for
which, in particular,

1 2
ho(p— k) =~ 1/4 ¢"2(P—#)

Tt is convenient to introduce kets |p;q) for the two-dimensional problem
for which @, |p:q) = plp;q), Qqlp;q) = ¢|p;q), and
(pialp’sq') = d(p—p')o(g—d') .

For the eigenvectors of A, we introduce the kets |n; k) for which A|n;k) =
(2n + 1)|n; k). Thus the eigenfunctions v, .(p,q) = (p;¢|n; k), and the pro-
jection operator P,, onto the nth Landau level is given by

P, = [|n;k)(n; k| dk .
In this language, we learn that

27 lim e_%VT(A - 1)(
V—00

pialp’;a') = 2 lim Y202 o(piale ™ T B q)
=2 (p;q|Polp; )

= QW/(p;qIO;ﬁ)(O;H\p’;q’)dﬁ

_ 7—1/2/61‘%((1 —q¢) = 5(r—p)? =5 —p)

_ s+ a—d) -3l —9) + (@)

= (p.qlp’.d') -

Note carefully that the result of this projection onto the lowest Landau level
has led to the coherent state overlap function for the one-dimensional problem!

We use this result now to derive the one-dimensional phase space path
integral by a “two-dimensional configuration space” construction following
the pattern developed in Sec. 6.1.6. In particular, setting C' = %I/(A —1) for
convenience, we consider

—TC —iT

(p//;q//‘e C iTh |p/;q/)

_ (p//;q//‘ 6—60 — ieh 6—60 —ieh e—GC — iEh\p’;q')
N —eC —i N

= / : / 1o (nsrs gnsrle=C = P pig,) TI dpo da -

As usual, for small €, we shall approximate the exponent

[e—eC’ — ieh] ~ e—eC’ e—ieh 7



166 8 Continuous-Time Regularized Path Integrals
so that [when (N + 1)e =T

lim
N—oco

e—iTC’ —iTh _ [6760 efieh](Nqu)

which is valid, just like the case for the usual Trotter product formula (see
Sec. 6.1.7), when ©(C') N D(h) is a core for the operator C' + ih; recall the
action of an operator on vectors in a core suffices to define the operator
uniquely. In [DK85] this approximation was shown to hold for all expres-
sions h(p,q) that are bounded below (or above) and polynomially bounded
above (or below). Accepting this limitation, we are led to the expression [with
(0":¢") = (pn+13an+1) and (p'5q") = (poi qo)]

(p//;q/ll [e—TC — iTh] |p/; (]/)

~ lim / . / T @1 gnsale<Ce " p ,) T, dpn dgs

N —o0

. N - B
fim /'/ano(an;%LHIe Ec|pn;qn)e i€h(Dny qn)

N—o0

N
X anl dpy, dgy,

lim /./Hszo{e%ev 3 (Pni1 4 P0) (@ns1 — gn)

N—o0

x (2mve) ¢~ 1€h(Pn; qn)

x e~ (1/206)[(Par1 = Pu)® + (@1 = @)1y [T dp,, da,

_ e%yT/eif[pdq - h<p’ q)dt] dMW(pa q) s

with the stochastic integral [pdg understood as a Stratonovich integral (see
Sec. 4.2.7).

To complete the story, we recall a theorem of Chernoff [Che68] which
asserts that

lim e~ sVT(A=1) —iTh _ py e~ T(PohPo)
leading to
1 1) — 4
VILH;O(P”§ q//‘ e 2I/T(A 1) iTh |p/; q/)
— (o, q" | Bo e TP Po) by 1y )
= (120", q" e T T )
where

HEPohPQ.

It then follows that
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®"d" "', q) = 277/(p”;q"|Polp;Q)h(p, q) (i a[Polp’s ') dpda ,

or stated otherwise, that

", qd"|"Hlp',q") = / (".q"|p,q) h(p,q) (p.alp’q’) dpdq/2m .

Finally, as announced, this relation implies that

H(P,Q) = /h(p, Q) Ip,q)(p, ql du(p, q) -

As examples of Hamiltonian operators that are covered by this construc-
tion we mention arbitrary, Hermitian, lower bounded polynomials such as

H= Enl\;l’nN:O Cm.,n [Pm Qn + anm] )

for real coefficients {¢,, ,,} (such that H > —C'1), and finite values for M and
N.

This concludes our discussion of continuous time, Wiener measure regu-
larization of phase space path integrals for single particle canonical systems.

8.1.3 Multivariable Wiener measure regularization of path
integrals

As an alternative to the definition of multivariable path integrals by a tem-
poral lattice regularization followed by a continuum limit after the integrals
have been performed, we revisit the Wiener measure regularization scheme
discussed above for a single variable path integral. In a formal sense, one
wants to take the expression

M/e(i/h)f[p ~4—h(p,q)]dt DpDq ,

interpreted to apply for L degrees of freedom, and insert the formal Wiener
measure regularization factors to yield

K@p",q",T;p'.4',0)
— lim M [ @/ [lp-d—hp.g)]dt ,—(1/2v)[[p* + ¢*)dt pyp,

V—00

appropriate again to L degrees of freedom. Greater clarification is offered if
we note that the preceding equation may be written precisely as

K@, ¢".T;p'.q,0)
= lim (2rh)L LVT/20 / c(@/1) [P+ dg = h(p. Q)] g, g)

V—00

)
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where ¥, (p, ¢) is a Wiener measure on a 2L-dimensional Euclidean (flat)
space expressed in Cartesian coordinates and pinned so that p(T),q(T) =
p”,q" and p(0),¢(0) = p', ¢’. Additionally, the integral [p-dg—where the “-”
here denotes a scalar product of two vectors (and not the Ité6 product)—is
defined as a lattice limit given by

. N
fp' dg = J\}E»noo Zn:o%(pnﬂ +pn) : (anrl - qn) )

which is the Stratonovich interpretation of this stochastic integral. Just as
was the case for a single degree of freedom, this procedure automatically
leads to a canonical coherent state representation for the propagator in terms
of states |p,q) for L degrees of freedom where the fiducial vector satisfies
(Q'+1iP;) |0) = 0 for each degree of freedom, 1 < [ < L. Finally, the quantum
Hamiltonian associated with this construction is given by

H= /h(p, a) p, @) (p, al TI/, dpy dd' /27 .

8.2 Continuous-Time Regularization of Spin Variable
Path Integrals

In Sec. 7.4.2 we introduced the coherent state phase space path integral for
spin degrees of freedom. We now wish to demonstrate that this form of path
integral can also be regularized by a Wiener measure much as was the case for
the canonical degrees of freedom. To start that procedure, it is pedagogically
useful to learn how spin coherent states give rise to a metric on the spin
variable version of phase space.

The spin coherent states, introduced in Sec. 7.4.1, were defined (for i = 1)
as

6.¢) = e 190531052 )

where 6, ¢ may be interpreted as standard angular variables on the surface
of a sphere. Following the prescription by which the set of canonical coherent
states gave rise to a metric on phase space, we introduce the quantity

do(0,¢)* = 2[[|d|8, o) [|* — (0, 8| d|6, 6)[*] ,
which leads directly to the expression
do(0,¢)* = s[d6? + sin(h)?dp?] ,

which we recognize is exactly the metric for the surface of a sphere of radius
r = 4/s. In other words, the geometry associated with the spin coherent states
is the natural one associated with the rotation group, namely, the surface of
a sphere, a surface of constant positive curvature! In different coordinates for
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the coherent states, the form of the metric would change, but it would still
refer to a surface of constant positive curvature, and more particularly, the
surface of a sphere of the same radius.

Consequently, when it comes to taking the formal phase space path integral
for spin variables given by

M /ei [[scos(0)d — h(6, ¢)] dt [1, sin(6) do do ,

and introducing a Wiener measure regularization, it is natural that we propose
K(0",¢".T:0',¢',0)
— im Mm [ S8 cos(0) ¢ — h(, p)] dt e—(s/2u)f[92 + sin(0)2 2] dt

V—00

x [ sin(6) df dg ,

an expression that introduces Brownian motion paths on the surface of a
sphere, namely, paths that are continuous but nowhere differentiable, just as
those on flat space. This fact implies that the former expression is still formal,
but using the fact that there is a bona fide Wiener measure on the surface of
a sphere with diffusion constant v, permits us to give a precise formulation of
the proposed Wiener measure regularization as

K(9",¢",T:0',¢,0)

. (23447: - T/2 / oi [ [ cos(0)de — h(6, ¢)dt] (6, 8) .

In this expression, the integral
J cos(6)dé = lim &lcos(Br.1) + cos(6)] (4141 — 1)

is interpreted as a Stratonovich stochastic integral. The normalization for the
Wiener measure is sufficiently complicated that we send the reader to the
literature [DKS85].

Just as in the canonical case, it is noteworthy that this very form of Wiener
measure regularization automatically leads to a spin coherent state represen-
tation,

K(0",¢",750',¢/,0) = (6”6 T )0 o) .
where

16, ) = e 958 1052 1)

defined just as before, and

H(S) = %/h(e,@w,@(e,@ sin(6) df do .
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In turn, this rigorous construction involving continuous paths for all finite v
values works for all Hermitian Hamiltonians for spin s since, on this (2s +
1)-dimensional Hilbert space, all Hermitian operators are automatically self-
adjoint.

Although we have carried out the entire discussion for the spin phase
space path integral in terms of spherical angles there is some value in also
presenting the main ingredients in another coordinate system. In particular,
let us introduce

p=+/5cos(h), G=Vso;

we observe that the range of p is such that —/s < p < /s and for ¢, recog-
nizing that it is a periodic angle variable, we choose the range for ¢ so that
—V/sm < q < /s7. In terms of these variables, the basic measure s sin(6)df d¢o
becomes dp dq. In the new variables, the metric becomes

s[d6” +sin(6)2de?] = [L — (p?/s)] " dp® + [1 — (p2/s)] de? ,

which leads to the formal, Wiener measure regularized, phase space path
integral given by

M / Giflpd = hip,q)]dt ,—(1/20) [{[1 — (p?/s)] 715 + [1 — (p?/s)] 4%} dt
xDpDq ,

where, once again, the range of the integration variables is p € [—/s, 1/s] and
q € (—+/sm,/sw|. Properly interpreted, this expression has exactly the same
status as the previous form expressed in terms of 4, ¢.

Moreover, the formulation in terms of p and ¢ makes evident quite another
feature of the spin coherent state phase space path integral, namely, that in
the limit s — oo, the spin coherent state path integral passes smoothly to
the canonical coherent state phase space path integral! Indeed, if we let the
Hamiltonian symbol vanish altogether, then the result of such a path integral
is nothing but the coherent state overlap, and we observe that

lim [cos(40") cos(560/) /2"~ 9) 1 sin(10") sin(40') 13 (¢" ~ &)
— exp{i%(p” _|_p/)(q// o q/) o i[(p// _p/)2 + (q// o q/)2]} ,

as required, which is a good exercise for the reader to verify.

8.3 Continuous-Time Regularization of Affine Variable
Path Integrals

In this section we are going to extend the Wiener measure regularization
scheme to affine coherent state path integrals. However, it is first necessary to
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determine what metric is given to phase space by the affine coherent states.
Recall that the affine coherent states are based on the two generators of the
affine Lie algebra, namely, D and @ > 0, which satisfy (with & = 1) the
relation [@Q, D] = iQ. The coherent states are defined by

p,g) = ¢PL eI (DD Py

where —o0 < p < 00, 0 < ¢ < 00, and |n) is a normalized fiducial vector that
satisfies

[Q - 1+i7' D) =0,

where 5 > % As we have already seen in Sec. 7.5, the one form induced by
such states is i(p, ¢|d|p, ¢) = —qdp, and it is an easy exercise to show that the
metric on phase space induced by the affine coherent states is given by

do(p,q)* = 2[||dlp,q) |* — |{p, ald|p. q)|]
=B ¢ dp® + Bq % dg’

which is a small modification of the standard Poincaré form for the metric
of a Lobachevsky plane, i.e., a two-dimensional space of constant negative
curvature.

Incorporating a change in the time derivative term, we start with the
formal phase space path integral

M/eif[—qp— hp,9)]dt p,pg |

which looks much like the starting point for the formal canonical phase space
path integral, save for the fact that we now insist that ¢ > 0 at all times. To
handle such a restriction, we insert a Wiener measure regularization which
is well adapted to the ¢ > 0 requirement by having complete geodesics, and
which takes the form

K(p",q" . T;p',q',0) = lim M
xet/[=ap = hp, @)l dt ,~(1/20) [ (5~ ¢*P* + Ba ] dt p)py

In turn, this integral can rigorously be described in terms of a Wiener measure
for Brownian motion paths on a surface of constant negative curvature, and
thus leads to a precise formulation given by

K@p",q",T:p',q',0) = lim 6VT/2/ i [=adp = h(p: )] gyt (p,q) .

where p/ is a pinned measure on paths such that (p”,¢"”) = (p(T'),¢(T)), and
(»',q¢") = (p(0),¢(0)), the integral of which is rather complicated and again
we send the reader to the literature [DKP].
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In the present case, the very act of inserting the (constant negative curva-
ture) Wiener measure regularizing factor also dictates: (i) that the propagator
is automatically given in an affine coherent state representation; (ii) that the
affine coherent states themselves are (up to unitary equivalence) given by

[p.g) = P QDD
(iii) that D and @ > 0 satisfy [Q, D] = iQ; and (iv) that |n) corresponds
to the fiducial vector chosen earlier. Finally, we observe that the connection

between the symbol h(p, ¢) and the Hamiltonian operator H is automatically
given by

H(D,Q) = /h(p, q) |p, )P, gl dpa(p, q) -

In brief, everything that is needed to fully characterize the quantum theory
in the case of affine variables is a direct consequence of the chosen form of the
Wiener measure regularization!

8.4 Quantization as Geometry

The attentive reader will have observed that in the preceding three sections
of this chapter we have started with a formal phase space path integral and
by introducing three fundamentally different forms of Wiener measure regu-
larization we have been led to rigorous path integral constructions for three
fundamentally different kinematical sets of quantum variables. Specifically,
regularization involving: (i) Brownian motion paths on a flat two-dimensional
space leads to a quantum theory in which the basic variables are the Heisen-
berg variables P and @ for which [@, P] = ihl; (ii) Brownian motion paths
on a sphere (of an appropriate radius) corresponding to a constant positive
curvature two-dimensional space leads to a quantum theory in which the basic
variables are the spin variables S1, So, and S for which [S;, Sk] = the;r Si;
and (iii) Brownian motion paths on a Lobachevsky plane, a constant negative
curvature two-dimensional space leads to a quantum theory in which the ba-
sic variables are the affine variables D and @ > 0 for which [@, D] = ihQ.
In brief, the geometry of the space that carries the Wiener measure reqular-
ization has explicitly determined the choice of the kinematical variables of
quantization! Not only does the introduction of a mathematically necessary
form of regularization render the mathematical formulation precise, but the
very same regularization factor—depending on the geometry of the associated
phase space—has uniquely determined the choice, among several inequivalent
choices, of the basic kinematical variables relevant to the quantization itself!
This delightful result elevates the very process of quantization to the level
of pure geometry! A discussion of how this picture can be presented in a truly
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geometric form without coordinates is given in [Kla88]. An elegant coordinate-
free discussion, strongly featuring the probabilistic aspects of the problem, has
been given by Bodmann [Bod03], which also contains many related references.

Kook okook okok sk ok sk ok sk ok skokkokok >k

The favorable and geometric outcome discussed above immediately raises
the question about what might be the quantum consequences of yet another
choice for the geometry of the Wiener measure regularization. It is of course
perfectly acceptable mathematically to consider other geometries to support
the Brownian motion paths, and one example could be the surface of a non-
spherical ellipse, or a crumply, corrugated sheet, etc. In general, if one takes a
two-dimensional surface of reduced symmetry—unlike our three favored sur-
faces of constant curvature—and sets the Hamiltonian symbol to zero, the
resultant kernel in the limit of diverging diffusion constant is a reproducing
kernel for a one-dimensional Hilbert space! Mathematically, that may be in-
teresting, but it is highly unlikely to be interesting from a physical point of
view. Further investigation [Mar92, AKL] shows that there is a way around
the outcome of a one-dimensional Hilbert space, but there is a price to be
paid. In each of the three cases of constant curvature, there was a prefactor
of the form (with i =1)

euT[%] 7
which, in the physical analog of the quantum Hall effect, arises from the zero-
point energy in the Landau Hamiltonian. When the geometry is no longer
of the constant curvature variety, there indeed is a zero-point energy to be
subtracted, but the value of that zero-point energy depends on the location in
phase space. In other words, the zero-point energy becomes position dependent,
and as a consequence the corresponding factor, crudely speaking, becomes

S 31w, a(t) dt

and therefore this factor must stand inside the path integral rather than out-
side. This change restores the reproducing kernel Hilbert space to a proper
dimension, but the price to be paid is that the heuristic weighting of each
of the phase space paths is no longer uniform, and this property conflicts
with the traditional and physically appealing view of path integrals as having
uniform weighting for all paths.

For several degrees of freedom, appropriate to higher-dimensional phase
space manifolds, the favored geometries need only possess a constant scalar
curvature in order for them to have a uniform weighting of each phase space
path in the Wiener measure regularized phase space path integral [WKO02].
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Exercises

8-1 Given the expression
@UW,q k) = @' P Q)
= (& = g|a)el?'"
=6’ — ¢ —2) P,
show that
Te(Ulp,q'Ulp',q']) = 27 8(p — ') 6(g — ') -
8-2 From the definition of the spin coherent states (with i = 1),
16, ¢) = e~ 19S5 ,—i0.5; Is;s)
where S3|s;s) = s|s; s), show that

do(0,¢)* = 2[||d|0, §)|I* — (6, ¢|d|f, §)[*] = s[d0? + sin(6)? dg] .

8-3 For p = /s cos() and ¢ = \/s¢, with 0 < 0 < 7 and —7 < ¢ < 7, show
(for h =1) that

Jim [cos(46”) cos(6) €2 (9" = ) 1 sin(L0") sin(307) e 720" — &) s
=exp{iz(” +0)(¢" —¢)— 1" =)+ (" — )]}

8-4 In terms of the affine coherent states |p, q) = eP@e~? In(q) D In) (with
h = 1) show that

do(p.q)® =2[||dlp,q)|I> — |{p, qldlp, ¢)|*]
=B""'¢*dp® + Bq % dg®

based on the fact that

[Q—1+4i3"'D]n)=0.

8-5 Repeat Exercises 8-2 and 8-4 where the fiducial vectors in each case are
now allowed to be general vectors |n). Determine the corresponding metrics
do? for each case. Determine the curvature of the associated phase spaces in
each case.
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Classical and Quantum Constraints

9.1 Classical Systems with Constraints

Many systems involve constraints that generally lead to dynamical motion
that is constrained in one way or another. For example, three-dimensional dy-
namical motion that is constrained to lie on a fixed two-dimensional surface,
e.g., motion effectively lying on the surface of the Earth, would constitute
constrained motion. Oftentimes, constraints are accompanied by superfluous
degrees of freedom, variables whose values are not determined by the equa-
tions of motion but whose values must be chosen to fully determine the tem-
poral evolution of the remaining variables. Such variables whose values are
left undetermined by the equations of motion are called “gauge” variables;
and the somewhat arbitrary choice of such variables to fix the behavior of all
the variables is called “choosing a gauge.”

A few, very simple but nontrivial examples can help illuminate the con-
cepts described above, as well as illustrate their formulation. As the first
example, suppose we choose the classical action

T
[:/ [pq — $p*]dt
0

subject to the constraint that ¢ = 0. Varying the action leads to

T T
1= [ [=ldadt+ [ (a-plipdi =0,

0 0
assuming the end points are held fixed as needed. One is tempted to conclude
that

however, the derivation of the last equation of motion violates our requirement
that ¢ = 0 and thus ¢ cannot vary. If ¢ cannot vary, the action collapses to

J.R. Klauder, 4 Modern Approach to Functional Integration, Applied and Numerical 175
Harmonic Analysis, DOI 10.1007/978-0-8176-4791-9 9,
© Springer Science+Business Media, LLC 2011



176 9 Classical and Quantum Constraints

T
I:—%/ p?dt,
0

T
5[2—/ popdt =0.
0

with variation

This requires that p = 0, and along with the constraint leads to

p(t)=0.  q(t)=0

as the solution.

A somewhat more systematic way to deal with constraints is to use La-
grange multipliers where necessary. In particular, for the case at hand, we
augment our action to read

IZ/[p(J—%pZ—Aq]dt,

which includes an auxiliary variable A = A(t), called the Lagrange multiplier
variable, which multiplies the constraint function ¢ = ¢(p, q), which in our
case is just ¢ = ¢q. Now we vary p, ¢, and A freely to deduce that

51:/[d—p]5pdt—/[p+A]5th—/q5Adt:0,

again with suitable end points held fixed. Thus our equations of motion be-
come

These equations have as their solution

In this case ¢ = p = A = 0, and thus the equations of motion have determined
the value of the Lagrange multiplier. We will revisit this example later.

As a second example, we choose the same original action but now say that
p =1 (instead of ¢ = 0). The relevant classical action is now

T
I=/ [pq — ip*]dt,
0

subject to the constraint that p = 1. Imposing the constraint leads to the

action
T
0
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which has the variation
51 =dq|y =0,
from which no equation of motion results. The solution is thus given by
p(t)=1, q(t) = arbitrary save for the boundary conditions .

With the Lagrange multiplier, the relevant classical action is

I=/[p'—%p2—k(p—1)]dt~
The equations of motion that arise for this example are
Gg—p—A=0, p=0, p=1.

The solution to these equations is

p(t) =1, q(t) =t +/0 A(s)ds + q(0) , A(t) = arbitrary ;

in short, p is fixed while ¢ can be anything that agrees with the boundary data.
To derive these equations of motion, we have assumed variations that left ¢(0)
and ¢(T) fixed. But that leaves much room for ambiguity. In particular, A(¢)
can be chosen so that ¢(t) = ¢(0)(1 — ¢/T) + q(T)(t/T), or q(t) = q(0)(1 —
t/T)? + q(T)(t/T)* + A(t) sin(t) sin(t — T), etc. This arbitrariness is a prime
example of an unphysical degree of freedom, i.e., a gauge degree of freedom.
To determine any answer (as in our two examples) some choice for A\(t)—some
choice of “gauge”—must be made. The fact that the answer depends on A,
and thus can be changed, renders such a variable a gauge variable, i.e., as
being unphysical.

9.1.1 General classical construction

With the few examples offered above as appetizers, we now proceed to the full
story regarding classical systems with constraints. Before the constraints are
imposed the full phase space is called M; after the constraints are enforced
the reduced phase space is called the constraint hypersurface C. For a system
with L canonical degrees of freedom, {p;,¢'}£_ |, A constraints, {¢a(p,q)}a_1,
and a basic Hamiltonian, H(p, ¢), we adopt the classical action

1= /[ml CHpq) — N bu(p.q)] dt .

We assume that the set of constraints is “complete” in a manner that will be
clarified below. Assuming the proper variables are held fixed at the initial and
final times leads to the equations of motion



178 9 Classical and Quantum Constraints

¢" = 0H/0p, + \*Dbu/Op1
P =—0H/0q" — \*06a/0q"
¢a(pa Q) =0.

In terms of Poisson brackets, these equations read

¢ ={d" H}+ X {¢", ¢a} .
o= {p;, H} + X* {01, ¢a } ,
ba(p,q) =0,

where as usual

with summation over the repeated index [ understood. Using the equations
of motion above, we can find the time derivative of any phase space function

A(p,q) as

Ap,q) = {AWp,q), H(p,q)} + X*{A(p, 0), ¢a(p, )} = {A(p, q), Hr(p. q)} ,

based on the so-called total Hamiltonian

Hr(p,q) = H(p,q) + A" da(p,q) .

The constraint functions vanish and must do so for all time. Thus

ba(p: @) = {6a(p, @), Hp, Q) } + N {¢a(p, ), 65(p.q)} = 0.

This equation is of fundamental importance, and it can be satisfied in two
significantly different fashions.

First, we assume that the Poisson bracket between any two constraints
vanishes on the constraint hypersurface C. As a consequence, such a Poisson
bracket may be written in the form

{ba(p.a), 08P, @)} = Co 5 (0, @) D+(p, @) »

which vanishes on C because the constraints do. The coefficients C', ﬁ'y (p,q)—
which are forbidden from being such as to cancel the zero of the constraint
on C—have the superficial appearance of structure constants for a Lie algebra
(see Sec. 5.3.1). If the coefficients C, ;' are constants, i.e., independent of
p and ¢, then they are called structure constants; if those coeflicients are
not constants, then they are called structure functions. If the second bracket
{¢a, ¢35} vanishes by itself, then it must follow that the first bracket also
vanishes by itself, or in other words,

{¢a(p;q), H(p,a)} = hy" (P, @) 6+ (P, )
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which is a form that vanishes on C. [Remark: If the first bracket does not
vanish on C when the second one does, then we have an additional constraint,
implying that the original set of constraints was not complete; by assuming
the original set is complete, we tacitly assume that the first bracket vanishes
on C whenever the second bracket does.] Constraints of the kind discussed in
this paragraph are called first-class constraints; indeed, they are called closed
first-class constraints if one deals with structure constants, and they are called
open first-class constraints if one deals with structure functions. For first-class
constraints, the Lagrange multiplier functions A, are not determined by the
equations of motion; they remain freely specifiable and thereby lead to gauge-
dependent quantities which are unphysical variables. Stated otherwise, once
a first-class constraint system is put onto the constraint hypersurface, the
dynamics are such that it remains on that surface whatever choice is made
for the Lagrange multipliers. At the beginning of the dynamical evolution,
the relation among the variables that restricts the system to the constraint
hypersurface is known as the initial value equation.

Second, we assume that neither of the two brackets that arise in the equa-
tion éa(p, q) = 0 vanishes separately. Rather, to take the extreme case, we
assume that the elements

Anp = {ba(p,q), d5(p, )}

form a matrix A for which det[A] # 0 on C, and therefore A has an inverse
matrix A on C with matrix elements A%# defined so that

ANa’ﬁAﬂw =03 .
In that case, to satisfy the requirement that ¢, (p,q) = 0, it is necessary that

X" = =A% {65(p,q), H(p,q)} -

In this way the Lagrange multipliers are fully determined by the equations of
motion—they provide necessary forces to ensure that the system stays on the
constraint hypersurface once it has been put there. Those forces may be zero,
but they are not arbitrary as they were for the case of first-class constraints.
This new situation where the Lagrange multipliers are fixed occurs when the
constraints are second-class constraints. This concludes the general discussion
of the two principal ways in which the constraint equations can be maintained
for all time.

Of course, there are intermediate situations when some of the constraints
are first class and the others are second class. That situation arises when the
matrix

A= {Aa’ﬁ}

is not of full rank; in that case only some of the Lagrange multipliers are
determined while the rest of them remain free. It may be noted that the first
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example of a constraint, ¢ = 0 for the free particle, was in effect a second-
class constraint since the Lagrange multiplier was fixed; the second example,
p = 1 for the free particle, was a first-class constraint. Moreover, in light of
our general discussion, the original treatment of the first example was in a
sense incomplete. If we assert that our constraint hypersurface is ¢ = 0 as
originally assumed, then

i={¢.H} +Ma, ¢} ={a. 3p*} =p,

which implies that p = 0 is actually a secondary constraint that should have
been included along with ¢ = 0. With that modification, the new form of the
classical action is

I:/[p'—%p2—>\1q—)\2p}dt,

including two Lagrange multipliers and both constraints. The equations of
motion become

q.:p+A27 p:_)\lv q:07 p:07

and the solutions to these equations are

The result of this analysis coincides with the former answer. However, this
latter form of the problem respects the full set of constraints and stresses its
second-class nature since the Poisson bracket among the constraints, specif-
ically {q,p} = 1, does not vanish on the constraint hypersurface—in fact, it
doesn’t vanish anywhere.

9.1.2 Anomalous constraint situations

The general analysis given above covers many cases, but there are certain
situations among them that could potentially cause difficulties when it comes
to quantizing such systems.

Reducible constraints: The first of the potential difficulties is when the set
of constraints involves linear dependencies, namely, when

c® ¢(X(pa Q) =0

does mot imply that the coefficients ¢® all vanish. If that is the case, one
says that the set of constraints is reducible. A simple example would be two
identical constraints, ¢1(p, q) = ¢2(p, ¢). This situation may seem unlikely, but
linear dependence over subsets of phase space may possibly lead to trouble as
well. For example, consider the two constraints
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b1 =q1, bo=q+as(p5+a —c) .

These two constraints are linearly independent save on the subset where
p2 + q3 = c. This region amounts to a set of measure zero in the classical
phase space. However, the quantum operator P + Q3 — ¢ has a discrete spec-
trum, and therefore, for the right choice of ¢, this factor may vanish on a
nonzero subspace of the Hilbert space, which would then lead to a reducible
constraint situation in that nonzero subspace of the Hilbert space. We will
discuss further examples of reducible constraints when we take up the issue
of the quantization of constrained systems.

Irreqular constraints. The second of the potential difficulties arises when
the constraints vanish to higher order. Implicitly, we have focused on regular
constraints for which although ¢, (p,q) = 0 for all @ on the constraint hy-
persurface C, we have assumed that 0, (p, q)/Ip; # 0 and 9¢,(p, q)/0q" # 0
for all o and [, and throughout C. For irregular constraints this condition is
violated. To see what happens, let us consider the two examples of the early
part of this chapter taken as irregular constraints. Thus we consider

IZ/[p'—%pQ]dt,

where now our constraint is ¢; = ¢ = 0 rather than ¢ = 0. The equation of
motion that follows is ¢ = p, which thus leads to the solutions p(t) = 0 and
q(t) = 0, just as in the regular case. Now let us repeat the problem using the
Lagrange multiplier and the irregular form of the constraint. Thus

I:/[pdf%pr‘?kqg}dh
which leads to the equations of motion
i=p, p=-3\", ¢=0.
In this case, the solution becomes
p(t) =0, q(t)=0, A(t) = arbitrary ,

which effectively has reproduced the same solutions for the phase space vari-
ables p and ¢, but has given a very different answer for the Lagrange multiplier.
Again, p = 0 should be interpreted as a secondary constraint, and so we are
also led to consider the classical action

I= /[Pq— 1p% — Xig® — Napldt,

which leads to the equations of motion given by

i=p+X, p=-3M¢, ¢=0, p=0.
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The solution to these equations becomes
p(t) =0, q(t)=0, A1 (t) = arbitrary , Aa(t) =0.

Again, the solutions for the phase space variables p and ¢ are the same as

before, but the Lagrange multipliers are not the same. On the face of it, the

difference seems not to be so great; perhaps that difference can be bridged.
Consider the two formulations of the problem, namely,

I:/[P'—%Pz—Alq—)\zp]dt»
IZ/[pd—%pz— 1¢® = Xopldt .

To pass from one form to another it seems only necessary to let A\; = A} ¢2, or,
equivalently, \j = A\; ¢~2. But in view of the very constraint being considered,
it is fair to ask if \j = A\;¢~? is a proper transformation, i.e., an allowed
transformation. If this is considered to be an allowed transformation, why not
allow the transformation A’ = X\ ¢~3(q — 1); this would then take us from

I= /[qu ip? — N dt
to
1= [lpi= 49 =¥~ D]at.

which completely changes the intent of the original constraint. Thus, we are
forced to conclude that a transformation of the Lagrange multiplier that
changes the nature of the original constraint is not allowed.

Let us reexamine the second elementary example from the start of this
chapter but now with an irregular constraint. In particular, we consider

I:/[p'—%ﬁ—/\(p—l)?’]dt,

which is the previous example save for the fact that the constraint has been
changed from p — 1 =0 to (p — 1)® = 0. In this case the equations of motion
read

g=p-3\(p-17°, p=0, (p—1)>=0.
The solutions to these equations are then
p(t)=1, q(t) =t +q(0) , A(t) = arbitrary .

In this case the variable ¢ is not gauge dependent and thus is an observable,
which is unlike the case when the constraint was p — 1 = 0; additionally, the
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solution requires that ¢(T') = T + ¢(0) to satisfy the prescribed boundary
conditions. Thus the “price” to be paid to have ¢ raised to the level of an
observable, is that only one boundary condition [say ¢(0)] can be freely speci-
fied. These aspects are part of the nature of the given irregular constraint. Of
course, one can envisage a transformation that takes one from

1= [lpi- 4 - X (- 1))
to
IZ/[p'—%pQ—A(p—l)]dt,

simply by setting \’ = A(p —1)~2. But in light of the previous discussion this
transformation must be regarded as unallowed; otherwise we could change the
constraint to anything else simply by setting ' = A’ ¢(p, q)/(p — 1)3.

Before turning to a general analysis of classical constraints, we consider
the example

I= /[m— Aq(2 —q)*]dt
which leads to the equations of motion
§=0, p=-22-9°+3x2-9?%, 92-9°=0.

The solution to this set of equations is

q(t) =0, p(t) =p(0) — 8/0 A(s)ds , A(t) = arbitrary ;
qt) =2, p(t) =p(0), A(t) = arbitrary .

Thus there are two possible acceptable solutions: For ¢ = 0, it follows that p
is a gauge variable; for ¢ = 2, it follows that p is not a gauge variable.

With regard to a general discussion about constraints, in which the total
Hamiltonian is taken as

Hr(p,q) = H(p,q) + X" ¢a(p,q) ,

we are also forced to exclude transformations of the form

A% = X"Ya(p,q)/¢alp,q)  (NO summation) ,

which have the effect of exchanging one set of constraints {¢.(p,q)} for an-
other set of constraints {¥,,(p, ¢)}; to permit such transformations would strip
any particular set of constraints of its significance. We also interpret this limi-
tation to exclude any and all transformations that would change the (ir)regular
character of any constraint.
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Of course, there are many transformations of Lagrange multipliers that are
allowed, namely, those that do not change the basic character of the original
set of constraints in any way. By such transformations we have in mind those
of the form

A = NWa(p,q) (NO summation) ,

where the smooth functions W, (p, ¢) do not vanish or diverge on the constraint
hypersurface C defined as the subset for which ¢,(p,q) = 0 for all a. Such
transformations do not have the effect of changing the basic set of constraints
as originally given, nor of changing the (ir)regular character of any of the
constraints.

Although our examples of irregular constraints have mostly been very el-
ementary, that need not always be the case. For example, our discussion also
covers an example such as

I= /{Pl q1+p2d2 — Api(p1 — 1) (p1 — 3)° — q2(q2 — 1)*(q2 — 2)*] } dt

in which various regular and irregular constraint situations arise.

To briefly summarize our discussion of classical constraints, it is important
to understand not only the basic irreducible and regular cases, but it is poten-
tially important to be aware of reducible and/or irregular sets of constraints
as well. These situations may well arise when one considers quantizing a sys-
tem with constraints, and it will be important to work with a quantization
procedure that can deal with all possible forms of constraint situations.

9.2 Quantum Theory of Constrained Systems

There are a number of different schemes used to quantize classical systems
with constraints. It is not our goal to discuss all such schemes, but rather
to focus on one scheme—the so-called projection operator method—that can
be first analyzed from an abstract operator viewpoint and second cast into a
path integral formulation, which is the principal subject of this monograph.
Alternative quantization schemes may or may not agree with each other or
with the scheme we shall emphasize. In addition, some of the alternative
schemes lack the generality that the projection operator method enjoys.

As emphasized before, the canonical quantization of any system should
be carried out in special coordinates, namely, Cartesian coordinates, and for
that to be possible one must assume that the original phase space is Euclid-
ean and thus admits global Cartesian coordinates. At the very least we must
make that assumption about our system before any quantization or reduc-
tion is attempted. However, it stands to reason that if the original phase
space M was Euclidean before any constraints have been imposed, there is a
good chance that the constraint hypersurface C—the subset of phase space on
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which the constraints are satisfied—is no longer Euclidean and therefore can-
not admit global Cartesian coordinates. This situation suggests, as Dirac has
emphasized, that one should always quantize first and reduce second. Other
schemes that reduce first and quantize second run the serious risk of not hav-
ing a Euclidean reduced phase space so that quantization thereafter becomes
highly ambiguous. Both schemes provide answers, but the answers may well
differ from one another. Despite these facts, there are some workers who claim
that quantization and reduction are commuting operations; if that is true it
is because the systems under discussion have been purposely self-limited to
achieve that outcome. Elsewhere we have offered a very simple example of a
system that leads to different answers depending on whether one quantizes
first or reduces first, demonstrating clearly that these two procedures generally
do not commute [Kla01].

9.2.1 Dirac’s procedure for quantization of systems with
constraints

Let us start with a general classical system for L phase space degrees of
freedom, (p,q) = {pi,¢'}~,, a basic Hamiltonian H(p,q), and A classical
constraints, {¢a(p, ¢)}71_,. As the classical action in this case we again choose

1= /[plq'l CHpq) — A dalp.q)] dt,

including A different Lagrange multipliers A®.

Dirac [Dir64] has proposed that the quantization of this system pro-
ceed by first promoting the Cartesian phase space variables to canonical
operators, p; — P, ¢¢ — @', subject to the canonical commutation rela-
tions [Q', P,,,] = ihdl,. These operators are realized in the original or kine-
matic Hilbert space §). Next the Hamiltonian H(p, ¢) is promoted to a self-
adjoint operator H(P, @), and likewise for the several constraint functions,
Da(p,q) — Po(P,Q). All of these exist as self-adjoint operators on $). That
completes the quantization part of the story; now we take up the reduction
part.

Dirac proposes that we define vectors [¢)pnys in the physical Hilbert space
Hphyss [U)phys € Nphys C H by the condition that, for all «,

@a(P7 Q) |w>phys =0.

It is clear that if two such vectors satisfy this equation, so too does any linear
combination of them. Thus they clearly form a linear subspace of the original
Hilbert space. There are two potential complications with this prescription:
(1) one or more of the constraint operators may have the spectral value zero in
their continuous spectrum; thus, the “eigenvectors” above would have infinite
norm and strictly speaking they would not be vectors in the Hilbert space at
all; (2) consistency of the given condition requires that
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[QSQ(P7 Q)’ QSB(Pv Q)] ‘w>l)hys =0

for all «, 8 pairs. This condition suggests we consider cases where the con-
straint operators @, form the generators of a Lie algebra, in which case

[P (P, Q),@ﬂ(P, Q)] = icaﬂ’ygpv(Pv Q)

where the coeflicients C, [;Y are the structure constants. Thus for constraints
that compose the generators of a compact Lie group, the conditions are well
fulfilled since the compact group requirement ensures that the spectrum of
the generators is purely discrete and includes zero. Systems for which the
constraints are generators of a noncompact Lie group satisfy condition (2),
but they may not have normalizable eigenvectors, thus requiring special tech-
niques. Systems whose constraints are not the generators of a Lie algebra will
typically fail to satisfy the Dirac conditions. Special exceptions can be found
as follows. Suppose, instead of the constraints satisfying the properties of a
Lie algebra, they instead satisfy the commutation relation

[éa(Pa Q)aéﬁ(P’ Q)] = Z'CaﬁfY(Pv Q) QS’Y(Pa Q) 5

involving this time structure functions as opposed to structure constants. Note
further that the operators on the right side stand so that the constraint op-
erator lies to the right of the structure functions; if this situation holds, then
the constraints satisfy condition (2) of Dirac.

As examples of the last two topics, we first recall the three well-known
rotation generators (summation understood)

Ji(P,Q) = € [Qr P — Qi Py ,
which fulfill the Lie algebra for SO(3),
[J;(P,Q), Je(P, Q)] = icju JiI(P, Q) ,
and thus fulfill condition (2). Second, consider the operator
R(P,Q) =1+ (P + Q1) + (P5 + Q3) + (P + Q3) -

Due to rotational invariance of R, it follows that

[R(P,Q), J;(P,Q)] =0
for all j. Therefore, if we introduce

T;(P,Q) = 5[R(P,Q) J;(P.Q) + J;(P,Q)R(P,Q)] = R(P,Q) J;(P,Q) ,

it follows that

[Tj(PvQ)ka(Pa Q)] = iejklR(Pv Q)Tl(Pa Q) )
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which still satisfies condition (2) even though the T; do not generate a Lie
algebra.
It is noteworthy that if we define

S(P.Q) =1+ (P! +Q1) + V2(PF +@Q3) + V3(P{ +Q3) ,
and then [in place of T};(P, Q)] introduce
U;(P,Q) = 5[S(P,Q) J;(P,Q) + J;(P,Q)S(P,Q)]

it follows that the operators U; will not satisfy condition (2) of Dirac because
the rotational symmetry enjoyed by R is no longer respected by S. This latter
example is one for which the procedure of Dirac does not work and alterna-
tive methods are called for. It is an example of a system with an anomaly,
namely, one for which the open first-class set of classical constraints become
partially second-class when quantized. Such systems, along with straightfor-
ward second-class constraints, are among those that cannot be treated by the
Dirac procedure.

An example of a straightforward second-class example would be the clas-
sical constraints ¢; = p and ¢ = ¢ for a single degree of freedom. As noted
before, the Poisson bracket of the two constraints {p, ¢} = —1 fails to vanish on
the constraint hypersurface p = ¢ = 0, which is the hallmark of a second-class
constraint. Classically, the nonvanishing of the constraint Poisson bracket is
not serious. The real difficulty lies after quantization, which requires that

P|1/1>phys =0, QW’>phys =0,

two relations which imply that

[P, Q] |1/J>phys = _ih|w>phys =0,

namely, that |¢)pnys = 0 itself, i.e., the physical Hilbert space is empty. This
is not entirely a satisfactory result.

To handle such situations, Dirac proposed that second-class constraint
variables should be eliminated classically before quantization. This can be
done either directly or by using so-called Dirac brackets, a procedure that
does not require actually solving for the constraint variables that need to be
eliminated. In either case, these procedures raise the potential difficulty that
the remaining classical variables to be quantized may not admit Cartesian
coordinates, in which case the procedure Dirac advocates could very well
yield an incorrect result.

9.3 The Projection Operator Method

The set of general classical constraint functions, namely, {¢q(p,q)}4_; = 0,
can be recast as a single classical constraint simply by considering
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Zg:l(ba(p) Q)2 = O ’

which to be true requires that every separate element must vanish. Likewise,
the Dirac condition on the quantum constraints, namely, that

Qsa(Pa Q) |'¢)>phys =0

for all a, 1 < a < A, can also be rephrased as the single quantum constraint
condition

Zg:léa(Pv Q)2 ‘w>phys =0

without any loss of generality. This condition holds since the latter equation
implies that

23:1 Phys<w|¢a(Pa Q)2 |¢>phys =0 )

and as vectors in Hilbert space,

0= phys<w|¢a(P7 Q)2 W]>phys — @a(P, Q) W}>phys =0

for all a. Being equivalent to the Dirac condition means that the single con-
straint condition also fails when the Dirac procedure fails.

The projection operator method [K1a97, Kla01] modifies slightly the single
constraint formulation of the Dirac procedure. As a self-adjoint operator

X =T 0u(P.QF = [ udB(w).

where E(u) is a spectral family of projection operators [BEH] associated with
the nonnegative, self-adjoint operator X. The integral over a limited range
given by

5(h)?
/ dE(u) = E(X < 6(h)?)
0

defines a projection operator on the spectral range of the operator X that lies
in the closed interval [0, 5(h)?].

In more familiar terms, for an operator X with a discrete spectrum
{xr, |k)}32, where X |k) = xi|k) with 241 > xy, for example, it follows
that

E(X <6%) =0, k) (k]

where K is chosen so that xx < 6% and zx 1 > 62. If the operator X has a
continuous (absolutely continuous) spectrum, X |y) = y|y), then

52
B )= [ )y = B <8?).
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In these relations, §(h) > 0 denotes a regularization parameter that is
fundamental to the projection operator method. (N.B. The symbol §(h) as
used here does not mean a Dirac delta function!) When §(%) is a function of
A, as indicated, it has the additional feature that

%1_)1110 d(h)y=0,
implying that in the true classical limit in which A — 0 the quantum con-
straints @, (P, Q) pass in some appropriate sense to the classical constraints
®a(p, q). However, the quantum constraints are initially discussed with a fi-
nite, nonzero regularization parameter §(%) > 0, as will be illustrated in the
next section.

On the other hand, there are other cases where § is independent of i and in
those cases we need to take a suitable limit in which 6 — 0 before we declare
that the quantum constraints are fulfilled. Such limits will take many forms,
and they are best described by illustrative examples.

In all cases, the regularized physical Hilbert space is defined by

ﬁphys = ]Ef) .

Sometimes, when the true physical Hilbert space is a valid subspace of the
original Hilbert space, this already becomes the final form of the physical
Hilbert space. However, as examples below will illustrate, that is not always
the case.

9.3.1 Observables and the classical limit
Any operator O for which
[E,0] =0

qualifies as an observable in the (regularized) physical Hilbert space. Likewise,
the observable component of any operator G is given by

¢F = EGE.

The connection between the quantum theory and its associated classical
theory is given by the diagonal coherent state matrix elements

G(p,q) = (p,alGp. q) -

This expression still contains A, and what we shall call the true classical limit
is given by

G.(p,q) = %13% G(p.q) = }jga(p,qlg\p, q)

an expression which is best used when G is some form of generator.
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Instead, if one deals with the (regularized) physical Hilbert space and
observable operators, it follows that

= (p,dElp.q)  (p.qElp,q)

GE( ):<p7q\9Elp,q> (p.q| EGE|p, q)

?

and

E
GE(p,q) = lim {p.alG"Ip.a) _ . (P, EGE[p.q)
=0 (p,q|Elp,q) 0 (p,q|Elp,q)

9.3.2 Basic examples of the projection operator method

Let us first illustrate three basic examples of the use of the projection oper-
ator method. These examples are presented in some detail to make sure the
principles are fully clear.

Ezample 1. Consider the case of three constraints that are the Hermitian
generators of the three-dimensional rotation group (summation understood):

Ji = €u(QrP — Qi Py) ,
which satisfy
[Jj, Jk] = ihejp Ji,

where j, k,l € {1,2,3}. The constraints ¢; = J; are generators of a compact
Lie group, SO(3), for which the original Dirac procedure works well. As is
well known, the irreducible representations of this group involve angular mo-
mentum values ¢ € {0,1,2,3,...}, or if we consider the covering group SU(2),
then the angular momentum values are expanded to include all spin values
such that now ¢ € {0,1/2,1,3/2,2,...}. The three conditions J;|)pnys = 0
ensure that only the angular momentum value ¢ = 0 is included. This follows
because for each of the irreducible representations

JE+ T+ TR =00+ 1) R, ,

where 1, is the unit operator in a (2¢ + 1)-dimensional (sub)space of the
particular irreducible representation in question. Thus if we select §(h)? =
h?/2 (or any other value strictly less than 3h2/4), it follows that

E(X3_, J7 <h?/2)=E(XZ)_, J; =0).

It is important to appreciate that Example 1 is one for which X = £2_, J?
is an operator with a discrete spectrum that includes the value zero in that
spectrum. This characterization is for a set of first-class constraints.

Before leaving this example it is important to see it within a representation.
For convenience and generality, the choice of representation we make is a
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coherent state one. For this example we need coherent states for three degrees
of freedom p = {p;}3_, and q = {g;}}_, given (with h = 1) by

Ip,q) = e ‘4 PP Qg

and an overlap

0 |p.q) = 3@ T P) - (@ —a) ~5[(p' )’ + (@ — )]

This function provides a reproducing kernel to define a coherent state rep-
resentation of the original Hilbert space $). We observe (for i = 1) that the
function

Ke(®,d:pq) = (p,q|Elp,q) =P d —P-a)/2
e~ (P2 + %+ p? +q?) sinhly(a’ —ip)*(a +ip)*/2
[/ (d' —ip)2(q+ip)?/2]

a proof of which we leave as an exercise for the reader. We note that
Kg(p',d’;p,q) serves as a reproducing kernel for a coherent state represen-
tation of the physical Hilbert space Hpnys = IES.

Ezample 2. In this example we consider the two constraints P and (),
which as observed above is an example of second-class constraints. In this case
X = P?2+@Q?, which is just like the Hamiltonian for a harmonic oscillator, and
therefore is an operator, like that in Example 1, with a discrete spectrum, but,
unlike Example 1, it is an operator that does not include zero in its spectrum.
Indeed, the spectrum of X is X/h € {1,3,5,7,...}. Thus if we choose

E(P*+Q*<h),

then IE is a nonvanishing projection operator onto a space where the otherwise
incompatible constraints P and @ are satisfied to the highest degree possible;
the value §(h)? = h can be increased to any value strictly less than 3A; on the
other hand, if §?(h) is made any smaller than A, then the projection operator
vanishes.

As already noted, it is important to appreciate that Example 2 is one for
which X = P2 4+ Q? is an operator with a discrete spectrum that does not
include the value zero in the spectrum. Thus, it is fundamentally important
that ¢ remain separated from zero. This characterization is for a set of second-
class constraints. Note well the similarities and the differences involved in
Examples 1 and 2.

To discuss a representation of the present example, we choose coherent
states

p,q) = e 4P/hipQ/h gy

with an overlap function given by
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i) = TP —@)/2h = [( = p)? + (¢ — ¢)*]/4h
', d'lp.q)=e ;

a function which serves as the reproducing kernel for a reproducing kernel
Hilbert space coherent state representation of the original Hilbert space $).
The function

Ke(',d5p,9) = @', | Elp,q)
_ 4P /20— (0" +¢%) /AR ~ipq/2h — (p* + ¢*) /4R

is a function which serves as a reproducing kernel for the one-dimensional
physical Hilbert space $pnys = IES.
Next we consider an example of a very different kind.

Ezxample 3. In this example there is just one constraint (). The operator
X = @? is a nonnegative operator with a continuous spectrum. In this case &
is not a function of h. The projection operator

52
BQ <= [ B
0
has the feature that
EQ?*<é)=FE(-6<Q<d)=E(-6<Q<9),
which clearly vanishes as § — 0, i.e.,

lim E(Q* <46*) =0,

6—0
in the strong sense, for example. To analyze this situation more closely, let
us take expectation values of this projection operator and diagonalize the
constraint, leading to

5
wm@%wmwzflymmwmmmw;

here the variable y accounts for any degeneracy in this system. Again, it is
clear that all expectation values vanish as 6 — 0; but there is also a clue how
to get something out of this expression that does not vanish, namely, we need
to first rescale this expression before we take the limit 6 — 0. As a trial case
we might adopt

5
%/[5¢(x,y)*¢(x,y)dxdy,

which for certain functions leads to

. 1
5§—0 20

/ /_Z ¢, y)" d(x,y) dudy = / $(0, ) $(0,y) dy .
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This limit would apply, for example, to functions of the form

o(a,y) = DM e e f(y) |

where M < oo and the coefficients f,,(y) are general, square-integrable func-
tions. The resultant function would then be ¢(0,y) = fo(y). However, there
are many vectors |¢) and associated functions ¢(x,y) that would fail to give
a meaningful limit. In particular, let us consider square-integrable functions
of the form

6 (2,9) = o] XM ™ e fu(y) |

where 0 < € < 1/2 and M < oco. If we choose € = 1/4, for example, then we
could consider

—2/4)
}er(l] 251 2//4 // ¢ (x,y)" (w,y)dxdy:/¢(0,y)*¢(0,y)dy,

which informs us that this form of scaling works for ¢ = 1/4 but clearly not for
all values. The message is clear: we cannot expect the rescaled limit to hold
for all vectors in the original Hilbert space. Instead, we choose a select set of
bras and kets, which forms a total set of vectors in the original Hilbert space,
and restrict limits to such vectors; recall that a total set spans the space. In
particular, it suffices to choose a set of coherent states |p, g) as our select total
set, and so we ask that a rescaled form of (p’, ¢'|IE|p, ¢) is nonzero in the limit
where § — 0. For the case at hand, it follows (with 7 = 1) that

1
K@,q;p,q) = 25(}? ¢|E|p,q)
, 5 .
= #el(pq _pQ) e—(x—q/)Q/Qe—z(p/—p)x€_<x_q/)2/2dx.
25ml/2 s

For § < 1 this expression may be approximately evaluated as

K. q'spq) = W'd —pa) o—(d%+¢%)/2 m +O®) .

For very small ¢ it is noteworthy that the leading factor in this expression
serves as a perfectly acceptable reproducing kernel, but it suffers from the
fact that it is only an approximation since § > 0 still holds. It is clear that
the limit exists as 6 — 0 in which case

1 ( ’or (A2 2
2 _ ir'd —pq) o~ (" +4)/2
lim 25<p,q\IE|p,q> 7z € e
but this limit lacks a natural, self-consistent definition and is needlessly com-
plicated by an irrelevant factor (7~'/2). If we take advantage of the fact that
finite, positive multiples of a reproducing kernel do not change the space of
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functions that make up the reproducing kernel Hilbert space, then a more
satisfactory, and clearly self-consistent, rescaling procedure is to define

/ /]E‘p q>
Kol dma) = lim P ED,
5 d;pq) = lim WTE)

for some choice of |n), which, in the present case if we choose |n) = |0) (and
restore 1), leads to

Kp(p,qsp,q) = /00— 0%/2h ~ipa/h— /20

Apart from trivial phase factors that could be absorbed into the defintion
of the coherent states if desired, it is noteworthy that this expression no longer
depends on the parameters p’ and p, which, since those variables enter the
coherent states via the forms p’@ and pQ, is the real signal that we have
reached the space where “@QQ = 0.” But this is only part of the story since we
have focused on a select total set of bras and kets. We extend this expression
by interpreting Kg(p’,q’; p, q) as a reproducing kernel for a functional repre-
sentation of a reproducing kernel representation of the physical Hilbert space,
which strictly speaking is no longer a subspace of the original Hilbert space.
The resultant functional representation typically involves a new version of the
inner product. It may not involve any form of a local integral representation
of the inner product in this realization of the physical Hilbert space, but it al-
ways admits the usual inner product of traditional reproducing kernel Hilbert
space formulations.

Alternatively, we can simplify the resulting reproducing kernel by fixing
irrelevant parameters and leave an expression that can still serve as a suitable
reproducing kernel. For example, in the final expression of Example 3, one
could fix p’ = p =1 to yield

Kl(q'sq) = €44 /h—4a?/2h —ig/h—q*/2h
or even simpler by setting p’ = p = 0 giving

/E/](q/; q) — e—q/2/2h e—q2/2h ,
both of which give completely satisfactory reproducing kernels for the same
physical Hilbert space. The results of such processes lead to reduced reproduc-
ing kernels, and they can clearly be useful.

In summary, if the operator X representing the sum of the squared con-
straints has its zero in the continuous part of its spectrum, then a rescaled
form limit is a convenient way for coherent state matrix elements to gener-
ate a function of positive type that can serve as a reproducing kernel for the
physical Hilbert space; recall that a form refers to an entity, like an operator,
but which requires a restriction on both kets and bras, while operators involve
restrictions on kets alone.
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9.3.3 Additional examples of the projection operator method

In the strong belief that examples are a great way to learn, we continue our
discussion of the projection operator method through the study of additional
examples. However, in contrast to the previous section, we will proceed more
rapidly, building on the familiarity gained through a study of the initial three
examples.

Ezample 4. We noted that reducible constraints—in which linear depen-
dencies among the constraints exist—may cause some trouble, and thus our
next example focuses on an elementary example of such behavior. In particu-
lar, we focus on an example with two constraints ¢; = ¢ =0 and ¢ = ¢ =0,
namely, two identical constraints. In promoting this situation to the quantum
level we encounter the two quantum constraints @1 = ) and ®5 = Q. This
means that we focus on the projection operator

E=EQ?+Q? <)

where we have dropped any A dependence since the total constraint operator
X has its zero in the continuous spectrum. In fact,

E=E(Q + Q< §) = B(Q® < §%/2) = E(Q* < §?),

which shows that this reducible pair of constraints is mapped onto Example
3. Thus it is clear that

Yy (', d|Elp,q)/(0|E|0) = Kg(p',q;p.q)

i.e., the very same reduced reproducing kernel arrived at in Example 3. Hence,
two identical constraints are equivalent to one constraint. It is clear by this
argument that M, M < oo, identical constraints are equivalent to one as well.
Procedures to deal with the situation where M = oo have been treated in the
literature [Kla01].

Ezample 5. The second troublesome category of constraints was that of
the irregular constraint, such as ¢ = ¢>, as opposed to the regular constraint
¢’ = ¢. Quantum mechanically we must consider the constraint & = Q3 for
which it follows that

E = E(Q° < §%) = E(Q* < (6%)'/?) = E(Q* < §"?),

which shows, just as above, that this example of an irreducible constraint is
mapped onto Example 3. In other words,

lim (', q'|E|p,q)/(0|EI0) = Kp(p',q¢';p,q) ,

the same reproducing kernel as in Example 3. Here the virtue of the self-
consistent rescaling is very clear to see. Indeed, the same result holds for any
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constraint of the form & = Q?, 8 > 1. One can even have two reducible,
irregular constraints, such as @; = Q° and &, = Q°, and the result is the
same as in Example 3. Less obvious, but still true, is the case of two reducible
but distinct constraints such as &; = Q and 5 = @Q?, which then leads to the
projection operator

E =E(Q*+Q° <) = E(Q* < %),

where 62 = §2 4 6%, With this connection even this example leads to a reduced
reproducing kernel given by that of Example 3.

Ezxample 6. The two previous examples dealt with reducible and irregular
constraints with their zeros in their continuous spectrum. Let us next examine
examples that deal with discrete spectra. We suppose that the two constraints
are ¢1 = p and ¢o = ¢>. Thus we must consider X = P2 4+ Q*. This too is
like some kind of Hamiltonian with a discrete spectrum of the form X/h*/3 €
{co,c1,¢2,...} , where the set of pure numbers {c;} is an ordered set, 0 <
cop < ¢1 < ¢g < .... While the numbers {c¢;} are not known, it is clear that
they exist. Armed with this information, we choose

E = E(P? + Q* < ¢oi*/?)

which ensures that we project onto the ground state of this kind of anharmonic
oscillator. The answer is similar to the case of the two constraints P and @ in
that it is a projection operator onto a one-dimensional space for the physical
Hilbert space. It is different from that case because it is not the same state.
Does that matter? It may lead to some technical differences, but they can
only be quantum-type corrections. After all, we could expect some difference
to show up between regular second-class constraints and irregular second-class
constraints, but both cases are well-defined. The case of two irregular second-
class constraints given by @, = P? and &, = Q* leads to a projection operator
given by

E = E(P° + Q® < ¢(h*/7)

for a suitable choice of ¢ > 0, which then projects onto a one-dimensional
space.

Ezxample 7. We next study a constraint with multiple zeros such as ¢ =
q(2 — ¢) which vanishes in a regular way at ¢ = 0 and ¢ = 2. The projection
operator in this case reads

E=EQ(2-Q)*<¢).
For small enough ¢, it follows that

E(Q*(2-Q)* <) = Eo(4Q* < &) + E2(4(Q — 2)* < 6°)
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where IEg and IEs are two orthogonal projection operators, the first centered
about @@ = 0 and the second centered about () = 2. Using coherent states and
rescaling the matrix elements leads us to consider

(', q'| o |p, q)/ (0| TE]0) + (', ¢'| E2 |p, q) /(0] IE|0) ,

which converges as 6 — 0 to

Kg,(p'.qd'sp,q) + Ke,(0',d'sp,q) ,

which is the reproducing kernel for a direct sum of two one-dimensional spaces,
one for each separate kernel. It is possible to use the same rescaling factor in
this case since each zero in the constraint is of the same degree, i.e., each are
first order zeros.

Ezample 8. We modify the previous example to study the single constraint
¢ = q(2—q)?, which has a regular zero at ¢ = 0 but an irregular zero at ¢ = 2.
For very small ¢,

E=E(Q*(2-Q)° <6) =E(64Q* < 6°) + E2(4(Q — 2)° < 6°) .

Here we encounter a difficulty, namely, that the two projection operators van-
ish at different rates as § — 0. Therefore, a single scaling factor will not catch
both contributions at the same time. However, when we treated this example
from a classical standpoint, we argued that both contributions, the one at
¢ = 0 and the other at ¢ = 2, should be part of the constraint hypersurface
(such as it is). We seek to ensure that this happens at the quantum level as
well.
Again let us introduce coherent state matrix elements leading to

K@,d;p,q9) = @', d|Elp,q)
=" d|Eolp.q) + . d|E2p, q)
= KO(p/a q/;p, (J) + K2(P/»q/§Pa q) )

and observe that the two kernels are orthogonal,

/Ko(p’ﬂq”;p, Q) Ko(p, ¢;p",q") du(p,q) =0,

due to the orthogonality, IEgIE,; = 0, of the two projection operators for
sufficiently small §. That means we can craft an amplification factor

A q'sp,.q) = Ko(0',d's0,0) /v (0| Eo o) + Ka(p', q'5 0, 0)// (2] B2 |n2)

that has the virtue that the new reproducing kernel on the original Hilbert
space given by
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K", ¢"p',4) = /A(p”,q”;ﬁ@)K(ﬁ@p, Q) Ap,¢:p',q") dp(B, 7) dp(p, q)

= Ko(p'.q'sp,9)/ (no| o |no) + K2 (0", ¢"s 0, q)/ (n2]| B2 |n2)
=CoKo(p',d'ip.q) + Co Ko (', q'5p,q)

has been rescaled in such a way that both factors will contribute to the limit
in which § — 0. It is clear, now, that

Kp(',d;p,q) = lim K(.dip.q) = Kp, (', dip.q) + K, (0, d:p. q)

includes suitable contributions from both sectors ) = 0 and ) = 2. For future
reference, we note that the diagonal elements for this example are given by

— g2 o2
KIEO(pvq;pvq):e q /h, K};b(p,q;p’q):e (q 2) /h7

in determining these expressions, we have assumed that |ng) = [0) = |p =
0, =0) and |n2) = [p=0,q = 2).

Here, in this example, we see the power of the projection operator method.
The procedure is the same for all constraints in the regularized part of the
process where ¢ is positive and large enough. In the second part of the process,
the details of the constraint, as embodied in the spectral properties of X =
X, P2, are examined critically. In the most recent example, for instance, there
are two regions where X vanishes, one near ) = 0, the other near ) = 2. We
could select just one of these regions for the physical Hilbert space, or, as we
actually did, we could choose both regions on an equal footing to contribute to
the physical Hilbert space, by specifying the manner in which the limit § — 0
is taken. The use of the amplification factor enabled us to put the discordant
constraint features onto common ground. This could have been done in many
ways. For example, we could have chosen a somewhat different amplification
factor such as

AP q'sp,q) = VaKo(p',q'sp,9) /v (1m0 Eo [no)
+\/Z;K2(p/aq/;p7 Q)/\/ <772|]E2|772> 3

where ¢ > 0 and b > 0. The final result would have been changed to read
K5 (v'.dsp.a) = lim K*(0',q'ip.q) = aKp (0. ¢'ip.q) + bEE, (0. d'sp.0)

namely, we have introduced arbitrary multipliers of each sector of the physical
Hilbert space. These could also arise by choosing different terms in the original
amplification factor by making different choices for |ng) and |72). In any case, it
is important to understand what differences such factors as a and b introduce
to the story.

As an analogy, consider the case of the direct sum of two finite-dimensional
Hilbert spaces § = $H1 ® $H2. Any vector V € § is given by V = V| &
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V5. However, the inner product ) is yet to be defined, and for that we can
arbitrarily choose

(V,W)g =a(Vi,Wi)g, +b(Va, Wa)g, .

This freedom is that of a similarity transformation; it changes the nature
of the representation, but it does not change the physical meaning. Such is
also the interpretation of the parameters a and b in the modified reduced
reproducing kernel above.

To see that no physical objects are changed by the presence of these factors,
let us study the allowed reduced phase space that arises in the classical limit of
the proposed quantization of the present system under discussion. Recall that
the observable aspect of the coordinate @) in the (regularized) physical Hilbert
space is given by QF = IEQIE. Furthermore, with ¢ cquced(p;q) = QF(p, q),
the true classical limit is given by the expression

Greduced(P,q) = lim lim (. g EQEp, ¢)
ced (D h—05—0  (p,q|IE|p,q)

i L 2007 4| EoQEq [p, ¢) + b0 ({p, ¢| E2QEs|p, q )
h—06—0 aCo(p, q|Eo|p, q) + bCa(p, | Ez2|p, q)
o 20Co (p, q|E2|p, q)
= lim lim
h—00-0 aCo(p,q|Eo|p,q) +bC2(p,q|E2|p,q)
. 2be_(q_2)2/h
= lim 5 5 -
h—0 aeiq /h+b€7(q72) /h
Before i — 0 one observes that this expression lies between 0 and 2, with a

transition region of width O(v/h) at ¢ = 1. In the limit that & — 0, it follows
that

QTeduced(p7 q) =0 when qg < 1 R
QT’educed(p, q) - Qb/(a -+ b) When q = 1 s
Q’reduced(pa Q) =2 when q> 1.

Observe that the classical reduced phase space contains exactly the two ex-
pected values: ¢ = 0 and ¢ = 2. The value at ¢ = 1 is a residue of the quantum
representation, but it is classically unobservable since it is occurs on a set of
measure zero in the original phase space.

Further discussion of examples of this sort may be found in [KLO06].

9.3.4 Representation of the projection operator

Thus far in our discussion we have focused on how the projection operator can
be used in various constraint situations. Now it is time to see how to make the
projection operator itself from more elementary ingredients. In certain cases,
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there will turn out to be several distinct procedures to generate the desired
projection operator. Some of these different ways have the property that the
method of construction depends heavily on the set of constraints involved,
implying that for each set of constraints there is most likely a different rule of
construction of the projection operator. This fact is not intrinsically bad, but
it also turns out that there is a universal way to make the projection operator
that is completely independent of the nature of the constraints themselves. In
the author’s judgment, this universal way is preferable and will be the mode
almost exclusively used. The only exception to that rule would be for certain
situations for which an alternative scheme of construction was far simpler to
implement.

Let us first suppose we deal with a set of constraints that form the gen-
erators of a compact Lie group. In this case, we can represent a unitary rep-
resentation of the group by so-called canonical group coordinates of the first
kind for which (summation understood)

"
Ulg)=e0"
where g = {gx}5_,. The usual group multiplication rule is written as

U(ghU(g) =Ul(g'og),

with ¢’ o g denoting an appropriate combination rule among group coordi-
nates. Lie groups admit group invariant measures, and for compact groups
there is one unique form of measure (up to a multiple, since the left-invariant
and right-invariant group invariant measures coincide). We denote the group-
invariant measure by dp(g), and without loss of generality we assume it is
normalized so that [ dp(g) = 1. This measure has several invariances such as

dp(g) = dp(go © g) = dp(g o go) = dp(g™") ,

where the last expression involves the inverse group elements. These facts can
be used to show that

E(52t =0) = [Ul)dolo)
The argument goes as follows: let A = [U(g) dp(g), then
AA = [U(g)U(g)dp(g") dp(g) =/dp(g) /U(g’og)dp(g’)
=/dp(g) /U(g’)dp(g’)zA,
and

A= [ U@ dotg) = [Ulg ) dplg™) = 4.
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Thus A is a projection operator. The fact that

U(g')AZ/U(g’og)dp(g)=A

proves that A = IE(X;®? = 0) as was to be shown. This construction directly
yields the limiting case where § = 0, and it should be kept in mind that for
different Lie groups, even those with the same number of parameters, the form
of the measure will typically change for each new set of constraints. An early
version of the projection operator method, as described in this paragraph and
suitable for constraints that form a compact Lie algebra, was introduced by
Shabanov [Sha89)].

Noncompact Lie groups have invariant measures such that [dp(g) = oo,
and since such measures cannot be normalized they cannot fit into the previ-
ous scheme. Such groups can also cause other problems because some of the
generators (i.e., constraints) may have their zero in the continuous spectrum.

A variety of examples for the realization of the projection operators IE of
interest is presented in [K1a97].

9.3.5 A universal representation for the projection operator

We now present a universal scheme that applies to any set of constraints
{®,}4_,, and which does not rely on any group property that may or may
not hold among the constraint elements. To win this much generality with
a universal scheme, it is not surprising that the procedure we offer is more
complex than that described above. We begin by discussing the first part of
the integrand given by

Te—z'fﬁj A (t) Bo di

Here, T denotes time ordering, which refers to the ordering of the integral in
the exponential; in particular,

T[N (t) B dt P
= o f o JE T (sp) B, ]+ [N (51)Po | dsy - dsy

= p!fif dsp f:f dsp—y--- :12 ds1 (A7 (sp) Do, ] N7 (sp—1) Par,,_, |
XX (A (81) Doy ]

which shows how each term in a power series expansion of the exponential is to
be treated. Under a time-ordering operation, as we have, one can freely move
the operators past one another as if they commuted with each other since the
proper order will always be controlled in the end by the magic of the time-
ordering symbol T. Thus we are next free to integrate the basic integrand over
the set {A*(¢)} of ordinary real functions. We choose a Gaussian weighting
factor for this integration and are led to
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« 1,.—1 [t2 A
/ )\ (t) D, dt 30y f ra 2dt A axer)

where 7 is a real parameter. The proper answer is given by
St y A B2 .
i TamPadt _ —inAXL 3?2 7

where A = (t3 — t1) > 0 and the initial factor I has been chosen to achieve
the final normalization as shown. If necessary to ensure convergence, one may
let v have a tiny imaginary component, which is then set to zero after the
integration; we shall regard any such modification as implicit. This is the first
part of the story.

Next we recall the Fourier transform of the function

fluy=1, |u| <A8; flw)=0, [ul >A0%,
given by
) A8 : 2
/f(u)e“”du:/ elu’ydu:QM.
—As? Y
Consequently,

1 : A 2 .
f) =57 / 2 202 i g,
27 ¥

in fact, since we are dealing with conditionally convergent integrals, it may
be necessary to adopt

o1 sinf[y A + O] —juy
)= i ot [ IOATE i,

to ensure we secure the desired equality sign in f(u), i.e., f(Ad?) = 1. In any
case, we shall regard any such operation as implicit.
Putting all the ingredients together, we are led directly to our final relation

: 2
E(X. 82 < 62) = B(AS, 02 < Ad?) :/ % —1AY Xa®y gy
Thus, with this twofold procedure, first a Gaussian time-ordered integral,
followed by a sin(z)/z type of Fourier transform, we have achieved our goal of
a single form of integral representation, valid for any set of constraints; note
that the combined operations depend on: (1) the number of constraints A, (2)
the time interval involved A = (t3 —t1), and (3) the parameter 6 = 6(%). The
procedure to construct the projection operator does not depend on the nature
of the constraints in any fashion.
We combine these operations, leaving the integration over the variance
parameter « as implicit, and hereafter we simply write
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E(Z,82 < 6(h)?) = /Te*if”‘(t)% dt pR()) .

To emphasize its universal validity, we observe that this formula is correct
even if &, = 0 for all a. In that case it follows that

E0<§Hh)?*)=1= /]1 DR()\),
which can be read as the normalization condition
/DR()\) =1.

This is an important property of the projection operator method.

9.4 Constrained Dynamics in Operator Form

Let us turn our attention from kinematics to dynamics. The essence of the
main idea is very simple indeed. Unconstrained temporal evolution (with /i =
1) for a time-independent Hamiltonian operator H is expressed by the operator
formula

ot TH _ —ieH —ie” —icH ’

where e = T'/(N+1) as we have used previously. When constraints are present,
we must respect the fact that all behavior must take place in the physical
Hilbert space, or at least initially in the regularized physical Hilbert space.
Thus the factorized evolution equation presented above should be replaced
with the expression

lim Ee HEHE ... g M E

Such an equation ensures that we start in the physical Hilbert space, and
after each evolution by a small time step we ensure that we retain only those
changes that reside in the physical Hilbert space. Finally, we must take the
limit as N — oo to ensure that such a construction is done as smoothly as
possible. A theorem of Chernoff [Che68] implies that the result of this limit
is given by

Ee—iTEHE) p _ g .~iTH" | 7
which is easy to understand based on a hypothetical expansion in powers of
‘H. This is a very satisfactory result. The Hamiltonian H has been replaced by
its observable component H¥ = IEHIE. Since H was originally self-adjoint, it
follows that H* is always a symmetric operator. If H is bounded below, i.e.,
H > c1, then H¥ is also bounded below and we are assured that it admits a
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self-adjoint extension. The point of this remark is to argue that in most cases
of interest the induced evolution in the physical Hilbert space is unitary just
as it was in the original Hilbert space before the constraints were imposed.

The evolution described in the previous paragraph is the most involved
that can arise, one where the temporal evolution tends to leave the physical
Hilbert space and thus requires to be forced back into the physical Hilbert
space at each moment of time. This scenario is very much like our classi-
cal discussion regarding second-class constraints, which also required that the
Lagrange multipliers assume particular values to ensure that the system re-
mained on the constraint hypersurface. Besides those situations, there were
also the first-class constraint situations for which once the system was put on
the constraint hypersurface it remained there whatever choice was made for
the Lagrange multipliers, i.e., whatever gauge choice was made. Such systems
have their quantum analogs as well, and they correspond to situations where
the Hamiltonian is already an observable to begin with. If that is the case,
then

[E,H] =0
and, consequently, the dynamical evolution simplifies dramatically so that

Ee—iT(EHE)  _ ~iTHp

The appearance of the initial projection operator is analogous to the initial
value equation of the classical theory, namely, putting the system initially in
compliance with the constraints, which is all that is necessary for a system
with first-class constraints.

To summarize, the general formula derived initially always applies and is
necessary to deal with the analogs of second-class classical systems; the simpler
formula, with only an initial projection onto the physical Hilbert space, applies
whenever the original Hamiltonian is already an observable and therefore is
appropriate for first-class constraint systems.

As a modest generalization of the foregoing story, we can consider evolu-
tion in the presence of a time-dependent Hamiltonian H(¢). Time development
without the application of any constraints leads to the unitary evolution op-
erator (still with i =1)

T . . .
Te o @) dt _ i) —i€HN ~icHn_1 ... ,~i€Hp

N—o0

where Hj, = H(ke). Introduction of the projection operator IE leads to
lim Ee tHN Ee—t€HN-1g ... Ee—t€Ho g 7
N—)w

which becomes

. T . pT
ETe—sz (]EH(t)]E)dt]E:]ETe—zfo HE(t)dt]E_
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If H(t) is an observable, i.e., if [IE,H(¢)] =0 for all ¢, 0 < ¢ < T, then

ETeifo BHOE)dt g _ 1 ~i[o Ht) dt

9.5 Coherent State Path Integrals for Systems with
Constraints

With the foregoing extensive discussion about the projection operator method
and temporal evolution, the realization of these expressions as coherent state
path integrals is readily obtained. For simplicity, we deal with a single degree
of freedom, although the extension to finitely many degrees of freedom is
straightforward. As usual we adopt as a basis the coherent states (with i = 1)

p,q) = e 1P ¢iPQ ) |

where, again, as usual, (Q + iP)|0) = 0. We will make heavy use of the
resolution of unity

1= /|p,Q><p7Q|dM(p’ q)

where, as before, du(p, q) = dpdq/2m and integration extends over the whole
phase space R2. Focusing on the case of a time-independent Hamiltonian, we
are led to

@ g [Be T EHE) By q)

= lim /"'/Hi:]:()<pn+1aQn+1|E6_ZGHE‘pn7qn> nyzl du(qun)

N—oo

— lim MM’ / / T (st dnsa e M [, )

N—o0

x 112, (Dns @nlElpns 4n) dps(pn, an)

where [p,¢)) = Elp,q)/ | Elp,q)|| and M(p,q) = |Elp,q)l| = (p,q|Elp,q)"/>.
As usual, pni1,gv+1 = p’,¢" and po,qo = p', ¢, and thus M" = M (p",q")
and M’ = M(p',q’). Since the states |p, q)) are normalized, the previous ex-

pression may be approximated by

lim MM’ / - / exp(i N0 (i (Pnss Gust| [P, Gnsr)) — [Prns Gu)]

N—oco
N
—€H(Pny15 Gni15Pn, @) }) L1 (P> 0o BP0 s n) dp(pns n) 5

where

<<pn+1a qn+1 |H|pn7 QH>> <pn+17 dn+1 | EHIE |pna Qn>
H(pn+1,@nt1:Pns Gn) = = .
" " e <<pn+1> qn+1 |pn7 Qn>> <pn+17 qn+1 | E |pn7 Qn>
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If we interchange the limit and integrations, we are led to the formal
expression

MM / exp{i [ i (p, al (d/db)\p, ) — (p>al HIp, 4)] dt} D, )

where the measure pp implicitly incorporates the proper reweighting. We can
reexpress this equation in terms of the original coherent states as follows:

M”M’/eXP{if[i<p7q|1E(d/dt)1Elp, 0)/(p;q|Elp, q)
—(p, q| EHE|p, q)/(p, ¢|E|p, q)] dt} Dur(p,q) -

The formulas for temporal evolution of constrained systems discussed
above have been based on a path integral in which the quantum constraints
have already been enforced. As a variation on the foregoing formulation, let
us illustrate how the universal integral representation for the projection op-
erator can be used to introduce the constraints as part of the path integral
expression. In the following (rather lengthy!) equation chain, the weak mea-
sure R()\) is made explicit as we choose an expression that achieves our goal,
namely:

M/ez'foT[quj—H(p,q)—k"%(p’ DN pppgDR(N) = Jim /H

M —o0

M
X { lim / H [ <<pn+m/Ma qn+m/M|pn+(m—1)/M7 Qn+(m—1)/M>
m=1

+5m,M<pn+m/M7 Qn+m/1\/f‘ (—ZéH) |pn+(m 1)/M > 4n+(m— 1)/M>
+<pn+m/lbfvqn—&-m/]\ﬂ[_7;(6/]\4'))‘7cﬂt,mgzs (2/2M2) nm/\rﬁLm@ dsﬁ]

AM~,) Xy A¥2 a
X|pn+(m—1)/MaQn+(m—1)/M>> (cyn) =2 e/ (4Mn) nm [T, dA® ]}

X H [ < H dpn+m/MdQH+m/M/(27r)> bln[%ﬁé(h)Q]dr}’n]

™
m=1 Tn

N —o00

N
4 2
= Jm /H{<pn+1aQn+1|(1_7’6H)e wnez‘asﬁa |pn>Qn>
n=0

sin|y,€ 2 N
XW d%} 11 dpnda./(2r)

n=1

= lim /H pn+17Qn+1|e ZGHIE|pnaQH H dpndQn/(2ﬂ—)

N—o0
n=1

:A}lm w".q |e_Z€H]E~--e_Z€HIEe_Z€H]E\p,q)

_ <p”,qH|E6_Z(EHE)TIE‘p/,q/> )
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Here, as usual, p”,q"” = pn+1,qn+1 as well as p’, ¢’ = po, qo, and the constant
¢ = 4mwiM /e, that appears part way through the equation chain, is a normal-
ization chosen to ensure the form of the equation which follows the one in
which ¢ appears.

It is important to observe that, unlike the Hamiltonian H, it was necessary
to expand the expression involving the constraints @, to second order in the
small parameter €. In addition, it was necessary to introduce an additional
refinement (M) of each small time step (¢) in order to construct a projection
operator (IE) to go along with each of the large number (N) of small time
step evolutions for the Hamiltonian (H) [Kla05].

This concludes our study of classical and quantum constraints, and how
they appear within coherent state path integrals.

Exercises

9-1 We impose the constraints that the three rotation generators J; =
€k (Qr Py — Qi Py), which satisfy [J;, Ji] = the;p Ji, should vanish so that
E = ]E(Z];’=1 J]2 = 0) denotes the projection operator of interest.

Choose coherent states given (for & = 1) by |p,q) = e 14" P ¢iP-Q|gy,
with an overlap

-1

. dp,q) = s +p)-(d—a) ,—1[(p —p)?+(d —a) ’

where p = {p;}?_; and q = {¢;}_,.
Show that the coherent state matrix elements of the desired projection
operator are given by

- / !
Ki(p,d/3p,a) = (0, | E|p,q) = ¢! (P-4 ~P-a)/2
ot (D7 +q? +p?+¢?) sinh[V(d —ip)*(a +ip)*/2]
[V(a' = ip)*(a+ip)?/2]
9-2 For two irregular constraints @; = P3 and &3 = Q*, show that the
appropriate projection operator is given by

E =E(P®+ Q% < ¢y h*/7),

with the given dependence on h, and for a suitable choice of ¢{, > 0.

9-3 Consider the reproducing kernel (RK) defined by (p’, ¢'|IE|p, ¢) /(0| E|0).
Evaluate the RK for E = E(P? + o?Q? < ah) as a function of a. Take the
limit as a — 0, and show that the RK for the second-class constraint system
of two constraints P = 0 and o) = 0 passes smoothly to the RK for the
first-class constraint system for the single constraint P = 0.
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Application to Quantum Field Theory

10.1 Introduction and Overview

In the present chapter we extend the basic ideas of quantum mechanics and
elementary path integral representations of that quantum mechanics to a lim-
ited discussion of contemporary quantum field theory, namely, scalar fields.
Initial emphasis is placed on understanding the free relativistic quantum field
theory in Minkowski and Euclidean spacetimes with dimensions n > 2. Inter-
acting theories are examined from the point of view of perturbation theory
about the free theory, and a brief discussion of their nonperturbative analysis
by lattice regularized Euclidean spacetime is offered.

10.1.1 Classical preliminaries

Classical field theory is a theory of infinitely many degrees of freedom, and
thus it stands to reason that quantum field theory is also a theory of infinitely
many degrees of freedom. The subject of quantum field theory is vast and
varied, and this chapter does not pretend to cover the subject in detail; from
a conventional viewpoint, there are many excellent books that can serve that
purpose [IZ80]. Instead we focus on scalar fields, which are in some way the
least complicated examples, and which still have a good number of mathe-
matically interesting issues that need to be carefully dealt with. Thus our dis-
cussion is not intended to prepare the reader to cope with the issues that arise
in particle physics due to the lack of any discussion of higher spin fields, in-
cluding both bosons and fermions. Nevertheless, apart from sometimes rather
involved technical issues, the principal problems that one encounters in gen-
eral quantum field theory are mostly already present in a discussion of scalar
fields.

For continuum field theory, by far the most important examples are rel-
ativistically covariant, and we will focus on just two such models: the free
field theory and the model with a quartic self-interaction. We will discuss the
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perturbative analysis of this model as a function of the spacetime dimension
n, and show how that analysis dramatically changes as a function of n.

10.2 Relativistic Free Fields

10.2.1 A brief survey of classical and quantum properties

We focus on a scalar field ¢(z) where x = (t,x) (in units where the speed
of light ¢ = 1) in an n-dimensional spacetime R” = R x R® comprising a
one-dimensional time and an s-dimensional space (s = n—1). To describe the
dynamics of this field, we adopt the free field action functional

I =3[{[0uo(x) - m*¢(x)*}d"x ,
= 3 J{[00(z)/0t)? — [0¢(x)/02F]? — m? §(z)?} d"

with a summation on repeated indices understood. Stationary variation of the
action leads to the equation of motion

[ 9? 02

oz axm]%) +m?¢(x) =0O¢(x) + m?p(x) = 0.

In the Hamiltonian formulation one keeps the field ¢(z) and introduces the

canonical momentum 7(z) = ¢(x). Classically these fields obey the equal-time
Poisson bracket

{Qﬁ(tvx)vﬂ-(t,Y)} = 6(X_y) )

and quantum mechanically the corresponding operators obey the equal-time
commutation relation

[p(t,%), w(t,y)] = ihd(x —y) ,

with a factor of the identity operator implicit on the right-hand side. The
dynamics of the relativistic free field is described by a proper choice of the
Hamiltonian. This is already true in the classical theory and it is no less
true in the quantum theory. In the classical theory, the Hamiltonian for the
relativistic free field of mass m is given by

H =3 [{[rx)]> + [Vo(x)]* + m*[(x)]*} d*x

/H(x) d’x .

Correspondingly, the quantum Hamiltonian operator is taken as

H =1 [ {[n(x)]? + [Ve(x)]2 + m2[p(x)]?} : d

/H(x) d’r |
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where : (+) : denotes normal ordering, which is further discussed below. The
indicated expression for H is quite formal due to the fact that the field op-
erators at points are not genuine operators and so their square is ill-defined.
Nevertheless, the specifically indicated sum of the several ill-defined expres-
sions leads to a meaningful operator that may, alternatively and properly, be
defined as

H = /a(k)T p2 +m2a(k)d% ,
where we have used p = i k. Thus we deal with an operator for which
hPw(k)? = p? +m?.

Here we have a dispersion relation appropriate to a relativistic system of mass
m; this relation is exactly the familiar relativistic dispersion law E? = p2+m?
in units where the velocity of light ¢ = 1.

Hereafter, for the remainder of this chapter, we choose units such that
h=1.

Observe that the relativistic choice of Hamiltonian is not only transla-
tionally invariant but it is rotationally invariant as well. As a consequence,
we have the Poisson bracket relation {J,5, H} = 0 as well as the operator
commutation relation [y, H] = 0 for all pairs a,b, a # b, where the expres-
sions J,, and Jgp represent, respectively, the classical and quantum rotation
generators.

In the case of a relativistic theory there are additional generators of interest
that relate to boosts, namely, the relativity transformations. Classically, the
generator is a vector quantity defined by

K,=— /[ﬂ(x)taa d(x) +xo H(x)] dx .
Correspondingly, the quantum operator is given by
Ko = —/ S r(x) 0, (%) + 2o H(X)] : dx .

It is straightforward to verify that as Poisson brackets {P;, K} = 0ym H
and {H,K;} = P, as well as operator commutators [Py, K,,| = id;,, H and
[H, K] = iPy, as required for the Lie algebra generators of the Poincaré group
[IZ80]. These relations effectively establish that the example under discussion
refers to a relativistic free field.

Based on direct analogies with harmonic oscillators with finitely many
degrees of freedom, we are able to immediately offer a variety of expectation
values. For example, in terms of the fields ¢ and 7 smeared at any sharp time,
e.g., t =0, it follows for a relativistic free field of mass m that

(0] exp{ifp(f) — 7(9)]}0) ~
= exp{—(1/4) [[w(k&) 7' |f (&)]* + w(k)|g(k)[*] dk} ,
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where |0) denotes the normalized, unique ground state of the free field Hamil-

tonian operator, H|0) = 0.
As an extension of the foregoing story, let us introduce the spacetime

smeared field
= [h(z)p(z) d"x ,
for which it follows that

(0 explip(n)]]0) = exp{—(1/2) [h(x) A1 (z — y) h(y) d"z d"y} ,

where

Aie—y) = 50l ()ely) + ole@)]0

_ 1 ik(x — 2 2\ n
_2(27r)5/e ( y)é(p —m”)d"k .

In Fourier space this expectation value reads
(0l explig(h)]|0) = exp{—(m/2) [|h(K)|*6(p* —m?)d"k } ,

which implies that unless the test function h contains energy and momentum
values “on the mass shell,” i.e., that satisfy the relativistic dispersion relation,
the expectation value in question is unity.

Another expectation value of interest involves the time-ordering operator
T and is given by

(O] explie(h)]|0) = exp{(i/2) [h(z) Ap(z — y) h(y) d"z d"y} ,
where F stands for “Feynman,” and
Ap(z —y) =i(0Te(z)e(y)[0)

y 1 cik(r —y) -
__el—r>r(1)(27r)”_/p2—m2+ie ’

Here € is a small positive parameter that orients the contour of integration
properly around the poles in the complex k(= po) plane, and the limit ¢ — 0T
is taken at the end of the calculation.

Expressions involving € in the manner indicated above may be written in
an alternative fashion as well. In particular, for u € R, we observe that

. U — 1€
m — = lim — 5
e—0 U + 1€ e—0 u“ + €

1.
= Pa —amo(u) .
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Here P denotes the principal value integral, while the second term is based
on the fact that [[e/(u® + €*)] du = 7 identically for all € > 0.
If we put this relation to use for us in Fourier space, then the time-ordered
vacuum expectation value reads
i

(O[T explig(h)][0) = lim exp{— /

L[l )

p? —m? +ie
i 1 . 7 n
= exp{2 /[Pm —imd(p* —m?)]|h(k)]* d k:} .

This result contains two terms: (1) a phase term that exists, in general, for
any nonvanishing test function h, and (2) a damping term that arises only
provided the test function h contains energy and momenta on the mass shell.

It is important to note that what is here referred to from a mathematical
point of view as a test function may also be called from a physical point
of view an external source. In particular, if the external source contains the
appropriate values of energy and momenta, then it is possible for the source
to create particles out of the vacuum. If that is the case, then the probability
amplitude for the new state which includes a number of such created particles
has an overlap with the vacuum that is less than unity. Indeed, the absolute
square of the probability amplitude (0| T exp[i¢(h)]|0) is the probability to find
the vacuum in the new state. On the other hand, if the external source does not
contain energy and momenta in the right relationship, then the probability
amplitude is simply a phase factor with an absolute magnitude squared of
unity showing that the probability to make real particles from the vacuum is
zero whenever the correct dispersion relation is not satisfied by the external
source.

10.3 Functional Integral Formulation

Let us follow the discussion for path integrals presented in Chapter 6, and
generalize that argument to the case of scalar free fields. First recall that for
finitely many degrees of freedom, the formal path integral in the presence of
an external source may be given by

(OIT expli [ X' hys(t)Q(t) dt]]0)
— i A [ exp(if {2 hat)an(0) + §2 (0 + iean ¢
~Via(t)}dt) 11Dy,

where the time integral in the exponent runs from —oo to co and as boundary
conditions we choose lim;_ qx(t) = 0. Thanks to this infinite integration
range and to the presence of a small damping factor proportional to €, all final
states save for the ground state are projected out. The limit € — 0 is reserved
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for the final step. To reduce the number of symbols, the presence of both the
small damping factor as well as the ultimate limit that ¢ — 0 are frequently
left implicit, and we shall adopt such a notational shorthand as well. From a
formal point of view the extension of the path integral given above to the case
of infinitely many degrees of freedom leads to exactly the same expression
as for finitely many degrees of freedom! Of course, a limit is involved, and
that limit may exist only under special conditions. For example, it may be
enough to ensure that the coordinates of the external source hy fall to zero
sufficiently fast as k — oo. In that case the existence of the limit characterizes
the allowed test sequences for the problem at hand. With this discussion in
mind, we may simply reinterpret the formal path integral above as applying
to the case of infinitely many degrees of freedom as well. Just as one is able to
trade infinitely many coordinates for fields in the classical theory and in the
operator formulation of quantum field theory, we may do so again within the
path integral; in a certain sense, such a trade amounts to little more than a
formal change of variables within an integration. Since the expression in the
exponent of the formal path integral represents the classical action integral as
the integral of the Lagrangian, we can—maintaining the same level of formal
manipulations—pass from one expression of the classical action to another. In
the present case we can pass to fields expressed in either configuration space
or to fields expressed in momentum space, and for the sake of completeness
we shall illustrate both cases. Let us begin with free fields.

Initially, we consider a general dispersion relation 2(k)?, and to ease the
transition to fields, we initially adopt a particle-like language and concentrate
on the expression

(0] T expl[i [ h(z)p(x) d"z]|0)
= (O[T exp{i [[R(t, k)*e~ 2Kt (k)
a% dt

it k)t 2 0t T 1/0)

= N/exp{if[it(t,k)*q(tk)
+351d(t, %) > — $92(k)?|q(t,k)[* ] d*k dt} Dy .

This formal expression is an immediate consequence of the corresponding path
integral for a single degree of freedom and the fact that for each k value, the
field at k is independent of the field for all other k values. Let us reexpress
this final result in the language of space and time. In that case, and using the
field notation, a Fourier transformation leads directly to the formal expression

(O[T expli [ 2(x)p(x) d"x] |0)
= N/exp{if[h(t,x)¢(t,x) + %q.b(t,x)z] dox dt
—3i[o(t,x) W(x —y) ¢(t,y) dxdy dt} Do .
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In particular, the relativistic free particle of mass m is such that £2(k)? =
w(k)? = k? + m?, and it may be characterized by the functional integral
(including the ie factor but leaving the limit ¢ — 0 implicit)

(O[T expli [ h(x) () d™z] [0)
— N / exp(i [ {h(2)6(x) + L0,0(x)]? — 1(m? — ie)$(x)?} d"z ) D,

where the field is integrated over all spacetime with the boundary condition
that ¢(x) vanishes at both spatial and temporal infinity. Although formal,
this is an expression of fundamental importance.

Recall that we have discussed the general N-dimensional Gaussian integral
in Sec. 6.1.3 leading to the result that

/eZZbkyk — 3 XY Ay 11 dyy, = Me—%zbkfll(cz U
det(A)

provided, of course, that A = {Ay} is a symmetric N x N matrix such
that the integral converges, a condition which also ensures that A has an
inverse A=Y defined so that ACCYVA = 1. Observe that the final form of
the exponent, f%EbkA,(gl_l)bl, may be determined from the exponent of the
integrand, ¢Xbgyr — %EykAklyl, evaluated at the value of y; corresponding
to the extremal point, namely, for ib, = Y Agy;. This is an extremely useful
method to determine the exponent in a Gaussian integral.

We can immediately use this result to evaluate the functional integral for
the relativistic free field of mass m. The result will be the exponential of a
quadratic form that is given by the extremal value of the exponent of the
integrand. That extremal occurs when

[O+ (m® —ie)lé(z) = h(z) ,

where we have retained the necessary factor (ie) in order for the integral to
have converged in the first place. The solution to this equation consistent with
its vanishing at infinity is

1 n,
o(x) Z/WQ_Z.E)]CS(I—y)h(y)dy

- / {(271r)n / psii(fnz_i)ie d”p} h(y)d"y

- / Ap(w —y) h(y) d"y .

Substitution of this extremal ¢ into the exponent of the integrand leads to
the result that

(OIT expli [ h(z)p(x) d"x] |0)
= exp{(i/2) [h(z) Ar(z —y) h(y) d"zd"y }
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where the overall normalization has been fixed by the required value of unity
when h = 0. This result confirms the one previously obtained for the gener-
ating function of the time-ordered vacuum expectation values.

Up to this point our discussion has been a purely formal one and it is
important to understand under what circumstances it is permissible to argue
in strictly formal terms—and also when it is not. In the present case there
is, underlying our formal discussion, a fully satisfactory proper mathemati-
cal meaning to the manipulations involved. Let us focus on the example of
the relativistic free particle since the discussion in any other case is entirely
analogous. To give meaning to a formal functional integral of the kind under
consideration it is necessary to employ some form of reqularization designed
to give meaning to an otherwise ill-defined expression. There are a great many
ways to do so, but for the present let us focus on the so-called lattice regu-
larization wherein one replaces the continuum of spacetime by a (hyper)cubic
lattice with a uniform lattice spacing a > 0. Initially, we also assume that the
size of the entire lattice is finite so that we have in effect replaced the field
theory with its infinite number of degrees of freedom by a system with a finite
number, say N, of degrees of freedom. For this system with finitely many
degrees of freedom, we can formulate the functional integral as an ordinary
integral for N variables. Ultimately, the answer of physical interest should be
given by a limit in which N — oo. Let us see how this works out in practice
for the relativistic free field.

As our regularized form for the path integral we consider

Cn / exp{i[Zi hrdra” + 3 Sy (Gpn — dp)2am 2
—%Ek (Qbk* — ¢k)2a"’2 — %(mQ — ie)Equza"] }Hk d¢k .

There are a number of notational points to clarify in this expression: Cy
denotes a normalization factor adjusted so that the result is unity if hy = 0 for
all k; a™ represents the volume of a unit cell on the lattice; k& denotes the label
of a lattice site, i.e., k = (k°, k', ... k*), k¥ € Z={0,4+1,42,...}; k¥ = (K°+

1, kY, ..., k®), namely, the next future point in time, while, analogously, k*
denotes each one of the s nearest neighbors in the (positive) spatial directions,
k. ..., k% The sums run over finitely many lattice sites and (implicitly over)

nearest neighbors as needed with (say) periodic boundary conditions. It is
clear that the exponent of the integrand is nothing other than a Riemann
sum approximation to the integral expression that holds in the continuum,
and in which, for example, hj denotes the average value of the test function
h over the lattice cell centered at the lattice site k, and correspondingly for
¢r. Clearly, with a lattice regularization present, only a finite number ()
of ordinary integrals are involved, and the desired answer for the generating
functional of the time-ordered vacuum expectation values is formally given
as the limit N — oo, at least in principle. For the case of the free field,
the result of those N integrations can be readily determined by the general
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formula for Gaussian integrals, and so the answer in the continuum limit
is obtained by taking the limit N — oo of the expression obtained after
doing the Gaussian integrations. In turn, the expression that results from this
operation is recognized as the same as that obtained by directly solving for the
continuum form of the exponent as we have already done, and this observation
provides a justification for the procedure outlined above for determining the
result of the functional integral.

10.4 Euclidean-Space Functional Integral Formulation

An appropriate analytic continuation in the “time” variable takes one from
Minkowski to Euclidean space. In so doing, the integrand of the functional
integral changes from an oscillatory to a positive one, but even for this real
functional integral it is generally necessary to still introduce a lattice regular-
ized formulation. Thus we may as well go directly from some form of regu-
larization such as the Minkowski lattice formulation to the Euclidean lattice
formulation by a simple analytic procedure. Let one of the lattice spacing “a”
terms in the lattice formulation be identified as referring to the time direction,
and analytically continue that a (and not any other) from a to —ia, a rotation
of —7/2 in the complex plane. This has the effect of changing the Minkowski
lattice formulation for the free theory into the Euclidean expression

MN/GXP[Zkhkd)ka” — 2 5u(dpe — dr)%a" "2 — im2 Xy piam] 1Ty, dy, .

Note that for the time increment, the (temporal) a in question is in the de-
nominator, while for the space increments, the (temporal) a in question lies in
the numerator. Thus the time- and space-increment terms respond differently
to the complex rotation of the variable. In the expression for the integrand,
the implicit sum over £* covers all n dimensions, i.e., both the former time
direction as well as all s spatial directions, and they all enter with a common
sign characteristic of a Euclidean (rather than a Minkowski) metric. This is
a very important formulation for the relativistic free field, and we shall soon
extend it to interacting field models as well. If we formally take the continuum
limit and interchange it with the multidimensional integrations, then we are
led to a formal functional integral in the case of the Euclidean free field theory
given by

S{h} = A7 [ exp(f {h(a)oo) - (V&)@ + m?o(a)]} ') Do

Here we have begun to use the symbol N as a formal normalization constant;
although its specific value may actually change from one equation to another,
the manner of its definition will generally be clear from the context. The
formal expression S{h} may be regarded in either of two ways. On the one
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hand, it may be viewed as just a formal shorthand notation for the lattice
regularized expression followed by the continuum limit. On the other hand,
there is in fact a probability measure up (F for “free”) on distribution-valued
fields such that

S{h) = / ) dyue ()

holds in a well-defined mathematical sense [GV64, Sko74]. In the Euclidean
case under discussion, the measure pp is a proper measure (i.e., countably ad-
ditive) unlike the case for the Minkowski functional integral where the “mea-
sure” that one often assumes is not a proper measure (namely, it is only
finitely additive). As such, it is important to observe that the Euclidean situ-
ation offers a level of mathematical characterization that is unavailable in the
Minkowski formulation, namely, that of a genuine stochastic process. Let us.
denote the ensemble average of some quantity (-) by ((-)) = [(-) dur, and let
us use the same symbol ¢ to denote the stochastic variable. In that case the
Fuclidean-space moment generating functional may be written in the form

(e®()) = exp{L([(h)]2)}
exp{L [h(z) (6(x)d(y)) h(y) d" d"y } .

Consequently, the entire expression is determined completely by the two-point
correlation function (¢(x)d(y)), just as the case for any mean-zero Gaussian
random variable.

The form of the Euclidean-space, free field, two-point function is given by
the integral expression

S(h)

(@ =) = (0)o)) = e | S -
This integral may be explicitly evaluated in terms of modified Bessel functions
[JR80]. However, we are not especially interested in the exact functional form
of this correlation function; rather we are interested in the behavior of C(xz—y)
when x and y are close to one another. In our units the distance |z —y| is small

when m|z —y| < 1, in which case, when n > 3, we may use the approximation
that

eip - (x —y)
Cla=y) = Cole =) = gz [

o<|913—y|_(”_2)7 n>3,

where the indicated functional dependence for small |z — y| is essentially de-
termined simply on dimensional grounds, or equivalently, by a simple change
of variables. This short-distance behavior is characteristic of all relativistic
free fields in dimensions n > 3 and is independent of the mass m. In two
spacetime dimensions (n = 2) the mass parameter cannot be eliminated from
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the denominator for otherwise the integral would diverge at zero momentum
as well as infinite momentum. The short-distance behavior in the case of two
spacetime dimensions involves the mass m and (with p = mr) is given by

1 gimr - (x —y) )
C(x_y):(%r)z/ 2y

x —In(m|z —y|), n=2.

The short-distance behavior for the two-point correlation functions that
we have arrived at will be of great significance as we turn our attention to the
construction of local powers of the field. We shall find the proper proportion-
ality constant for each of the cases later.

10.4.1 Local products

As a preliminary to the study of additional scalar field models we take up the
question of local powers of the stochastic variable ¢(z). A brief argument will
convince us that we cannot use the conventional notion of local power. First
of all, we note that for any n > 2 it already follows that (¢(x)?) = C(0) = oo.
For some random variables this condition may simply imply the divergence
of a moment, but for a mean-zero Gaussian variable it actually implies that
¢(x)? = oo almost everywhere. A proof of that statement runs as follows: let
X denote a mean-zero Gaussian random variable. Then

<e_%X2> = (27r1)1/2 /e_%t2<eitX>dt
_ L fsaexene o L
<27r>1/2/ ’ A e

Thus, if (X?) = oo, it follows that (exp[—1X?]) = 0, which can only hold
provided X2 = oo almost everywhere.

Let us instead focus on normally-ordered local products, which, because of
the similarity with the definition in the case of operator fields, we denote by
s o(x)P 5, p e {1,2,3,...}, and which we formally define by the generating
function

L CPT) . = () jrecd(a)y

Normal-ordered field powers formally follow by expansion of this expression
in a power series in the parameter c. For example, it formally follows that

. (b(l‘) L= ¢(l‘) ;

co(x)? = o(x)? = (¢(2)?)

tp(x)? = (x)® = 3p(x)(p(2)?)

co(x)t = p(x)t — 6¢(2)* (¢(2)%) + 3(p(x)*)?
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etc. In these expressions observe that (¢(x)2?) = C'(0) = (¢(0)2) is a divergent
constant that is independent of the point x. To see that such expressions make
sense as distributions we first observe—without proof for the moment—that

([[h(z) s p(x)P = d"2]?) = p! [h(z) ((2)p(y))? h(y) d"zd"y .

This expression converges at infinity because we are dealing with test functions
that fall off at infinity as fast as we like. On the other hand, convergence (or
lack of it) when = & y is quite another matter. For n = 2 the short-distance
behavior has a logarithmic divergence, — In(m|z—y|), and so we may conclude
that

/ [—In(m|z — y|)]P d"z < o0
mlz—y|<1

holds for all p > 0. For n > 3, the convergence depends on a specific relation-
ship of p and n. Since the short-distance behavior of the correlation function
behaves as |z — y|~ ("2, we will have convergence when z ~ y provided that

1
/ T pn—2) d"r < oo s
m|z—y|<1 |£U - y|p

and this criterion demands that p(n — 2) < n. That is, we have convergence

whenever
n

—927
a relation that holds for all n > 2, assuming the proper interpretation in

the case n = 2. The finiteness of such a moment implies that the stochastic
variable

p<

:¢p:(h)5/h(x):¢(x)p:d"x, p<nf/(in—2),

is almost everywhere finite. Therefore, : ¢ : (h) is necessarily well-defined al-
most everywhere. These normal-ordered powers will serve as the local powers,
especially when we seek to go beyond free theories.

We now return to the proof that the second moment of the stochastic
variable : ¢? : (h) has the indicated form. The basic arguments in the proof
are already present in the simplest case where p = 2. Because the stochastic
process under consideration is Gaussian with a zero mean, it follows that

Now we specialize this expression by setting u = x and v = y. Thus we are
led to the relation that
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The term on the left-hand side as well as the last term on the right-hand
side are divergent, and we now move the two divergent terms to the same
(left-hand) side of the equation to learn that

( p(2)? = 9(y)* 1) = (8(2)*B(y)*) — (B(x)d(2))* = 2A(x)b(y))” -

In like manner it follows that all divergences from coinciding points are sub-
tracted off in forming the higher order, normally ordered local powers, thus
confirming the quoted relation for the moments.

10.5 Interacting Scalar Fields

As a typical example of an interacting scalar quantum field theory let us focus
on the formal functional integral given by

N [ esp([{ha)ote) = HTo)? — dm*o(@)? — g+ 0(o)* 3} ') D

Let us set about trying to give some mathematical meaning to this formal
expression. The constant term that is part of the normal ordering is already
included in the overall normalization factor A/, which may always be deter-
mined at the end of the calculation by an appropriate normalization condition.
If we wish to give better meaning to the formal functional integral we may
invoke the stochastic process that describes the free field of mass m. Once
again we denote by pp the measure on fields that describes the free field.
Thus a somewhat better formulation of the formal path integral is given by

N / expl [[h(z)d(z) — g : d(x)* ] d"w} dur ()

This expression is still formal and thus unsatisfactory, however, because the lo-
cal density : ¢(x)* : leads to a stochastic variable only when integrated against
a test function and, in particular, not the function “one” for all spacetime.
A closer look at the test function criterion reveals that the function “one”
defined over a compact region, and zero elsewhere, would be an acceptable
test function in the present case. Thus we modify our formal path integral
once again to read

S(h) = Jim Ca [ exp{ [, [b(@)o(o) ~ g 6la)* | d'a} dpr(o)

where by A we mean a finite volume of spacetime which we can take to be a
(hyper)cube centered on the origin of coordinates and by A — 0o we mean that
the volume approaches infinity in a natural and symmetric way. Actually, this
formulation is entirely satisfactory whenever the locally integrated normal-
ordered power is a proper stochastic variable, and that situation occurs, as
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derived above, whenever p < n/(n—2), or specifically for p = 4 when n < 8/3,
i.e., n = 2. Thus the formulation of the Euclidean 3 field theory offered above
is a perfectly acceptable one, and the theory has been successfully analyzed
from this starting point [GJ87, FFS92]. Unfortunately, it is not a suitable
starting point for higher spacetime dimensions.

10.5.1 Perturbation theory

Let us take up the important question of a perturbation analysis in a power
series in the coupling constant g. The perturbation theoretic approach to
study the question of the existence and the (approximate) calculation of S(h)
is an important one and can be used for any spacetime dimension n that one
chooses. To a certain extent some features of the calculation are common to
any dimension, and so let us discuss those initially. For the sake of convenience,
we employ a formal notation suppressing the volume A and its associated limit.
Thus, first of all, let us consider the formal power series given by

s(hy =3 T 0 SM 1 - gyt - drage)

|
q=0 T

_ Z (—9)¢ C'([pm)P ([ p(x)t: dma]?) .

In the last line the problem has been reduced, in effect, to a sum of correlation
functions of the field in the Gaussian ensemble of the relativistic free field with
mass m. In turn, this leads to a number of contributions each of which involves
sums of products of the two-point correlation function of the Gaussian ensem-
ble. The factor C” is to be chosen so that the overall normalization S(0) = 1.
In practice, the effect of this normalization can be most simply incorporated
within perturbation theory by confining attention to those contributions that
are entirely connected to the external terms ¢(h) [1Z80, Kak93, PS95].

As indicated earlier in this chapter, the correlation functions of a mean-
zero Gaussian ensemble are entirely determined by the two-point function,
which for the relativistic free field is given by

etp - (T —y)
Cla—y) = ($@)d(y)) = — / '

(2m)" p? + m?
k
Zma mlz —yl <1, n>3,
~ —kyIn(m|x —y|), mlz—yl <1, n=2,

where the vector square and vector inner product are taken here in the Euclid-
ean metric. The last two lines are devoted to the short-distance behavior in the
two cases n > 3 and n = 2. Here the constants k,, may be determined by the
following relatively simple argument. For n > 3 we consider the distributional
relation
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ko 1 /eip'f'f "
o2 = o) T

which holds simply on the grounds of a change of variables in the integration.
We now integrate both sides of this expression with a Gaussian test function,
leading to

—T%/2 1 / e —2%/2 gn
d'r = e d"pd"z
/ |fU|” z¢ -~ @mn) o p?
1 / e P2 gy
COR
Let us introduce w 22/2 and v? = p?/2, where 0 < u < oo as well as

0 < v < oo. Since the angular integrations on both sides cancel we are left
with just one-dimensional radial integrals, leading to

o0 2 1 o0 2
kn/ e Wudu = —/ e V"3 dv
0 A(m)m/2 Jo

from which we conclude that

2 =

I'(n/2-1)
hp = — =2 >3,
1(m)? n>3

For n = 2 we can use the fact that as m — 0 the natural logarithm
holds over an ever-increasing range of spacetime. Let us again integrate with
a Gaussian test function, leading to

—z2/2 2 1 e—p2/2
/e / [—k;gln(m|x\)]dx_@/zmdzp.

As m becomes smaller and smaller, we may divide the right-hand side so that
—koIn(m) [e™ 7 /2d +lo.t.
1 1
- S
(2m) /p2<1 p?+m? P

2
1 e P /21
+—/ ot
(27T) |p|2<1 p2+m2

where l.o.t. means lower order terms. It follows directly from the leading
divergence as m — 0 that

1
ko = — .
27 on
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10.5.2 Spacetime dimension n = 3

For n = 3, as we shall observe below, the naturally defined formal theory has
one ultraviolet divergence which requires an infinite mass renormalization.
This means that besides normal ordering it is necessary to add an additional,
divergent multiple of : ¢(z)? :. The need for such a modification may be
readily demonstrated. For the present we proceed formally, and consider the
two-point function given by

(@(h)? exp{—g[ : p(2)* : d’}) .

We expand the exponent in a power series in g and focus in particular on the
second-order term

192 [(o(h)? = ¢(2)* = p(y)* 2 ) d d¥y .

e
1 3
(0) 2><><4
1 5
(©) 2><><6

4

Fig. 10.1. Several contributions to the generating functional represented graphi-
cally. The free ends labeled 1, 2, 3, etc., each denote a separate factor ¢(h). The
crosses resulting from the intersection of two lines represent terms of the form
. ¢(-)* : arising from the interaction. Each intersection is accompanied by one
power of the coupling constant g.

Among the several contributions this integral leads to, we single out a partic-
ular term, conveniently represented by Fig. 10.1, part (a), for further consid-
eration. The term in question is analytically given by’

96 42 / (D(h)6(@)) (D) b (1)) (D) d(h)) d d%

!The prefactor 96 = (4!)?/3! is a combinatorial factor representing the number
of similar terms arising from the previous expression. For rules on such factors see,
e.g., [I1Z80].
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— 964° / (2) Clo — y)* Fly) ds d
= 196/(4n)°)g* [ Ba)fo ol Filw) oty
= (3/27%) ¢ /E(u +v/2) |v| 3 h(u —v/2) dPud ,

where h(z) = (¢(h)¢(x)). Due to the rapid falloff of h(x) for large |z, the
integrals over v and v may be considered to be restricted to a finite domain
of R?, say |v| < 1. On the other hand, there is a divergence in the integral
that arises at v = 0. Observe that if a Taylor expansion is made about u of
either term h, then the extra v terms that appear render the integral over v
convergent at the origin. Thus the divergence is equivalent to that of

(3/27%) g /E(u) |o| 72 h(w) d*ud® .

This term is first made finite by regularization, say by replacing |v|=3 by
(Ju| + €)= for a very small € > 0. However, we also may note that

(4| In(e) ] (o] + )7

converges to the three-dimensional delta function as € — 0. Thus we observe
that we can renormalize our regularized expression by introducing

li (3/27°) g / R(@){(j — yl + ) ~* — (x| In(e)[] 6(x — y)Yly) d* dy

which now has the virtue of being finite. Note that the effect of the §(z — y)
term is identical to that which would follow from an additional interaction
proportional to % : ¢(x)? :. Therefore, if we instead reconsider the problem
stated in the form

lim(¢(h)? exp{—[[g : pe()" : +ccg® : G(2)? ] dr}) |

€

where ¢.(z) is a field with the regularized two-point function,

(fe(2)9(0)) = (1/4m)(Jz] + )7, 7] <1,

and
ce = (3/m%)|In(e) |,

then we would have eliminated the indicated divergence to order g2. It is a
triumph of combinatorics and renormalization theory that in this case this
is the only counterterm needed to render the expansion finite to all orders
of the coupling constant g. Although by itself this fact is suggestive, it no
way proves that this regularization and renormalization provide a meaningful
regularization and renormalization procedure outside of perturbation theory.
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Nevertheless, this is the case. In a triumph of mathematical physics (see, e.g.,
[FFS92]) it has been shown that the expression

AIEI;O lgr(l) Calexp{ [ ,[h(z)o(z) — g : be()t s —ceg? : d(x)? 1] d*x)})

converges to a nontrivial result and that a perturbation theory in the coupling
constant ¢ is asymptotic to that result.

10.5.3 Spacetime dimension n = 4

For n = 4 the naturally defined formal theory has three distinct categories of
ultraviolet divergences that require a mass renormalization, a field strength
renormalization, and a coupling constant renormalization. In fact, it is nec-
essary to add counterterms for each of the three basic contributions in the
formal action. Let us initially argue for the first two types of counterterms.
The start of our analysis follows the discussion in the case n = 3, and we
again consider the two-point function given by

(p(h)* exp{—g [ : p(x)* : d'z}) .

Let us expand the exponent in a power series in g and focus again, in partic-
ular, on the second-order term

Lg? [(b(h)? : d(x)* = p(y)* ) dUedy .

Among the several contributions this integral leads to, we single out the fol-
lowing term [see Fig. 10.1, part (a), again]:

96 ¢° /<¢(h)¢(33)><¢>($)¢(y)>3<¢>(y)¢(h)> d'wdYy

=96 ¢° /E(x) C(x —y)> h(y) d'z dYy

= 196/(45%)") 7 [ (o) lo — | Flw) 'y

= (3/27%) ¢* /E(u +v/2)[v| "¢ h(u — v/2) d*ud* ,
where the integrals over u and v may be considered to be restricted to a finite
domain of R%, say |v| < 1. On the other hand, there is a divergence in the
integral that arises at v = 0. Observe that if a Taylor expansion is made of
either term h, then after two such terms, the extra v terms that appear render

the integral over v convergent at the origin. Thus the divergence is equivalent
to that for

(3/27%) ¢* [/ h(u) |v| 7% h(u) d*ud®

—(1/4) /E,j () o7 (0]~ oF Toop (u) du d

+(1/4) /E,jk (u) o7 [o] =8 oF o) dud™] ;
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a possible term involving only one derivative vanishes, on regularization, by
symmetry. We shall regularize the divergences by replacing the factor |v| in
the denominator by (|v| + €) just as before. Let us consider the two contri-
butions separately. The first term becomes [(|v] + €)7%d% = e~?72, which
may be renormalized by the introduction of a mass counterterm of the form
(3/47%) g%¢=2 : ¢(x)? :. In the two other factors only those terms for which
j = k contribute due to symmetry, each such term has the same divergence,
and therefore the regularized form of such terms is also given, with summation
on j implied, by

—(3/167°) /h,] V(o] +€) " hyj (v) dudh .

The divergence here is given by f(l)(|v| + €)~*d% = 272 |In(€)|, which in turn
may be canceled by the counterterm (3/167%) g% |In(e)| : (V¢)(z)? :. This
kind of renormalization is referred to as field strength renormalization.

To deal with the coupling constant renormalization we focus next on an-
other expression of the form

Lg% [(p()*: p(x)h :: By)* ) diz dy .

Of all the terms to which this gives rise we consider further the term [see
Fig. 10.1, part (b)] [note 288 = (4!)2/2]]

288 g* /F(m) C(x —y)* H(y) d*zd'
~ [288/(47%)2 /H )|z —y|"* H(y) d*vdYy .

Here H(x) = (¢(h)¢(x))? = h(x)? which is a smooth function that we may as-
sume falls to zero rapidly as |z| becomes large. Thus, as before, the divergence
arises when x = y. The term in question, therefore, is equivalent to

(18/71) g2 /F(u +0/2) o]~ F(u — v/2) dhud |
and the divergence is given by

(18/7%) g /H(u) lv| =4 H (u) d*ud .

Regularization leads to the integral ftl)(|v| +€)~td% = (27?)|In(e)|, which
may be compensated by the counterterm (3/272) g2|In(e)| : ¢(x)* :. Such a
modification amounts to a renormalization of the quartic interaction coupling
constant.

If we had included the three renormalization counterterms, then we would
have eliminated the indicated divergence to order ¢2. However, and unlike the



230 10 Application to Quantum Field Theory

case of n = 3, when higher-order terms in the perturbation series are consid-
ered, additional divergences arise, but, fortunately, they all may be subsumed
into modifications of the mass, coupling constant, and the coefficient of the
gradient-squared term in the formal Lagrangian. Thus the coefficients of these
factors become power series in the coupling constant, all terms of which have
a common characteristic divergence behavior. This behavior is typical of the-
ories that are called strictly renormalizable. Although by itself this fact is
suggestive, it no way proves that this kind of regularization and renormal-
ization provide a meaningful regularization and renormalization procedure
outside of perturbation theory. In fact, it is now widely believed that this
is not the case, namely, that the full theory treated outside of perturbation
theory yields a qualitatively different answer than is given by the perturba-
tion solution. Indeed, outside of perturbation theory, the quartic self-coupled
scalar quantum field theory is believed to be a free theory, i.e., to lead to a
free field theory or perhaps to a generalized free field theory [FFS92, Cal88].
It is of considerable interest that the results of a perturbation treatment, on
the one hand, and of a nonperturbative analysis, on the other hand, can have
such diverse answers.

0 - > - i

Fig. 10.2. A graphical representation for the sum of an infinite number of terms of
a special family of contributions. The top line has separate graphs each of which has
the interpretation given for those in Fig. 10.1. The bottom line graphically represents

an equation, in fact, an integral equation, whose solution leads, simply by iteration,
to the complete sum of the contributions represented in the top line.

Fortunately, this dilemma seems to have a resolution. A careful examina-
tion of the perturbation series, especially including a partial resummation of
certain selected contributions, leads one to believe that a resummed perturba-
tion series may well also lead to a free theory result. Let us give a qualitative
picture of such an argument. First consider Fig. 10.2. This figure represents
an integral equation for the summation of an infinite number of contributions,
thereby leading to an expression beyond any finite order of perturbation the-
ory. The qualitative structure of such a partial summation is of the form

gC
(1+g/n(e)|C)
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where C denotes a finite, positive contribution, the details of which are not
important for the present discussion. The essential fact to note is that as the
regularization is removed, i.e., as € — 0, the denominator diverges, sending
the overall term to zero. In other words, although order by order the con-
tributions to the interaction involve divergences, when selected contributions
are resummed it follows that the overall contribution of an infinite number of
terms actually forces the nonlinear coupling constant to vanish; this kind of
argument is said to be due to a “Landau pole” (or “Landau ghost”) [IZ80].
Here, then, in the context of perturbation theory is an argument, heuristic to
be sure, that the “complete” theory including the nonlinear interaction cor-
responds to a noninteracting theory. This result offers some support for the
widely held belief that the conventionally formulated ¢ is trivial [FFS92].

10.5.4 Spacetime dimension n > 5

For n = 5 the naturally defined formal theory has an unlimited number of
distinct categories of ultraviolet divergences which require not only a mass
renormalization, a field strength renormalization, and a coupling constant
renormalization, but also require the introduction and renormalization of an
infinite number of additional self-interactions. In other words, the formal start-
ing Lagrangian that contains a quartic interaction ¢* must be supplemented
by an unending series of interactions of the form : ¢ : where p = 3,4,5... (as
well as other counterterms involving derivatives). The divergent part of the
coeflicients of these auxiliary interactions is determined so as to cancel those
divergences that arise from lower-order interactions. However, that leaves open
the question of any finite part remaining for these interactions, and the ar-
bitrariness in these factors, as the argument is generally made, renders such
theories useless for any predictive purposes inasmuch as an infinite number
of measurements need to be made first so as to fix the finite parts of these
needed counterterm interactions. Such theories are called nonrenormalizable,
and it is clear from this qualitative account that they lead to essentially insur-
mountable difficulties. Our purpose in this chapter is not to offer any miracle
cure for such “sick” theories, but rather to indicate how the need for such an
endless chain of higher-order interactions arises. (However, in the next chap-
ter we shall revisit these theories and indeed propose a “miracle cure”!) For
convenience, we shall confine our discussion to the case n = 5.

To assess the specific need for renormalizations and various counterterms
for such a theory we accept the lessons we have learned from the analysis in
spacetime dimensions n = 3 and n = 4. In particular, for n = 4 we found
the need for a coupling constant renormalization. In the present case let us
examine the term

(1/4Dg (d(W)° [ = ¢la)* : d]*) .

Observe that this term is higher-order in g than we have previously considered.
Among the several contributions to which this factor gives rise, we focus on
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[see Fig. 10.1, part (c)] [note 144 = (4!)2/(2!)?]

144! /H 2)(y) (=) Cle — y) Cla — 2) Oy — 2)
xC(w —y) C(w — 2) dw d’r d% d°z |

where h and H have their previous meanings. As was the case before, the
integration domains are effectively restricted for large arguments. For short
distances C'(z — y) ~ (1/872%)|x — y|=2, and therefore we are faced with esti-
mating
144(1/87°) ¢* /F(w) H(x)h(y) h(z) |z —y| 7 o — 2| |y — 2| 7°
x|w —y| 73w — 2|7 dPw d’x dPy dz .

We may estimate this expression by carrying out the integrations over both
w and x, which leads to a result proportional to

g4/ﬁ<y> ly — 2" F(2) dy %

A change of variables leads to

g4/E(u—|— v/2) 0|75 h(u — v/2) d°u d™

and much as before the divergent part is given by

g* /E(u) |v| 7 h(u) d®u d®v

which is logarithmically divergent, i.e., proportional to |In(¢)|. For present
purposes it is sufficient to determine that the integral in question is divergent,
and we do not need to explicitly evaluate the coefficient. The counterterm for
this divergence is proportional to g*|In(e)| : ¢(x) : , which is seen to be
an entirely new local interaction. In turn, this nonvanishing interaction may
be used in the evaluation of even further contributions. For example, we may
next examine

(97/3) (o) (@(h)* [ : ¢(w)® : dw[[ = p(x)* : d°]?)
which, among others, contributes a term proportional to
o7 (o) [ Hlw) H(e) By)* Fe) Ola - ) Cla — 2)Cly - 2)
xC(w —y) C(w — z) d°w d’ d% d°

with an integral which is just as divergent as was the previously considered
case. This particular divergence requires the introduction of a counterterm
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proportional to g7 | In(e)|? : ¢(z)® :. And so it goes ad infinitum with the need
to introduce counterterms of an ever higher order.

One may ask the question of how these conclusions obtained on the basis
of perturbation theory relate to conclusions that can be drawn from non-
perturbative analyses. In fact, a nonperturbative analysis of such models has
been made on the basis of a Euclidean lattice model formulation (see next
section), and it has been shown [FFS92] that models such as ¢# rigorously
tend to free or generalized free theories in the limit that the regularization is
removed. In other words, while the perturbation analysis requires an unend-
ing set of higher-order counterterms for its definition order by order in the
coupling constant, the nonperturbative analysis leads to a theory in which all
nonlinear interactions effectively vanish. One may again argue—as was the
case for n = 4—that a partial summation of suitable contributions leads to
the suppression of any nonlinear interaction, and so in this heuristic sense the
results of the nonperturbative study may be qualitatively understood.

We note without proof that for the scalar quantum field models ¢?, with
n > 6, the results are qualitatively the same as for n = 5 and all such theories
are nonrenormalizable.

10.6 Euclidean-Space Lattice Regularization

An alternative regularization provides another approach to self-interacting
scalar quantum field theories, and it is a natural generalization of the lattice
formulation already studied in the case of the relativistic free theories. In
particular, let us consider

S(h) = C/GXP{Ek [hi b a™ — L(pp — d)?a 2
—smg ¢ a™ —g: ¢ a" |} i doy -

In this expression we assume that the total number of lattice sites N = L™,
say, is finite, and recall that the continuum limit means not only that a — 0,
but that N — oo in such a way that eventually the integration covers all
of R™. Guided by the continuum theory, we have included normal ordering
for the quartic interaction term. For n = 2 and n = 3, and allowing for
an appropriate definition of the bare parameters, it has been demonstrated
that the continuum limit of this lattice formulation generates a nontrivial
Euclidean-space quantum field theory that in addition satisfies the appropriate
axioms to permit a transformation back to a Minkowski theory, and which
yields a theory that is equivalent to the one defined asymptotically by its
perturbation series in the coupling constant g. On the other hand, for n > 5,
and quite probably for n = 4, the so-defined theory leads to a Gaussian—often
called trivial—result [FFS92].
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We will reexamine these results for n > 5 from an entirely different view-
point in the following chapter and will find potentially very different conclu-
sions. These new conclusions involve a new renormalization procedure called
“mashing the measure”; keep an eye out for it in the next chapter.

Exercises

10-1 Verify the equality implied in the equation
(0| T expli [ X hy(t)Qr(t) dt]|0)
— i A [ exp(if {2 hathan(t) + §2 (0 + iear(t))
—V(q(t))} dt) I Dyy. .
What kind of time dependence is meant by Q(t) on the left-hand side?
10-2 Complete the argument that

1
ko = —
27 o

for the short-distance behavior of the function

oi(x —y)
L / Y i~ ko [ n(ml — )]

@2m) ) p*+m?
when m|z —y| < 1.
10-3 Using the formal fact that
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A Modern Approach to Nonrenormalizable
Models

11.1 Introduction

In the preceding chapter we discussed a sequence of quartic self-interacting
relativistic scalar fields that range from super renormalizable models (for
spacetime dimension n = 2,3), to strictly renormalizable models (n = 4),
and finally to nonrenormalizable models (n > 5). In the super renormaliz-
able cases, the perturbative solutions we outlined agree completely with the
rigorous results obtained by more sophisticated, nonperturbative techniques.
Thus these cases are unambiguous and are considered solved (from an exis-
tence point of view, at least). The strictly renormalizable case exhibits all the
expected features of an acceptable perturbation analysis, but there is good
reason to believe that it does not agree with the nonperturbative solution.
That is, the nonperturbative solution is not equal to the one derived by a
perturbation theory, and as renormalization group and Monte Carlo studies
have indicated, the nonperturbative strictly renormalizable model leads to a
free theory in the continuum limit. By summing a suitable set of infinitely
many perturbation terms, even the perturbation theory can be made to sug-
gest that the continuum limit is also a free theory. Moreover, when we examine
the nonrenormalizable cases from a nonperturbative viewpoint and limit the
set of counterterms to include only mass and coupling constant modifications,
they too can be rigorously shown to approach free theories in the contin-
uum limit. This situation means that for the quartic relativistic scalar field
theories, a perturbation analysis for spacetime dimension n = 4 and n > 5,
namely, the perturbative solution discussed in the preceding chapter, fails to
properly represent the quantization of the corresponding classical field theory.
This situation represents a genuine gap in our understanding of quantum field
theory.

Recently, a general philosophy and an associated approach to nonrenor-
malizable models has arisen that we wish to develop in the present chapter.
It is not yet clear whether these same ideas may offer a viable, alternative ap-
proach for strictly renormalizable cases that are also asymptotically nonfree,
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Harmonic Analysis, DOI 10.1007/978-0-8176-4791-9 11,
© Springer Science+Business Media, LLC 2011
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but that possibility is not yet excluded. Therefore, because we seem to be
on safer ground, we shall focus our attention solely on the nonrenormalizable
cases in what follows.

11.2 Nonrenormalizable Classical Models

11.2.1 Relativistic models

The Euclidean action for a quartic, self-interacting, relativistic model is given
by

I=[{3[Vo(@)? + tm3o(x)® + goo(a)'} ',

where n denotes the spacetime dimension and gy > 0. The case where gy = 0
defines the all-important free model, the Euclidean action for which is given
by

Io = 5 [{[Vé(@)]* + mi(x)* } d"x .

As outlined in the preceding chapter, the quartic scalar field theory is non-
renormalizable for n > 5 since a perturbation series of the interacting theory
about the free theory leads to an infinite sequence of distinct, ever more di-
vergent counterterms.

In this chapter, we will argue that: (i) there is a clear and natural rea-
son for such models to be nonrenormalizable, (ii) this reason suggests that a
perturbation analysis about an alternative model—to be called the pseudo-
free model—leads to a perturbation series which is term-by-term finite, and
very importantly, (iii) the pseudofree model can be reached by an extremely
elementary procedure. However, to motivate the analysis for the relativistic
models it is pedagogically useful to first discuss two (nonrelativistic) non-
renormalizable models, both of which are even more singular than relativistic
models, yet with the great virtue of being completely soluble!

11.2.2 Ultralocal models

The Euclidean action for ultralocal models is obtained from the relativistic
models by dropping the spatial gradient terms. Thus the quartic Euclidean
action functional for ultralocal models reads

I= [{1(t, %)%+ Lm3o(t,x)? + go(t,x)* } dtd* .

In this expression, s = n — 1, * = (¢,x) in which we have singled out the
Euclidean time ¢, and the spatial variable x € R®. Only the time derivative—
represented by ()—is present in the ultralocal model.

Besides the quartic self-interacting ultralocal model, we also focus on the
free ultralocal model for which the Euclidean action reads
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Io = 5 [{6(t,%)* + m§o(t,x)? } did .

Observe that both the free and interacting ultralocal models lack spatial
derivatives, implying that the time development at one point x is completely
independent of the time development at any other spatial point. It is as if
the forward light cone of influence relevant for relativistic models has been
collapsed to a forward line of influence. These models do not represent the
physical situation in the real world—our motivation for studying ultralocal
models lies in their complete solubility, not their physicality.

11.2.3 Independent value models

A small modification of the ultralocal models leads us to the independent value
models. That modification is to drop from the Euclidean action the remaining
(time) derivative term, leading to the Euclidean action for the independent
value models given by

I= [{zmio(x)* +gogp(z)*}d" .
The free independent value models are in turn given by the Euclidean action
Io=3md [o(x)?d"x .

Unlike the relativistic and ultralocal models, the independent value models
exhibit no dynamics whatsoever; the role of these latter models lies in their
functional integral study which, as we shall see, renders them completely sol-
uble.

For the three sets of models that we have introduced, we have confined
our attention only to quartic nonlinear interactions. The reason for this is
that quartic nonlinear interactions are the easiest to deal with, and they also
have the virtue that higher-order interactions can be treated by very sim-
ilar techniques. In point of fact, as a concrete example of what is implied
by the previous remark, we note that our treatment of the three models in
their nonrenormalizable regimes can be carried out not only for ¢* nonlinear
interactions but for ¢** or ¢***, etc., equally well! This should indicate to
the knowledgeable reader that our approach will be vastly different from that
which is conventionally used.

We next explore the classical behavior of our chosen models in some detail.

11.2.4 Classical pseudofree models

Although we have presented the Euclidean (imaginary time) action for the
relativistic and ultralocal models above, it is straightforward to imagine deal-
ing with the real-time classical actions and the dynamical equations to which
they lead upon stationary variation. For example, the set of classical solutions
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W for the free ultralocal model is limited to the class of functions ¢(t, x) that
satisfy

Wy = {6 ¢ [I3(t.%) + m3o(t, x)?]dtd*x < oo}

because such a limitation is imposed on the variation of the functions in the
classical action in order to derive the classical equations of motion.

Now consider the solutions of the dynamical equations for the interacting
ultralocal model for which gg > 0. The set of such solutions is given by

Wint,go = {0 : f[é(t,x)2 + 771(2)(;5(1&,)(:)2 + 290¢(t,x)4] dtd°x < oo},

again because this is the maximal class of functions that are to be varied.
Lastly, we consider the set W),y defined as the set of interacting solutions in
which the coupling constant has been reduced to zero and which we call the
pseudofree model. In particular,

Wys = lim {6« [T6(t,%)* + mio(t,x)* + 2906(t, %)) dtd"x < oo} .

The question immediately arises whether W,y = Wy or, instead, Wyy C
W, i.e., a proper subset in the latter case. This is a question that could be
asked about any particular theory and the answer is clearly model depen-
dent. For the ultralocal case at hand, it is clear that W,y C Wj. This is
because functions, e.g., like @singuiar(t,x) = g(t) x|~ exp(—x?), where g(t)
is a smooth function and 2a < s < 4a, are such that the free term is finite but
the quartic interaction term diverges, leading to the fact that ¢ginguiar € Wy
while ¢ginguiar ¢ Wps. Thus, for the ultralocal model, the classical pseudo-
free model is not equivalent to the classical free model. This fact will play an
important role in our discussion of the functional integral approach to quan-
tization of the ultralocal models, as will the fact that the dynamical evolution
at any spatial point x € R* is completely independent of that at any other
point x" # x.

A similar discussion applies to the case of the independent value models
even though there is no dynamical story to go along with it in this case. In
particular, the issue of a finite free Euclidean action requires that

Wy ={o: f¢(x)2d”1: <ol ={¢: e L*R")},
while the corresponding pseudofree theory is characterized by
Wyr={¢:90€L*R")NLR")}.

It is clear in this case as well that W,y C W} as exemplified by such functions
as Gsingular () = |2| 77| exp(—x?), where 28 < n < 40.

Most interesting, however, is the relativistic case. For this case we recall a
classical Sobolev-type inequality [LSU, Kla00] which states that
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[[o(x)*d"z]/? < C [{[Vo(x)]* + mis(x) } d"x

where C' = 4/3 suffices whenever n < 4, while C' = oo holds whenever n > 5.
When C' = oo, it means that there are fields ¢ such that the free term is finite
while the interaction term is infinite; for example, such a field is given by
Gsinguiar (x) = |z| 7P exp(—2?), where n/4 < p < n/2 — 1. It is noteworthy, in
the case of relativistic models, that the class of perturbatively renormalizable
models, for which n < 4, is such that W,y = Wy. On the other hand, the
class of perturbatively nonrenormalizable models, for which n > 5, is such
that Wpf C Wf.

Thus, in the three cases of (1) independent value models, (2) ultralocal
models, and (3) relativistic models (for n > 5), we deal with perturbatively
nonrenormalizable models for which the space of solutions of the classical free
theory, which we have called W, is strictly larger than the space of solutions of
the classical pseudofree theory, which we have called W),¢. This fact will play
a fundamental role when we quantize these respective models by functional
integrals, at which time we will find ourselves led naturally to alternative
approaches to those that are normally used.

11.3 Euclidean Space Functional Integrals—Preliminary
Remarks

The formal functional integrals of interest in this section all involve the Euclid-
ean action functionals given above. We focus on the Euclidean formulations
for their better mathematical properties, and even for their ultimate relevance
for possible Monte Carlo calculational studies. Nevertheless, although we are
in reality considering stochastic theories such as those discussed in Part I of
this monograph, we are at the same time studying properties of quantum
systems as studied in Part II.

11.3.1 Independent value models

For the independent value (IV) models we focus attention on evaluating the
formal functional integral given by

iy (h N/ (1/h) [[h¢ — 3mGe® — god*]d" 1y
as well as the associated free independent value model given by

Sty = A [[(A/DI00 = 3l

Observe that N denotes a formal normalization that can vary from one ex-
pression to another.
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Note well the appearance of A in these integrals. Although there is not
much quantum mechanics in the IV model, the introduction of Planck’s con-
stant is in keeping with its presence when we quantize the ultralocal and
relativistic models. Moreover, the very process of quantization entails i am-
biguities, namely, the appearance of additional interaction terms that involve
positive powers of h which in the “classical limit” (such as it is for the IV
models) would disappear in the limit in which & — 0. We make these re-
marks because—unlike well-defined and fully specified functional integrals—
the quantization process is inherently ambiguous and the appearance of addi-
tional /i “corrections” in that process is oftentimes necessary and welcome. As
a consequence, the very formulation of the functional integrals above is intrin-
sically incomplete, which is both a bad thing because it is not completely clear
just how it should be defined, and also a good thing because this very free-
dom may permit i corrections that lead to a well-defined, possibly nontrivial,
functional integral after all. Since we do not know or even have a proposal
for what the A corrections should be at this point, they are left out of the
formal functional integral in this preliminary discussion. Such an omission is
absolutely standard at the present stage.

An important feature regarding the IV models is the vast symmetry in
the formal functional integral, which implies that the field distribution at any
one point x € R" is independent of the field distribution at any other point
z' # x. This very property is embodied within the name of the models and will
be strongly used to find suitable A-dependent counterterms that both respect
this basic symmetry as well as provide a fully acceptable resolution of how
the evaluation of such a functional integral should be carried out.

11.3.2 Ultralocal models

For the ultralocal (UL) models we introduce the formal functional integrals
of interest given by

Sur(h) EN/e(l/h)f{h¢ — (34 + L1 m3e? +go¢4]}dtd5xp¢ ’

along with the corresponding free ultralocal model given by

Sur. s(h) = N/e(l/ﬁ)f{’Mb — $[¢? + m3p?]} dtdox Do .

The functional integrals for the UL models are clearly designed to cre-
ate a Euclidean version of the quantization of the classical, ultralocal, scalar
field theory. As a proper quantization of such a model, it is natural to ex-
pect that ~ ambiguities exist and may well be ultimately necessary to give
these formal expressions a genuine meaning. It is conceivable that these quan-
tum “corrections” may consist only of modifications to the constant factors
mg and gg; alternatively, it may be necessary to introduce a variety of coun-
terterms with A-dependent coefficients as dictated by a perturbation analysis
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such as that outlined in the previous chapter; or, if a traditional perturbation
approach proves unsatisfactory, it may be necessary to introduce nontypical,
h-dependent counterterms, and what form those counterterms would take may
be hard to predict at the outset. As it will turn out, normal counterterms sug-
gested by perturbation theory can be shown to be inadequate, and we will
be forced to seek a solution within the essentially unlimited family of general
h-dependent functions. At face value, the prospect of finding within this vast
family of A-dependent functions a suitable counterterm—or perhaps a few sat-
isfactory counterterms—seems all but hopeless. The prospect of success for the
ultralocal models lies in the fact that such models have an enormous amount
of symmetry that should, in the end, be sufficient to fully determine just the
right form of A-dependent counterterms to solve this problem completely.

All the remarks given above regarding the appearance of i in these func-
tional integrals apply equally well to the ultralocal models. In particular, these
integrals are intrinsically undefined based partially on the usual & ambiguity
inherent in the quantization process.

Having sung the song regarding h ambiguity loudly enough, let us give
this poor symbol a rest by setting i = 1 for the time being.

11.3.3 Solution of independent value models

In this section we outline the indirect arguments that enable us to evaluate
the functional integral (with i = 1) given by

Srv(h) = ./\//ef[h(wW(fU) — smgd(x)? — gop(x)!] d"x Do .
The answer we will find is given by

Siv (k) = exp{b[d" [lcosh(h(w)u) — 1] e~ 204" =90 gy y

where the bare parameters m3 = [b/6(0)]m? and go = [b/5(0)]?g are related
to the finite, physical parameters m? and g. Observe that b > 0 is an arbitrary
parameter with dimension L~" chosen so as to cancel the dimensions of the
n-dimensional delta function 6(0).

Since the derivation of this answer is indirect, we do not present the full
details here; the complete story can be found in [Kla00]. Instead, we simply
sketch the central steps involved:

(1) On the basis of symmetry, the answer must be of the form
S(h) = exp{ [L[h(z)] d"z} .

The discussion of infinitely divisible probability distributions presented in
Sec. 2.3.2 applies, and since L[—p| = L[p|, we conclude that

Llp] = bp? + [[cosh(pu) — 1] C(u)? du,
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where p € R, b > 0, and we have already assumed that the measure C'(u)? du
is absolutely continuous. The function C'(u) is called the “model function.” Tt
follows that

Jw?/(1+4?)]) C(u)? du < oo,
but it is possible that
[C(u)?* du = oo,

which in fact will be true in our case. The term l;p2 applies to the (Gaussian)
free theory, and hereafter we focus on the second (Poisson) factor assuming
that b = 0.

(2) The stochastic field ¢(z) for the second factor may be realized as
O(x) =D d@ =),
n=1

where the 7, variables have a distribution determined by C'(u)? and the vari-
ables {y,, } have a Poisson distribution in R™ with a unit density. The proce-
dure by which such a realization leads to S(h) is completely analogous to how
a similar expression is derived in Sec. 4.9.

(3) Local field products may be defined by the operator product expansion.
In particular, we note that

¢((E) ¢((E/) = Z T'nTm 6(55 - yn) (5(?[:/ - ym)

nm=1
:5(JJ*I/)ZT%5(1‘*yn)+ Z T Tm 0(x — yn) (2" — ym) .
n=1 n#m=1

As 2’ — x the first term dominates and thus we define the renormalized (R)
local product as

o(x)5 = 1b/6(0)] d(x)?
=bY rhé(z—ya),
n=1

where we have introduced the positive factor b with the dimension L~ to
cancel the dimensions of the delta function. Observe that division by 4(0)
has eliminated any contribution to ¢(x)% from the terms where n # m. (The
limit involved here is better understood after smearing the operators with test
functions, but the result is the same.) In like fashion,

Sa)fy ="ty b o —yn),

n=1
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which represents the pth renormalized field power, where we have used the
same factor b for each power. This convention ensures that

[p(x);d(x)F]r = qﬁ(x)’]’;q )

(4) The addition of an interaction term begins with the expression

N/exp{f[h($)¢(ff) — 3mgd(z)? = gop(2)* — qow(x) p(2)?]d"z} Dop
= exp{fd"xf[eh(z)u —qu(z) bl 1] C(u)? du} ,

where ¢ > 0, w(x) > 0 and compactly supported, and p is even. To add the
new term as an interaction over all spacetime requires that we first rescale
the normalization factor so that S(0) = 1, and this leads to

exp{fd”xf[eh(x)u = qu(@) bt 1] C(u)? du}
exp{ [dnz [[e=qw(@) P TI _1) 0(w)2 du}
— exp{ [d" [[eosh(h(z)u) — 1] e~ 40@ 0 02 gy

S(h) =

At this point we can let w(z) — 1, leading to the evaluation given by

S(h) =N / oxp{[[h(x)$ — 3mGe* — g0 6" — qod” |d"z} D
= exp{ [d"z [[cosh(h(z)u) — 1] LT C(u)? du} .

Hence, we can include the original quartic interaction by setting p = 4, which
leads to

3,4
C2u) = e I C2(u) |

where CZ(u) applies to the case when only the mass term survives.

The next expression, although superficially appearing to be a Gaussian
integral because any fi-dependent counterterms are not included, requires the
reader to keep an open mind!

To determine the expression CZ(u) we make a mass insertion such that

N/exp{f[h(x)u —imd¢? — 1qo0?]d"x} Do
1 2
= exp{ [d"z [[cosh(h(z)u) — 1] e~ 340U Co(u)? du} .
Since the interaction and mass terms are now similar, a rescaling of the field

variables returns us to the original expression when ¢y = 0. This implies the
functional identity that
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[[cosh(zu) — 1]6_%(1(7“2 C2(u) du
= [[cosh(zu/\/1+ q/m?) — 1] C3(u) du

= [[cosh(zu) — 1] \/1 + ¢/m2 C3(\/1 + q/m?u) du .

Consistency of this expression for all z values requires that

200 R w) = VT o/ RV TH afm?)
for all arguments. As a consequence we determine that
1,272
—5m=bu
C2(u) =10 £ - ,

Jul

up to an overall constant that we have arbitrarily chosen to be b which has
the correct dimensions.

Putting all this together, we learn that

— N/exp{f[h(x)¢ — imd¢? — gogt|dmz} Do
= exp{b[d"z [[cosh(h(z)u) — 1] e—zbm?u? — gbiut du/|ul} ,

where, as noted previously, mZ = [b/§(0)]m? and go = [b/5(0)]?g
The first remark to be made about this result is to point out that the
pseudofree model, which arises when g — 0, is given by

Spr(h) = exp{b[d"x [[cosh(h(z)u) — 1] c—zbm?*u’ du/|ul} ,

and this expression is decidedly not the (Gaussian) free model. Moreover, the
interacting model solution has an expansion in the coupling constant g about
the pseudofree model that is divergence free at each order, as seen in the
expansion series

S(h)
— exp{ 5% (1) (~gb*)'b [ fleosh(h(a)u) — 1] u'le™ 200 quful).

11.3.4 Solution of ultralocal models

Although the ultralocal models have dynamics and thus appear to be very
different from the independent value models, they are much closer than might
otherwise be thought. The spacetime functional integral that formally de-
scribes the UL models is (again with i = 1) given by

Su(h) =N/ef{h(t,x)¢— 3(0% +m3o?] — goo' pdtdx py
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This expression is formal and perturbatively nonrenormalizable; yet, when
viewed nonperturbatively, this functional integral is apparently doomed to
describe a free theory as a consequence of the Central Limit Theorem.

Based on a rigorous analysis, we can find a different interpretation of
this formal functional integral allowing for more general h-dependent counter-
terms, and thereby determine a fully satisfactory solution that is described by
the following set of equations:

Sur(h) =exp{b[d°x [c¢(A\)[T cosh([h(t,x)\(t)dt) — 1]c(N) dA},

where b is a new positive parameter chosen, in the present case, with dimen-
sions L=% T denotes time ordering,

At) = ehtre—ht ,
and finally the Hamiltonian # for each point is given by
h=—3b"1h?(0%/ON?) + 3mPbA% + gb3 A\t + 3b7 1 RPA2

the connection of mg with m and of gg with ¢ is given later.

Rather than working with the full spacetime path integral, we shall focus
on the ground state for the ultralocal models. It is basically clear that any
system can be equally well defined by means of the lattice regularized ground
state, or the lattice regularized Hamiltonian, or, finally, by the lattice regu-
larized Euclidean action function; for the IV model we took the last choice,
while for the UL model, we will pick the first choice. The rigorous derivation
of the solution given above is indirect and for a thorough discussion of this
model, the reader is directed to the literature [K1a00]. Here, we simply present
an outline of that derivation:

(1) As noted when discussing the classical properties of the UL models
we recall that the dynamics is such that the temporal evolution at one point
x € R? is completely independent of the temporal evolution at any other
spatially separated point. As a consequence, the ground state distribution
Yy (¢)* must formally be of the form M exp|— [W([¢(x)] d*], in units where
h = 1. Stated otherwise, the characteristic functional for the ground state
distribution must be given by

C(f) = M / L f(x) (%) — We(x)] ydx
= exp{—[L[f(x)]d*x} .

At this point we begin to see a close connection between the IV and UL
models! In particular, the characteristic functional of the UL ground state
distribution C(f) is analogous to the full spacetime Schwinger functional S(h)
for the IV model. This similarity is not compromised by the fact that we have
used a real test (i.e., source) function h for the Schwinger functional S(h)
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and a pure imaginary test function f for the characteristic functional of the
ground state distribution C(f). Furthermore, this similarity means that we
can borrow from the analysis of the IV model to claim that the function
Lip](= L[—p]) that may arise in C(f) is given by

Llp] = bp® 4 [[1 — cos(pA)] e(A\)? dX ;
if we choose b > 0 and c(A) = 0, we recover the free ultralocal model, so
hereafter we limit our discussion to those cases where b = 0 and ¢(\) > 0.

There are restrictions on the new “model function” ¢(\) similar to those on
the previous model function C'(u). In particular, it follows that

JIN /(14 M) e(A)? dX < oo,
while it may be (and for our cases will be) true that

Je(N)?d\ = .

(2) The time zero stochastic field may be realized by

o(x) =Y Nd(x—yi),
=1

where the distribution of the independent variables \; is determined by the
function c¢(\)?2, and the variables y; have a Poisson distribution in R® with a
unit density.

(3) Local field products are defined by the operator product expansion and
lead to the renormalized square as given by

d(x)5 = [b/6(0)] d(x)*

= bz MNo(x—yi),
=1

analogous to the story for the IV models. Likewise higher-order local powers
are given by

p(x)h = bP 1 Z N o(x—y1) .
=1

(4) At this point we begin to deviate from the IV model. In particular, the
ground state Wy(¢) is the lowest eigenstate of the Hamiltonian operator H =
JH(x) d*x. We also assume that H(x) = K(x) + V(x), i.e., a decomposition
into local kinetic and potential operators. In the representation in which the
field operator is diagonalized, it follows that a very general form for an even
potential is given by
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V _ K 2k K, o0 b2k—1 A2k (5 _
(%) = > g vk O(X) R = k,1=1 Yk [ o(x—y1).
In an analogous manner, the local kinetic energy is given by
K(x) = %W%(X) + %O’hz ¢§2(X)
_ 0? _ —2
=Ly 2y, o S(x—yi) + Lob TR X A 6(x —vi)

where we have introduced an unusual term in the kinetic energy which scales
in the same fashion that the derivative term scales, hence the same factor
of b1 h? applies to both such terms. It also has a dimensionless coefficient
o, which, for the present—if the reader finds this term offensive—could be
chosen to be zero. Later, we shall offer the reader compelling arguments for
choosing o = 2.

Observe that the Hamiltonian density H(x) involves two quite separate
components, namely, the sum over delta functions involving the spatial point
x and a Poisson-distributed set of spatial points {y,, }, along with a differential

operator (augmented now by a constant e)
2
h= =307 By 4+ Sob R a2 £ 0 b g
The operator A acts as a Hamiltonian operator at each point x, and corre-
spondingly, the model function ¢(X) acts as a ground state for the Hamiltonian
h at each point x, namely,

2
[—Lip-1h2 % FLob T2 A2 4+ K 0 bR IA —ggle(A) = 0.

This relation applies for a wide class of Hamiltonians, i.e., a wide class of
potentials. To see a simple example, we shall focus on a model that we shall
soon identify as the pseudofree model for the ultralocal models. In this case
we choose only v = %mQ to be nonzero, leading to

1152 05 4 Lob R A2 + Lbm2 A% — ) e(A) = 0.

0
In fact, the desired analytic solution to this equation leads to
50 = v e—bm)\z/Qh
B IA[Y ’

where o = y(y + 1) and eg = Am(y — 3). Hence, if v = 1, then ¢y = 0.

If we identify ¢(A) as a model function, it follows that we must choose
v > % in order that our field operator has a purely continuous spectrum. In
this work we shall focus on the case that v = 4. [Remark: In [Kla00] the
entire acceptable range where 1 < 2 < 3 is analyzed, but in fact all such cases

may be obtained by invertible coordinate transformations from just the case
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v = 3.] With attention focused on v = 1, it then follows that o = (1 + 3) =
%, as promised. The resultant model described by the model function ¢(\)
can be identified as the pseudofree model for the general ultralocal model A.
This choice leads to the pseudofree characteristic function for the ground state

distribution given (with h = 1) by

(0|e fo dl’\o ) = exp( bfd f{l—cos X)A ]}e_bm)\ dN/|A]) .

Interacting models, such as a quartic ultralocal self-interaction, involve
model functions that are solutions of the ground state differential equation
when an additional term in the potential, i.e., v9b3A?, is included. Unfortu-
nately, the analytic form of such a model function is unknown. Thus, let us
choose as an alternative interacting model the case where

(0]t T OB d g
= exp(—b[d° [{1 — cos[f(x)A]} e 0MAT = DAY gy

Just as was the case for the independent model, it is possible to exhibit a
divergence-free, term-by-term expansion of the interaction about the pseudo-
free model in this case, as given by

(0]l F(x)0(x)

— exp(— 0% (1) (—gb") b d% [ {1 — cos[f(x) AT} AY e A G/ )

This relation is important because, as argued below, finite moments evaluated
at a sharp time imply a corresponding finiteness of the full spacetime moments.

This concludes our discussion of both the independent models and the
ultralocal models. Many more details about these models may be found in
[K1a00].

11.3.5 An alternative approach to both the I'V and UL
models—an overview with details to follow

The solutions found for the IV and UL models discussed above were not
obtained by actually doing the integration implicit in the functional integral
expression, but they were in fact obtained—as with the evaluation of most
integrals—by indirect means. An additional explanation of the phrase indirect
means is offered by the following example of a one-dimensional integral given
by

2T,
T(s) = %/0 s cos(0) 49

There are several different ways to evaluate this integral: One is to expand
the integrand in a power series in s, evaluate the integrals term by term,
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and sum up the result; a second approach is to take derivatives of T'(s) with
respect to s and show that T'(s) solves a second-order differential equation with
respect to s subject to the elementary boundary conditions that 7'(0) = 1 and
T'(0) = 0. Either of these methods leads to the conclusion that the integral
in question is given by T'(s) = Jy(s), namely, the zeroth-order Bessel function
of the first kind. Note well that this result for the value of the integral has not
been obtained by summing up the area under the curve. Instead, it has been
obtained indirectly, i.e., by completely independent means. The point to be
emphasized is that the integrals for the IV and UL models as discussed above
have also been obtained indirectly. A complete evaluation in these two field
theoretic examples has been possible thanks to the vast symmetry inherent
in these very special models.

When we come to analyze the relativistic models of real interest we will
not have anything like the necessary symmetry to carry out the functional
integral for such models by similar indirect means. In the face of that remark,
we would have to admit that we would not know how to proceed. The story of
trying to find an alternative quantization procedure for the relativistic models
would seem to be at a dead end—except for a remarkable fact that has only
recently emerged!

The remarkable fact is that a new and very simple argument has been
found to quantize both the IV and the UL models within the context of a
regularized version of the functional integral itself, and to do so in such a
way that the very same answer that was obtained without regularization,
but which was based entirely on special symmetry properties, is regained.
The beauty of this new procedure is that it does not significantly rely on
the existence of very special symmetry properties, therefore it can be applied
more generally to additional models, including, we believe, the class of self-
interacting, nonrenormalizable, relativistic scalar quantum fields, such as the
¢ models with n > 5. It is the outline of this new argument that is offered
below when we discuss the quantization of the nonrenormalizable relativistic
models.

11.4 An Alternative Method to Solve the IV and UL
Models

11.4.1 A reexamination of IV models

We first discuss the IV models. To regularize the formal functional integral, we
introduce an n-dimensional, hypercubic spacetime lattice with lattice spacing
a > 0 and with L < oo sites on an edge. For the free IV model, the regularized
functional integral for the generating functional becomes

n 1 212 n
Sf(h) :K/ezkhkﬁbka - §ka0¢)ka I, doy,

_ G%kaazhia"

?
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where k = {ko, k1,...,ks} € Z".
Moments of mass-like perturbations in the associated probability distrib-
ution are given by

1 212 n
I(mo) = K / [Zpe2 ™) e~ 2 2K M0Pk " [T, dey, .

These integrals can be evaluated exactly, but let us examine them by steepest
descent arguments. For that purpose we pass to hyperspherical coordinates
given by

¢k:EK‘77ka Zk(bi:KQa Ekn]%:la
5207 _1§77k§17

which leads to
1,,2,2 n
I,(mo) = 2K/[/€2 aP e 20N T N 5(1 — Xn?) Hydiy

Based in part on a steepest descent argument, it follows that
I (mo) = O((N/mg)?) Io(ma) ,

which leads to a divergence in the continuum limit [a — 0 and L — oo (and
N = L" — oo as well), with La fixed and large] that becomes larger as
p increases. A perturbation calculation of the value I (My) expanded about
I, (my) is given by

Il(Mo) = Il(mo) — SIQ(mO) + %8213(’”10) + e

where ¢ = M@ —m, and this series is seen to have ever-increasing divergences
as N — oo. Note well: The source of those divergences is clearly
identified as the factor N in the term ~"V~! arising from the measure.
If we could somehow replace the factor NV in that part of the measure
by a positive, finite number—call it R—then all the divergences
would vanish. Of course, the factor x¥~! in the measure is fixed and it
cannot be changed directly. But it can be changed indirectly by choosing an
alternative weighting for the integrand that differs from the original one by
a factor that involves h. Roughly speaking, let us assume that the “correct”
form of the integrand, as modified by the appropriate counterterm, leads to
the substitution of the original weighting proportional to

by an alternative weighting factor proportional to

1,,2,2 n
o~ (N=R) ;=5 myk”a

)
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where R is a positive, finite factor to be determined. Respecting the symmetry
of the IV model, this change is really taken to be given by
1,.2,.2 1,.2,.2
e 2Mok A" _| [Hk|¢k|(1—R/N)]—1 e 2Mok a” ,
which then leads to a new form for the lattice version of the modified gener-
ating function given by

2¢2an
h a” €_ 0%k
/HkK' Lo W—R/N)d¢k

1,242 n
n e_§m0¢)k:a
= Hk{ 1 +K/f[€hk¢ka — 1} Wd¢k }

Next we must choose the parameter R in order to proceed. The principle
we adopt is that the given expression must have a meaningful continuum
limit as @ — 0 and L. — oo such that the spacetime volume V' = N a” remains
finite. It can be as large as required, but it should be finite. Afterwards, if it
is needed, a limit in which V' — oo may be introduced, but we shall not find
that necessary. The key to choosing R so as to ensure we have a meaningful
continuum limit is connected with the relation between the normalization
constant K’ and the parameter R. As written it should be reasonably clear
that we would like K/ = ba™ in order that we obtain a proper integration
measure in the limit. To arrange that K’ has this value it suffices to consider

1
—§m%¢2a”

1= (ba") W—R/N) d¢ 5

which, after choosing m3 = ba™m? and a change of variables a” ¢ — u, leads
effectively to

1= (ba") /|u|(1 RN

In turn we can roughly evaluate this as
U
- 2(ba")/ [WO=R/N) =1 gy — (2N/R) (ba™) UF/Y |
0

which, to leading order, and independently of U < oo, gives R = 2N (ba™). We
accept that choice, and it follows that the continuum limit of the generating
functional becomes

Sy () = exp(b [ d" [ {coshlh(z)u] — 1} =27 0% qu/ul)

which is exactly the expression derived before for the pseudofree IV model!
With this expression in hand, and assuming for simplicity that the function
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h(x) has compact support, this result applies equally well for an infinite space-
time volume.

Let us briefly summarize the principal steps that so quickly and painlessly
led us to the desired result for the pseudofree IV model. Starting with the free
IV model, we observed that mass-like moments of the free model distribution
led to divergences in the continuum limit. With the help of symmetry and the
use of hyperspherical coordinates, we were able to uniquely identify the very
parameter that was the cause of those divergences, namely, the factor IV in the
measure of the hyperspherical radius: £V ~1 dx. While such a measure term is
sacred, we can nevertheless design a distribution for a suitable pseudofree IV
model so that it cancels that factor N before it tends to infinity and replaces it
with a positive, finite factor R. There are many ways that such a cancellation
can take place, and we found that the underlying symmetry of the IV models
dictated a very specific form for the entire pseudofree IV distribution apart
from fixing the new factor R. As a final step, we chose R in order to ensure
that the continuum limit had a meaningful form—and even that choice still
left us the freedom of an additional, positive, dimensionless multiple of R that
we arbitrarily chose to be unity in the present analysis.

Note well that replacing the diverging factor IV by the fixed, finite factor R
in the integration measure does not mean that we have dropped or eliminated
any of the integration variables in the problem. In fact, the change mentioned
has arisen from the introduction of a special factor as a modifier of the weight
function of the appropriate integrand: nothing more and nothing less.

It is important to emphasize that the source of the divergences for the IV
model was identified within the functional integral formulation—particularly
by using hyperspherical coordinates—which then exposed the factor N in the
measure of the hyperspherical radius as the source; isolating the source would
be much less evident, or perhaps not evident at all, in other coordinate choices.
After removing that source by invoking a possible pseudofree model, evalua-
tion of the resultant Schwinger functional for the pseudofree model was found,
somewhat indirectly, by insisting that the continuum limit had a nontrivial
behavior. Although the functional integral evaluation has indeed again been
indirect, the initial formulation of the basic problem as a lattice space integral
in special coordinates was, most likely, indispensable in identifying the source
of the divergences!

We shall see below that a similar story can be used to choose the ground
state distribution for the pseudofree ultralocal model in an equally rapid and
painless fashion. This should not be surprising because the IV and UL models
have a great deal in common, but it does suggest that this same procedure—
which was referred to in Chapter 1 as the “simple surgical procedure”—may
have a wider application than just to models of high symmetry. Indeed, mod-
ulo the step in choosing the explicit form of the pseudofree ground state for
the model in question, we shall argue that this procedure—which we uncere-
moniously call measure mashing—suggests a possible procedure to eliminate
the divergences in relativistic, nonrenormalizable scalar quantum field theory.
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But we get ahead of ourselves. Let us first reexamine the UL models.

11.4.2 A reexamination of UL models

In light of the previous discussion regarding the IV models, we can significantly
compress the usual analysis of the UL models. On a hypercubic spatial lattice,
the characteristic function for the lattice regularized ground state distribution
of the free UL model is given by

C(g) = a1 [ Efione” = maXidia’ g,

1, —1yv 2 s
— o~ 1Mo 2 fia ’

and moments of mass-like terms in this lattice regularized ground state dis-
tribution are given by

2 -
Iymo) = M [543 0TI 1

note that primes on the sums and products signify that only those lattice
sites on a spatial slice at a fixed Euclidean time are involved. Reexpressing
this latter expression in terms of hyperspherical coordinates on a spatial slice
of the lattice at fixed Euclidean time, given now by

Ok = KNk Ellcqbi:KQ ’ 22771%:1 )
0§I€<OO, 1§nk§17

leads to
2 s ’
I(mg) = QM/[KQaS]p e TMORTA" N =1 gk 5(1 — X4nd) I.dny

A steepest descent argument rapidly leads to
I,(mo) = O((N'/mo)") I(mo) ,

which for all p > 1 exhibits a divergence in the continuum limit as N = L® —
00. A suitable pseudofree UL ground state distribution should replace

_ 2.5
oMok~ a

by
o (N'=R') j—mor*a®

Among the many ways to do so, UL symmetry points to
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2 .5
! , e_m0¢ka

pp ()" = H M || T/

k

as the right choice for the pseudofree ground state distribution.

In the present case, we choose mg = ba®*m, and pick R’ so that a mean-
ingful continuum limit emerges. In particular, we set R’ = 2ba® N’ so that the
pseudofree characteristic function becomes

—ili%H /{1— (ba® /[1—cos(ka)]e_bmA2 d)\/|)\|}

— exp(—b[d% [{1 — cos[f(x)\]} e 0" an/|)) .

Once again, for compactly supported functions f(z), this relation also applies
for an infinite spatial volume.

After having determined the pseudofree UL ground state in this fashion, to
complete the description of the UL models it suffices to use this ground state
to define the pseudofree Hamiltonian operator, and from there to introduce
the lattice action for this model.

Additional terms added to the potential of the Hamiltonian operator serve
to define interacting UL models, and although we cannot explicitly solve the
Hamiltonian operator for a quartic interaction, we can make a quasi-solution
that can be useful. In particular the ground state for an interacting model
with a quartic interaction is “qualitatively” of the form

C()\) ~ |)\|71/2 e—%bm/\2 — \/29b2|>\|3/3 7

valid for large |A|. It follows from this analysis that go = (ba®)*g. In summary,
for the UL models, it follows that the original parameters satisfy the relations

mé = [b/5(0)]*m? , go = [b/5(0)]*g

These values for the bare parameters in terms of more physical quantities
differ from those of the IV model due, in part, to contributions from a field
strength renormalization factor that our analysis has implicitly ignored. In
our study of the relativistic models below, the field strength renormalization
factor will play a prominent and important role.

As already noted for the IV models, the practice of “measure mashing”
has once again rapidly led to a divergence-free formulation of the UL models.

11.5 Relativistic Nonrenormalizable Scalar Models
At long last, we have arrived at the discussion of the relativistic nonrenormal-

izable models, namely, the so-called ¢ models for n > 5. Just as with the IV
and UL models, these relativistic models have the property that their classical
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pseudofree solution space W, is a proper subset of the classical free solution
space Wy. Just as with the IV and UL models, this fact suggests that the
nonlinear interaction term acts partially as a hard core classically and it may
do so quantum mechanically as well. For the IV and UL models it was shown
above that dealing with the quantum hard core seems to be no more com-
plicated than replacing the factor N or N’, respectively, by a finite, positive
parameter R or R’ in the hyperspherical radius measure, a process we called
measure mashing. While the classical nature of the hard core seems unduly
complicated, namely, deleting fields of the form ¢ginguiar as given above, how
is it possible that the changes involved in the quantum analysis seem so dif-
ferent? Our answer to this puzzle is first to note that the fields involved in the
classical action terms are generally but a set of measure zero in the quantum
measure and second to observe that the simple change of the diverging factor
N, N’ to the finite factors R, R’ actually accomplishes the miracle of render-
ing the associated IV and UL models divergence free. In brief, from a quantum
perspective, it seems that the presence of a classical hard core merely serves to
put one on notice that a quantum hard core can be expected, but the details
of the classical hard core action, in such complex field problems, appear to get
essentially lost when it comes to implementing the quantum hard core. An
implementation of the quantum hard core which works is one that renders the
theory divergence free, and for the IV and UL models, that implementation is
primarily—and indisputably—the replacement of the diverging factor N, N’
in the measure by a well-chosen, finite factor R, R’. Accepting this fact as a
robust principle that deserves to have a wider application than just the IV
and UL models will be our guiding principle in a proposed analysis of the
relativistic, nonrenormalizable, scalar models. Only further investigation—
which is beyond the scope of this monograph—will demonstrate whether this
hypothesis is valid or not.

11.5.1 Motivation for alternative studies of relativistic
nonrenormalizable models

Nonrenormalizable quantum field models, such as ¢? | with a spacetime dimen-
sion n > 5, require the introduction of nonclassical, nontrivial counterterms
to avoid triviality [Aiz81, Fro82]. A conventional regularized perturbation the-
ory is designed to cancel divergences one-by-one as they are encountered in a
perturbation analysis, and as such they lead to an infinite set of higher-order
contributions that have an ever more divergent behavior. However, a suit-
able summation of perturbative Feynman graphs can be shown to support
the triviality of such models. In hope of attaining a meaningful and nontriv-
ial formulation of such examples, it is necessary to go beyond the class of
counterterms suggested by perturbation theory about the free theory. Our
approach to this huge task is to design a suitable pseudofree theory on the
basis of measure mashing as was shown to be successful in the IV and UL
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cases. Let us first examine the free theory and try to isolate the cause of the
divergences in the ground state distribution.

11.5.2 The free ground state distribution

For reasons of simplicity and clarity, we focus on the ground state distribution
for a free, massless, relativistic scalar model on a hypercubic lattice such as
we have used before, but our first task is to recall the analysis of massless lat-
tice models. On the one hand, in the continuum, a massless theory in spatial
dimension s > 2 defines a proper spatial kernel since it involves the Fourier
transform of the measure d®p/|p|, which near the origin is integrable (despite
the fact that the integrand diverges at p = 0). Our spatial dimensions of in-
terest will certainly qualify, but, on the other hand, when such a system is
put on a lattice space with a lattice spacing a > 0, there is a “zero mode” to
contend with. The zero mode is where all the fields are translated by an equal
amount, such as ¢ — ¢ + ¢. The ground state of a free lattice massless
theory is invariant under such a transformation, and consequently the zero
mode is normally omitted from the calculation. Instead of omitting the zero
mode, we prefer to add a small artificial mass-like term. In a discrete Fourier
series representation of the field values that is dual to the spatial lattice rep-
resentation, the addition of this small artificial term is straightforward; see
below. The added mass-like term is chosen so it will automatically disappear
in the continuum limit.

The characteristic functional for the ground state distribution in this case
is therefore given (for i = 1) by

C(f) = M / TSROk = T Sk Ak b @™ g

where A;_; is a positive definite matrix designed to yield the spatial gradient
terms plus a small artificial mass-like term. In particular, two derivatives of
the lattice ground state by the lattice Hamiltonian, which has a derivative
term of the form

_ 1, —s/ 82
H__ﬁa ka+,
lead to a contribution to the lattice Hamiltonian of the form
550 Ok Ak Aj 1] g a®

In turn, this expression must equal the conventional spatial lattice gradient
squared term plus our small artificial mass-like term, i.e.,

LS4 T (B — 64) 0" 4 ds(L72a7) St a

where the sum over k* (here made explicit!) includes each of the s nearest
neighbors in a positive sense in all spatial directions away from the lattice point
k. In order for this relation to be true, it is necessary that the matrix Ay,
be proportional to a~*1  a fact which will be of importance subsequently.
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11.5.3 Properties of the matrix Ax_;

It is of some interest to see exactly just what the matrix elements Aj_; are
given by. We introduce a discrete Fourier series representation given by the
general transformations

v = > e—i2mk - 1/L Yi |
Yk =713 Z; ei2’ﬂ'k . Z/L y(l) ,

and we say that these expressions constitute a transform pair, Y, <= y(.
The range of the sums in these expressions is given by 0 < k;,1; < L —1 for
each j = 1,...,s. Additionally, we extend the range of the labels k on Y} in a
periodic fashion compatible with the second line of the transform pair above.
We also use the convolution rule

Yo Xk Y = 20y -
Using a periodic extension where necessary, it follows that
Cro1 =L 610+ 251 [206—1,0 — Sk—t,1;, — Ok—t,—1, ]

corresponds to the gradient squared plus the small auxiliary mass matrix, less
an overall factor of a*~2. We define

coy =S emizmk UL g,
=sL™ % 4 257 4 [1—cos(2ml;/L)] .
Thus, with A;_; = a®t! Aj_;, we have
Zk — 5 Z; 6227Tk . l/L {C(l)}1/2
=LY {sL™% + 227 [1- cos(2nlj/L)]}Y/? cos(2rk - 1/L) .

In the limit of very large L, this expression may be replaced by an integral,
where we let [;/L — y;, as L — oo, with 0 < y; < 1, for each j. Thus,

A = V2 [dy{ T3, [1 - cos(2my;)]}V/2 cos(2mk - y)

and using the relation {a +b+c+---}1/2 <al/2 +b1/2 4 /2 ... valid for
nonnegative a, b, ¢, etc., it follows that

|4y < sx/ifé[l — cos(2mu)] Y2 du < sv/2 .
For future reference, we introduce

f(L) = max |Ay| = rnkaxas"'1 Ak,

which we expect to be O(1), a value consistent with the large L behavior
derived above.
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11.5.4 Mass-like moments in the ground state distribution

It follows that mass-like moments in the free, almost massless ground state
distribution are given by expressions of the form

/ 2s
5(A) =M [[Zpotap e Hha At g,

This relation is similar in structure to an analogous relation for the UL model
save for the fact that the exponent is no longer of the form X} ¢7a’. In fact,
we can change variables from {¢r} to {&}, where ¢ = %] By &, and the
matrix B represents a similarity transformation such that

Stk Ar—ira®® =mX[Ea’

Here m is an appropriate function of the lattice spacing and the lattice size.
Reexpressing the integral for the moments of the almost massless ground state
distribution in the £ variables leads to

~ 2 s
J,(4) = N / (546 BAE 0P e MEIEE @ 1/,

an expression that more nearly resembles the relations studied previously. In
either form of the integral, it follows for nonrenormalizable field theories that
these integrals diverge, much like O(N'?) as before. In terms of hyperspherical
variables, the new integrals do not factor into strictly hyperspherical radius
integrals times spectator {n;} integrals; nevertheless, we still wish to identify
the factor N’ in the hyperspherical radius measure as the primary cause of
the divergences. To remove divergences caused by integration over x, we will
eliminate the same factor N’ in the measure as before, and for that we follow
the lead of the IV and UL models. Other factors will need to be changed as
well, but they will be discussed in due course.

11.5.5 Mashing the relativistic measure

We return to our original set of ¢ variables and write once again the free
lattice ground state distribution given by

M 6*22,1% A1y a®

and recognize that we wish to choose a pseudofree lattice ground state distri-
bution qualitatively of the form

M = (N1 e—El/chﬁkAkle/)l a*
where we have chosen the factor R (or R’) previously used to be simply unity.

To make a concrete proposal for the pseudofree ground state, we might first
try
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/ e—%sz Gk Ap—i r a**
I |¢,€|(1—1/N/>/2

, wrong! ,

that was successful for the UL models, but this suggestion fails on several
accounts. Although this expression has the desired measure mashing property,
it also has incipient divergences for each k at ¢ = 0 as N’ — oo. This feature
was required by symmetry for the UL model and the divergence was welcome
in constructing the eventual generalized Poisson ground state distribution, but
for the relativistic case, we do expect neighboring spatial sites to “talk” to
each other and we do not want to construct a generalized Poisson distribution
for such models. The way out of this situation is to propose another form for
the pseudofree ground state given by

/ e_%El/gJ brAp—1¢1 0>
I} [ S Jyaepf) VNI

U f—prov(®) = provisional!

where the constants Jj; will be chosen momentarily. Observe that the modi-
fied denominator still has the feature that it contributes the desired measure
mashing factor k=~ (v =1 {0 the pseudofree ground state distribution. But more
than that, the new version makes a certain average controlled by the constants
Ji,1 over several different field values. If there are enough terms in such an
average, this will ensure that there is no incipient divergence of the integral
should all the values in a given denominator factor vanish simultaneously. To
ensure this property holds throughout the lattice it is necessary that the field
at point k£ gets a contribution from other fields in every spatial direction. It
would be adequate to choose just one extra field in each spatial direction, but
then the natural lattice symmetry would be unnecessarily broken. Instead,
we choose to include every nearest neighbor in a spatial sense, within every
average. Specifically, we choose

Jea = Ok 1e{kUknn} »

25+ 1

where d;,; is a Kronecker delta. This notation means that an equal weight of
1/(2s 4+ 1) is given to the 2s + 1 points in the set composed of k and its 2s
nearest neighbors in the spatial sense only; Jj ; = 0 for all other points in that
spatial slice. [Specifically, we define Ji; = 1/(2s + 1) for the points [ = k =
(ko, k1, ko, ... ks), L = (ko k1 £ L ko, ..o k), I = (ko k1, ko =1, ... k), ..y
l = (ko,k1,ka,..., ks £1).] This definition implies that X} J; ; = 1.

With the provisional pseudofree ground state chosen it follows that the
provisional pseudofree ground state distribution is given by

) o~ Xk 1 O Ar—1 01 a**
Ppf—prov(®)” =M s provisional!
I [ X Ty a07) (AN

where M denotes a normalization constant appropriate to each case in which
it appears.
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Of course, there are many alternative choices that could be made for the
denominator contribution. To spread out the reach of Jj; further does not
seem to offer an improvement, and it would seem that in the continuum limit
this distinction would most likely disappear. One could replace the factor
(2] T ¢?] by [2)Jk1¢#]*/?, but this change may or may not add anything
new to the mix; it seems prudent to choose the first version and see to what it
might lead before diluting the study further. Moreover, we have to see what
counterterm in the Hamiltonian we are led to on the basis of our favoring the
provisional pseudofree ground state.

11.5.6 Lattice Hamiltonian for the free and pseudofree models

Given any ground state wave function—let us call it Wy(¢)—it is straightfor-
ward to derive the Hamiltonian operator from the general expression

s 2 —s 0%,
M= yram Sy g+ gl S 3(;%@.

For the free relativistic model, the ground state is given by

U(p) = Me_(1/2h)21/c,z¢kf4k4¢l a?s

and the associated Hamiltonian reads
2
Hy=—5h*a* Y3, a%% + 33 e (e — G1)? a2
+1s(L%a72)Y) ¢2a® — LAN' Aga®

as expected. This Hamiltonian has all the appearance of a covariant expression
as it would appear on a lattice space.
We next analyze the provisional pseudofree ground state given by

) e—%E;g,l Ok Ap—i 1 a**
I}, [ 53] Ty gf) AN/

Vps—prov(9) =

and if we accept this expression, the associated—and provisional—pseudofree
Hamiltonian is given by

2
Hosprov =~ i gl + 5 e (B0 = 007 @
Hs(L a6t et
+3 120 F k() @ + 5h 35 wi(e) a® .

In this expression, the factor Fj arises from two derivatives acting on the
denominator factor in ¥y, prou(¢), which leads to
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1 /N -1 ? _2s ok Ji kO
]:k(¢> = 1 ( > a Zr’t [EZJT71¢12] [El Jt,m¢$n]

1 /N =1\ _,, Jt i
()
N —1\ _o Jt2 k ¢2
(5 ) S
This rather cumbersome expression represents the “counterterm” added to
the Hamiltonian that generates the measure mashing term. This cumbersome
term is exactly what we want to have in our pseudofree Hamiltonian. However,
there is another term to be dealt with denoted by wy(¢). This term arises from
one derivative acting on the factor in the exponential and the other derivative
acting on the denominator; this field-dependent cross term is decidedly not
wanted in the Hamiltonian! How do we get rid of it?

To resolve the cross term issue, we now need to make the pseudofree Hamil-
tonian the primary quantity, and we deliberately choose it to have the form

2
Hpp = —Lh%a= 22587,13 IS (e — )% s

—|—% s (IfQSCL’Q)X:;C 2
+3 02 Fr(e) a® — Ey .

In this expression we have retained the usual terms that make up the free
Hamiltonian plus the nonclassical (i.e., i dependent) counterterm Fy(¢) that
has the feature that it is homogeneous in ¢ 2, which is exactly the property
that arose in our analysis of the UL model. We insist that the unwanted term
based on wy(¢) does not appear and that the only other term allowed is a
constant, Fy, that represents the ground state energy subtracted from the
Hamiltonian. The pseudofree ground state ¥, (¢) satisfies the equation

pr Lppf (45) =0,
and leads to a solution of the form
—(1/20) 5, o A—1¢1 a® — W (pals=D/2/n1/2) /2

v =M ;
Pf((b) H]/{; [leJk,lQSlQ](l_l/N )/4

In this expression we have kept the same form of the quadratic term in the
exponent, which is the most relevant term for very large field values, and we
have kept the terms in the denominator that are the most relevant for very
small field values. We have added the term W (¢ a(*=1/2 /h/2) which modifies
the mixed derivative terms so that in the Hamiltonian, they become a simple
constant Ey. The dependence of H,; on the parameters a and / is such that
we can determine the dependence of the function W on these parameters.
Unfortunately, we do not know the form of the function W itself, so we are
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unable to analytically specify the full form of ¥, ;(¢), but we have nonetheless
been able to identify what we want as the counterterm, i.e., Fj(¢), which has
the desired effect of mashing the relativistic measure by just the right factor!

In the continuum limit, it is important to observe that the form of the
counterterm Fj(¢) leads to a local covariant potential, albeit an unconven-
tional one.

Next, let us make a brief detour to learn why we have devoted so much
attention to the ground state distribution.

11.5.7 The importance of sharp time moments

We have focused on the ground state distribution for the relativistic models for
a very good reason. In this section we wish to argue that moments of certain
expressions of interest in the full spacetime distribution can be bounded by
suitable averages of related quantities in the ground state distribution. In
particular, let the full spacetime average on a lattice be given by

([0 F(,a)al?’) = M / (S0 P a)al? e~ L0 h) 146,

where I is the lattice action, X, denotes a summation over the temporal
direction kg only, and F'(¢,a) is an expression that depends only on fields ¢
at a fixed value of ko. For example, one may consider F(¢,a) = X} ¢}a or
F(¢,a) = E,’g,l 10k Pra®®, for some c-number kernel (24, etc., where the
primed sum implies summation over a spatial slice at fixed kq. It follows that

<[Zk0F(¢a a)a]’) = Doy @ <F(¢1aa)"'F(¢Paa)> )

where each ¢; refers to the fields at Euclidean time kg = j. A straightforward
inequality shows that

[(F(br1,a) -~ F(¢p,a))| < [(F(g1,a)") - (F¢p, a)? )|/ .
Finally, for sufficiently large N’(ba®), we note that
(F(6.0) = [ F(6.0" 0o(0)* Tydn.

namely, an average in the ground state distribution. The argument behind the
previous equation is as follows. Quite generally,

(F(6.07) = Mo, [(@lbe BT 0) Flo,a)” ITidor
where we have used the resolution of unity 1 = [|¢)(¢| I} d¢y, for states for

which ¢(z)|¢) = ¢(x)|¢), as well as the eigenvectors |I) and eigenvalues E)
for which H|l) = E;|l). At this point in the argument it may be helpful to let
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the period of the lattice in the temporal direction be larger than the period
in the several spatial directions. This can be done by putting Lo (Lo > L)
sites in the temporal direction, and we can then examine this problem for
ever larger values of T = Lga while keeping the spatial length La fixed.
For asymptotically large T, it follows that only the (unique) ground state
contributes, and the former expression becomes

(F(6,a)") = / F(6,a)?|(6]0)[2 IT) dé.

now with My = 1, which is just the expression given above.

In summary, for a finite, hypercubic lattice with periodic boundary con-
ditions, we have derived an important result: If the sharp time average of
[F(¢,a)]P is finite, then it follows that the spacetime average of [ Xy, F(¢, a)al?
is also finite.

11.5.8 Statement of the fundamental problem

Given the pseudofree Hamiltonian, it is straightforward to define the lattice
Hamiltonian operator for the full theory including the mass term and the
quartic coupling constant. The full Hamiltonian is given by

2
M= =3 S + 35T (r = )20

+isL72 a=2y 92 a’
—|—%m%z;€¢i a® + XY 0t a®
+1R2 Fu(@)a® — .

In turn, the full lattice action arises from the full Hamiltonian, and reads

I(¢,a,N) = 530, (1= — d1)* a2 + 5(md + L™ a™) 3, 47 a”
FA0D bk a” + 5123 Fi(¢) a”

in which we have dropped the energy term E' as it plays no role in the classical
action. Moreover, when the mass term is restored, it becomes less necessary to
maintain the small, auxiliary mass-like factor L=2%a~2. The lattice action is
the principal term in the lattice version of the Schwinger generating functional,
which takes the form

S(h) = M/exp[Z’l/QZkhk@ca”/h—I(z,zb, a, N)/h] Iy dey,

- <6Z71/2Ekhk¢kan/ﬁ> ,

where {h;} determines an appropriate test sequence, and the normalization
factor M ensures that S(0) = 1. In the expression for S(h), Z denotes the
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field strength renormalization factor, which along with the bare mass m2 and
the bare coupling constant A\g, need to be determined in order to complete
the formulation of the model.

Our procedure for determining the dependence of Z, m3, and \g on the lat-
tice parameters—the cutoff-dependent parameters in this lattice formulation—
will be to show that moments of the three different factors that contain these
terms are finite in the full spacetime distribution, and we do that by studying
the corresponding question for the sharp time moments. Insisting on a mean-
ingful continuum limit will fix the dependence of the three unknown constants
on the lattice parameters as required.

In what follows, we closely follow reference [K108a].

11.6 The Continuum Limit, and Term-by-Term
Finiteness of a Perturbation Analysis

Before focusing on the limit ¢ — 0 and L — oo, we note several important
facts about ground state averages of the direction field variables {n;}. First,
we assume that such averages have two important symmetries: (i) averages of
an odd number of 7 variables vanish, i.e.,

<77k1 U 77k2p+1> =0,

and (ii) such averages are invariant under any spacetime translation, i.e.,

My = Mheay) = Myt Mgyt 1)

for any [ € Z™ due to a similar translational invariance of the lattice action.
Second, we note that for any ground state distribution, it is necessary that
(n?) = 1/N' for the simple reason that X} n? = 1. Hence, |(npm)| < 1/N’
as follows from the Schwarz inequality. Since ([X}n2]%) = 1, it follows that
(nZn?) = O(1/N'?). Similar arguments show that for any ground state distri-
bution

<77k1 o 'ﬁk2p> = O(l/N/p) ’

which will be useful in the sequel.

11.6.1 Field strength renormalization

For a suitable spatial test sequence {hy}, we insist that expressions such as

/ Z7P [Zhhy dr a®)?P Wy (¢)? T dbie

are finite in the continuum limit. Due to the intermediate field relevance of
the factor W in the pseudofree ground state, an approximate evaluation of
the integral will be adequate for our purposes. Thus, we are led to consider
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where K is the normalization factor when W is dropped. Our goal is to use
this integral to determine a value for the field strength renormalization con-
stant Z. To estimate this integral we first replace two factors with 7 variables
by their appropriate averages. In particular, the quadratic expression in the
exponent is estimated by

K2 E/@,zﬁkAk—lﬁl a®® ~ H22]/€71N/71Ak_l a®* o« k2N a?q~ (51 f(L) R

where f(L) expresses an order of magnitude of the matrix Ay_;a®**Y, as
defined earlier in Sec. 11.5.3. Recall that f(L) has no dependence on the lattice
spacing a, and is O(1). [Remark: In prior publications on this subject, it was
the rule to ignore f(L) and simply treat it as unity; this practice has turned
out to be quite acceptable.] Next, the expression in the integrand is estimated
by

(X hine a®]?P o~ N' 7P [ hy a®]?P .

The integral over & is then estimated by first rescaling the variable k2 —
k?/(N'a*~1 f(L)/h), which then leads to an overall integral estimate propor-
tional to

Z7P NP [Zphy o® P [N 0 F(L)]P

At this point, all factors of a are now outside the integral. [We note that had
we kept the term W = W(pa®=1/2/h/2) in our calculations, it too would
no longer depend on the lattice spacing a after the latest change of variables.]
For this final result to be meaningful in the continuum limit, we are led to
choose Z = N’ 2q~(~1 f(L)~'. However, Z must be dimensionless, so we
introduce a fixed positive quantity ¢ with dimensions of an inverse length,
which allows us to set

Z=N'"*(qa) D f(L)7"

11.6.2 Mass and coupling constant renormalization

A power series expansion of the mass and coupling constant terms leads to
the expressions ([m3 Tp¢7a™|P) and ([Ag Xxgra™]P) for p > 1, which we treat
together as part of the larger family governed by ([go,- Xx¢3"a™]P) for integral
r > 1. Thus we consider
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The quadratic exponent is again estimated as
K> Dk Ax—im a® x K2N'a*a= D f(L) |
while the integrand factor
[Zhmi' P = NP NP

The same transformation of variables used above precedes the integral over x,
and the result is an integral, no longer depending on a, that is proportional
to

ggyrle(rfl)pasp/N/rpa(sfl)rp f(L)'r‘p )
To have an acceptable continuum limit, it suffices that
Gor = N/(Zr—l) (qa)(s—l)r—s f(L)'r gr

where g, may be called the physical coupling factor. Moreover, it is notewor-
thy that Z" go, = [N’(ga)®]~! gr, for all values of r—independently of the
expression f(L)—and which for a finite spatial volume V/ = N’a® leads to a
finite nonzero result for Z" go . It should not be a surprise that there are no
divergences for all such interactions because the source of all divergences has
been neutralized!

We may specialize the general result established above to the two cases
of interest to us. Namely, when r = 1 this last relation implies that m3 =
N’(ga)~! f(L)m?, while when r = 2, it follows that A\g = N'3(qa)*=2 f(L)?\.
In these cases it also follows that ZmZ = [N'(qa)*]™'m? and Z%2)\, =
[N’(ga)®*]~' X, which for a finite spatial volume V' = N'’a® leads to a fi-
nite nonzero result for Zm3 and Z2\g, respectively. Expressions for Z, m3,
and )y provide sufficient information to fully define the model.

11.7 Conclusion
For scalar nonrenormalizable quantum field models, we have shown that the

choice of a nonconventional counterterm, but one that is still nonclassical,
leads to a formulation for which a perturbation analysis of both the mass term
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and the nonlinear interaction term, expanded about the appropriate pseudo-
free model, are term-by-term finite. Alternative insight into such models may
possibly be obtained by Monte Carlo studies of the full, nonperturbative model
including the special counterterm; for a preliminary discussion of such an
approach, see [Kla08].

Kook okook okok ook sk ok sk ok skokosk kok kok

Between These Covers—and Beyond

We have taken the reader on a long journey, beginning with random and sto-
chastic variables, through infinite-dimensional integrals, and real functional in-
tegrals often having probabilistic significance. The subject matter then shifted
toward quantum mechanics and complex functional integrals that encoded im-
portant properties of the quantum story. These complex functional integrals
had complications of their own and some effort was expended in trying to
advance reasonable formulations of those important quantities. This effort
eventually led us to continuous-time regularized phase space path integrals
whose interpretation was intimately linked with coherent states, which also
had the virtue of providing a relatively smooth bridge between the quantum
and classical formalisms. Extending such stories to infinitely many degrees
of freedom, as befits a quantum field theory, led to divergences that appear
whenever a quantum field theory is analyzed. The most troublesome of those
cases—the so-called nonrenormalizable models—entail an unending series of
new and ever-more divergent terms that need cancellation, even though the
corresponding classical theory is well-behaved. By studying soluble nonrenor-
malizable models and dissecting them to find the “trick” that is involved in
their well-behaved solution, we were led to conjecture how relativistic non-
renormalizable models may possibly find a reformulation that is divergence
free. Although our argument is not yet as complete as we would like it to be,
it would appear sufficiently plausible that Monte Carlo computations should
be able to lend credible support—or the contrary, of course—when they are
performed.

If the new proposals do pass the proper test and thus can serve as accept-
able quantum solutions of hitherto insoluble quantum field theory problems,
then the whole formalism of functional integration will have once again shown
its extraordinary power as a tool to approach and occasionally help solve very
difficult problems.
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